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Assume a: A—= A and b: B—= B'.

head :¥X. X* =5 X
a o heady = head,y o a®

fail : VX, X* — X

a” o taily = taily o a”

(H): VX X* = X" = X~
a* (zs 44 ys) = (a* zs) H 4 (a* ys)

concal : ¥ X, X" — X*

a* o concaty = concaly o a**

fst VXYY X xY = X
aofstag = fslarg ofa x b)

snd :YX. VY. X x ¥V =5 Y
bosndyg = sndy g o (a x b)

2Ap VX VY. (X x V) = (X x YV)*
[G = b]* ozipAE :zi‘;pA.'B.' O(G* s b*]
filter : ¥X. (X — Bool) -+ X* — X*
a* o filtery (p' o a) = filtery p'oa*
sort :¥X. (X =+ X — Bool) - X* — X*

ifforall 3,y € A, (r < y)={(a z <’ a y) then
a* o sorty (<) = sorty (<')oa*

fold VX VY. (X =YY 2Y3X*"=>Y
ifforallz€ AjyeB, b(r@y)=1(a z)@(by)and b u =u then
bOfOIdAB (EB} 4] :fOIdAJ_g-' (@) u oa*

I'VX. X=X
GOIA:IAJOG

K ¥VX.vYY X =Y =X
a (Kap ry)=Kyp (az)(by)



For any relations 4 : A 4 A and B: 8 & B the
relation 4 = B |:_,1 4 BII 4= |:.«i" = B':I 15 defined by

((z,u),(z', y')) EA = B
iff
[z, z') €A and [y y') € B

For any relation 4 : A ¢ A" the relation 4" :

A" is defined by
([&:,... &, [.r:,...,.r:t]jl A"
iff
(r; x}) Caand . and (r, zl) € A

AT =

For any relations 4 :© A ¢ A" and 5 8 4 B the
relation A — B : (A — B) e (A" = B') is defined by

(Ff)eEA~+EB
i
for all (r,z') € A, (f z,f ') EF.

(9,9 € WX F(X)
iff
forall A: A4 A" (ga,g') € F(A).



For any relations 4 : A 4 A and B: B & B the
relation 4 = B |:_,1 4 BII 4= |:.«i" = B':I 15 defined by

((z,u),(z', y')) EA = B
iff
[z, z') €A and [y y') € B

For any relation 4 : A 4% A" the relation 4% @ A% 4+
A" is defined by

|:[.I‘.l......I‘,t].[.l‘:....,_r:t])EA#
iff
I:.I'J..I'::I = a and ... and (In..l':t:l e .

For any relations 4 :© A ¢ A" and 5 8 4 B the
relation A — B : (A — B) e (A" = B') is defined by

(Ff)eEA~+EB
i
for all (r,z') € A, (f z,f ') EF.

(9,9 € WX F(X)
iff
forall A: A4 A" (ga,g') € F(A).

Tail

PR O S

(r, r':l vt A

T

forall 44 2= A"

[rg, mae) € A"

bt

for all 4 ;A& A7
for all (rs, zs') £ A,
|:r',1 s, rq: .I'E'l:l = .A‘

foralla: A -+ A
for all gs,

a* ps = s’ implies  a

foralla: A

atory=r}

Ll

|:r'_,.1 .ra]l = ry. s

poAT

i

oat.



For any relations 4 : A 4 A and B: 8 & B the
relation 4 = B |:_,1 4 BII 4= |:.«i" = B':I 15 defined by

((z,u),(z', y')) EA = B
iff
[z, z') €A and [y y') € B

Fold

Jold (WX VY (X = ¥V V) ¥V X = ¥
For any relation 4 : A 4% A" the relation 4% @ A% 4+
A" is defined by
(e, 2] 2]y € A
iff
(r; z) Eaand

(fold, fold) € VY. WY (X =V =+ ¥) = ¥ =+ X* — ¥
cand {x, xl) & A

-

(foldy ;, fold g1 o) € (@ = b —+ b) = b

ras b
for all (=, &') € (a = b — &),
For any relations 4 :© A ¢ A" and 5 8 4 B the for all {u, u') &
relation A — B : (A — B) e (A" = B') is defined by (foldsp (&) u foldgg (&) w') € a® = b
if.flied— B
i

the condition (& &) € (g = b b) is equivalent to
farall {z, 2l € A, e e R
( U— forall p £ .«i,.r"E.«i",y Eﬂ,y' c B

ar=z and by =y implies b (rzy) = 'y

foralla: A= A" & B — B,
ifforallz e A, ye B, b(rayl=(azx)z' (by)
(g, 07 VY F(X) and & u = u'
if
for all 4 : A+ A" (gdlgf_l,:l [ _T(A:I

then f:'D_fod‘AH |:E|:I u :fﬂ!d‘AJHJ |:E|'l:l woa.



For any relations 4 : A 4 A and B: B & B the
relation 4 = B |:_,1 4 BII 4= |:.«i" = B':I 15 defined by

((z,u),(z', y')) EA = B
iff
[z, z') €A and [y y') € B

Sort
. - - - . Ll
For any relation 4 : A 4% A" the relation 4% @ A% 4+ VAN = X Hool) (X PAT)
A" is defined by
Ty oo Tl (2], T ]) €A
([e: o) [1{1- ) if forally yE A, (r<yl=(ar<"ay) then
(r;, z') €aand ... and (z, ') € A. a*osy(=) = 540} 0a®
if forallz, yE A, (r<yl=(ax<"ay) then
For any relations 4 :© A ¢ A" and 5 8 4 B the sorta (<)oa® = a* asorty (<)
relation A — B : (A — B) e (A" = B') is defined by
iffied—=n8
i
foralljr €A, (fx f'2')EB

if forallz, yed, (r=yl=({axr="ay) then
nuby (=)o a

a* onub, |:—":I

(9,9") € V. F(X)
T

for all 4 : A+ A" |:g‘.1, g"'_l,:l [ _T(A:I



For any relations 4 : A 4 A and B B = B the
relation 4 = B (A = 0] 4= (.-!" = A s defined by

((z, u) (r' y'))EA =B
iff
(r, ') € A and (y y')E B

For any relation 4 @ A 4 A7, the relation A% @ A% 4
A" is defined by

(lee, -zl [, 2 ]) E A
iff
(r; x}) Caand . and (r, zl) € A

For any relations 4 A 4 A" and B B 4 B the

relation A —+ 5 (A — B) 4 |'l.-!" b B is defined by

(ffYEA—=+E
iff
forall{r,z') €A, (f z, f'2')EBE

(g, 0" EVY FLY)
iff
for all A: A4 A" (ga,0',) € F(A).

Polymorphic equality

from
(=) :¥X. X = X — Hool.
We can derive:
forallp yE A, (r=aywl=(ar=uauyl
Which seems weird, because this function exists.
However, instead we can define:
(=) :¥'=IX. X = X = Hool.
Which corresponds with Miranda’s eqtypes or
Haskells type classes
(g,0") € V=X FLX)

iff
for all A @ A 4 A" respecting (=), (g4, g'.) € F(A).



For any relations 4 : A 4 A and B B = B the
relation 4 = B (A = 0] 4= |:.«1" = A s defined by

((z,u) (2" 0')) EA = B
iff
(r, ') € A and (y y')E B

For any relation 4 @ A 4 A7, the relation A% @ A% 4
A" is defined by

(lee, -zl [, 2 ]) E A
iff
(r; x}) Caand . and (r, zl) € A

For any relations 4 A 4 A" and B B 4 B the

relation A —+ 5 (A — B) 4 (.«1" b B is defined by

(ffYEA—=+E
iff
forall{r,z') €A, (f z, f'2')EBE

(9, 0") € ¥ F(X)
iff
for all 4 : A4« A" I:E.-l- gf'_l,-:l 3 TI:.A:'

A result about map

Intuitively, every function that has the same type as map,
can be composed of map and a reorder function
m:VX VY. (X = ¥Y) = (X" = ¥*)

IJI_.[_I':el:_f:I =f 0o m_{_{(f_.l] = mpgg (IE:I o f*

if flaa=~H6af then nl_.l.-]-:g.-l:f":l cat =6 amypg(f

mpp(ig)lof® =(Ig)" o map(f)



For any relations 4 : A 4 A and B B = B the
relation 4 = B (A = 0] 4= |:.«1" = A s defined by

((z,u) (2" 0')) EA = B
iff
(r, ') € A and (y y')E B

For any relation 4 @ A 4 A7, the relation A% @ A% 4
A" is defined by

(lee, -zl [, 2 ]) E A
iff
(r; x}) Caand . and (r, zl) € A

For any relations 4 A 4 A" and B B 4 B the

relation A —+ 5 (A — B) 4 (.«1" b B is defined by

(ffYEA—=+E
iff
forall{r,z') €A, (f z, f'2')EBE

(9, 0") € ¥ F(X)
iff
for all 4 : A4« A" I:E.-l- gf'_l,-:l 3 TI:.A:'

A result about fold

Intuitively, every function that has the same type as fold,
can be composed of fold and a reorder function

FPANY (X 2 Y 2+ Y)Y =2 X" =V
fapem=joldig c nofige consy nily

if  afaxb)=boeand e’ = B{n) then

farge & n'oa® =bafipg en

fapr & w'oll = foldaps & n' o faae consy nily



