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2a) Summary. Two classes of systems exist for working with mathematical formulas on a
computer: ‘computer algebra’ programs (of which Mathematica is the best known) and
‘proof assistants’ (programs for the verification of mathematical proofs). The first kind of
system (computer algebra) manipulates formulas that do not necessarily have a precise
mathematical meaning (those formulas do not have a ‘semantics’). The second kind of
system (proof assistants) manipulates formulas that do have a precise meaning, but those
often do not much resemble the formulas that one encounters in mathematical textbooks.

The F.E.A.R. project will design a language of formulas that have a precise semantics,
but still resemble the traditional formulas found in textbooks. We will do this by translating
a section from a classic handbook of mathematical formulas (the Handbook of Mathematical
Functions by Abramowitz & Stegun) into a proof assistant. Since the formulas will be
entered in a proof assistant, a sound semantics is guaranteed. Also it will be easy to judge
whether the translation sufficiently resembles the original formulas from the handbook.

2b) Abstract for laymen (in Dutch). Er zijn twee soorten systemen om met wiskundige
formules op de computer te werken: de ‘computer algebra’ programma’s (waarvan Math-
ematica de bekendste is) en de ‘bewijsassistenten’ (programma’s om wiskundige bewij-
zen mee te verifiëren). Het eerste soort systeem (computer algebra) manipuleert formules
die niet altijd een precieze wiskundige betekenis hebben (die formules hebben geen ‘se-
mantiek’). Het tweede soort systeem (bewijsassistenten) manipuleert formules die wel een
precieze betekenis hebben, maar vaak niet lijken op wat je in wiskundeboeken tegenkomt.

Het F.E.A.R. project zal een vorm ontwerpen voor formules in de computer zo dat die
wèl een precieze betekenis hebben, maar tòch lijken op de traditionele formules uit de
wiskundeboeken. We zullen dit doen door één van de secties uit een klassiek tabellenboek
met wiskundige formules (het telefoonboek-dikke Handbook of Mathematical Functions van
Abramowitz & Stegun) voor een bewijsassistent te vertalen. Omdat die formules in de be-
wijsassistent worden ingevoerd is dan een goede semantiek gegarandeerd. Maar ook zal het
duidelijk zijn of de vertaling voldoende lijkt op de originele formules uit het tabellenboek.
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6) Description of the Proposed Research. We will first present the background of this
research. For a presentation of the specifics of the project, skip to Core of the Project on
page 5. When in the text below we refer to Abramowitz & Stegun, we mean the well-known
Handbook of Mathematical Functions [1] by Milton Abramowitz and Irene Stegun.

The research of the F.E.A.R. project is related to two kinds of system: proof assistants
(theorem proving systems) and computer algebra systems.

Proof assistants are systems for the verification of mathematical proofs with the com-
puter. Major proof assistants are PVS, ACL2, Theorema, Ωmega, IMPS, HOL, Isabelle,
Coq, NuPRL and Mizar [26]. Proof assistants have two main application areas:

• The main application is ‘formal methods’: checking proofs that occur in the verifica-
tion of the correctness of computer systems. This kind of verification is done when
correctness is of the utmost importance, like in medical systems, systems embedded
in spacecraft, systems for public transport (e.g., software controlling driverless trains),
and systems that will be used in huge numbers (e.g., subsystems of commercial micro-
processor chips, or programs running on smart cards).

• A secondary, more distant, application of these systems is to support mathematics.
Currently proof assistants are not powerful enough to be useful in mathematical re-
search, but in the future these systems might change the way we do mathematical
proofs. Mathematics might then be routinely proof checked. In that case when a math-
ematical paper is submitted to a journal, referees will not need to be concerned with
its correctness (because the computer will already have checked this), but just with
the question of whether it is new and interesting. This – potentially very important,
but currently rather utopian – application of proof assistants is nicely described in the
so-called QED manifesto [7].

The main weakness of current proof assistants is that mathematically they are not powerful
enough. They are very good at keeping track of all of the details of a mathematical proof:
one routinely checks proofs using these systems that have hundreds, or even thousands,
of cases. However, they are currently not very good at taking by themselves steps that a
human mathematician considers to be trivial. One of the most important class of steps
that are not supported well are problems that a high school student can solve without
difficulty. We call these high school problems. Examples of this kind of problem (where `
denotes logical consequence) are:
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When one encounters problems like this in a proof assistant, one would like not to spend
any time on it, but just to say to the system ‘you know how to do this’. Currently this is
not possible. We consider this to be the main weakness of current proof assistants.

Computer algebra systems are systems for the calculation of answers to algebraic
problems with the computer. Major computer algebra systems are Matlab, Mathematica,
Maple, Magma, GAP, Axiom and MathXpert. Computer algebra systems have two main
application areas:

• Solving algebraic problems, like the calculation of the size of an algebraic structure,
or an explicit enumeration of instances of such a structure. The algebraic objects that
these calculations deal with are generally finite and explicitly given.

• Solving problems in elementary analysis (‘calculus’). These include simplification of
expressions, calculation of differentials and integrals, and solution of ordinary and
differential equations. The name ‘computer algebra’ is misleading for this application,
as these problems are not of an algebraic nature. However, these problems are often
solved via a translation into an algebraic problem.
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The main weakness of current computer algebra systems is that for these ‘calculus’ prob-
lems they often give incorrect answers. For instance the latest version of Maple evaluates
the following expressions (due to Jacques Carette of McMaster University):

> value(eval(Sum(z^n/n!,n=0..infinity),z=0));

0 should be 1 (Maple simplified 0n to 0)

> residue(1/(csgn(z)*z),z=0);

1

csgn(z)
should not have z free (z was bound)

> eval(int(1/(x-a),x=0..1),a=1/2);

πi should not be complex (real integral)

> Int(sin(x),x=0..Pi);
∫ π

0

sin(x) dx
these two integrals should be equal
(change of variables) but they are not;
the first is 2 but the second is 0

> student[changevar](sin(x)=t,%,t);
∫

0

0

−
t

(1− t2)
1
2

dt

The reason for this behavior is, that it is much more difficult to always give a fully mathe-
matically correct answer than a somewhat plausible one. In the tension between the ability
to transform expressions for the user as much as possible, and the correctness of what the
computer algebra system is doing, the makers of these systems take an intermediate po-
sition. The most blatant errors that users complain about are removed, but more subtle
‘errors’ are ignored. The idea is that the user should pay attention and judge for himself
whether the program behaves reasonably.

Related to this problem of incorrect answers from computer algebra system is the lack
of a formal semantics for the expressions of those systems. For instance in formulas like:

ln(∞) =∞
∫

1

z
dz = ln(z)

(both Mathematica and Maple calculate like this) it is not fully clear what the semantics
of the symbols ∞ and

∫

are (in the second case the question is: where is the constant of
integration?) In particular those symbols are not defined in terms of some foundational
system. For this reason it is sometimes not even possible to say that the answer of a
computer algebra system is incorrect, because that might depend on the intended semantics
of the symbols. As an example, it is not a priori clear whether

x+ x

x
= 2

is correct – because one is calculating in a field K(x) – or incorrect – because for x = 0
the left hand side is 0/0, which probably is not 2 in any way of dealing with 0/0, and so
the (partial) function λx.x+x

x
differs from the (total) function λx.2.

Summarizing: computer algebra systems structurally give incorrect answers, and the
users of these programs do not even have the possibility to criticize these ‘errors’ because
the expressions manipulated by these programs do not have an explicit semantics. We
consider this to be the main weakness of current computer algebra systems.

Related to the lack of semantics for ‘analysis’ expressions in a computer algebra system
is the meaning of expressions in languages that have been designed for the interchange
of mathematical expressions between different systems. The two major languages of this
kind are MathML [11] and OpenMath [9].

In practice these languages do not always conserve the meaning of expressions. For
example, imagine encoding a formula in MathML to be able to move it between various
proof assistants (like Coq, HOL or PVS). Then the following table shows that in that case
the same MathML expression might get completely different meanings [28]:
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1/0 = 0

PVS not a correct formula
IMPS negation provable
Coq not provable, negation not provable
HOL/Mizar provable

Apparently if one uses MathML or OpenMath to communicate even a simple equation like
‘1/x = x’ between systems, the meaning changes!

The aim of the F.E.A.R. project is to design a small expression language like MathML
or OpenMath, but one that has a very explicit and well-defined semantics.

This project simultaneously addresses the two problems that we noted:

• Proof assistants are not powerful enough, as they cannot do ‘high school problems’ by
themselves.

• Computer algebra systems are not fully correct; worse, they even lack a semantics that
makes discussion of correctness meaningful.

Our approach to solve these problems will be to design an expression language for the
kind of expressions that one encounters in a computer algebra system, but with an explicit
semantics. This semantics will not just be given in a traditional mathematical style. To
make sure that it is solid we will define it inside one of the major proof assistants. Proof
assistants are built on a small logical foundation, which has a simple notion of ‘model’. So
formalizing in a proof assistant leads directly to a ‘semantics’ inside that same model.

This way we make the style of doing calculus in a computer algebra system – which can
do ‘high school mathematics’ by itself – available to proof assistants. And, by providing a
proper semantics, we get the possibility of having a computer algebra system that is fully
correct. (Our project will lead to more complicated terms than one finds in Maple, with
more subtle distinctions and embeddings and liftings and so on. Therefore, it will not give
a semantics for Maple expressions the way they are today. But the idea is that one could,
in the future, implement a correct Maple-like program based on this research. The project
is necessary for that, but not sufficient. Without a proper focus on semantics we will never
get correct computer algebra.)

It is relatively easy to render the meaning of formulas from elementary analysis in a proof
assistant. However, to design an expression language in such a way that it also is close to
the formulas that one encounters in normal mathematics textbooks is more difficult.

If one looks at the statements from elementary analysis that are present in the libraries
of the current proof assistants, then they are sometimes remarkably different in style from
the way that one would write them in normal mathematical texts. The reason for this is
two-fold:

• The proof assistants do not have the features that one needs to render mathematics
reasonably. For instance, in the HOL system all functions are total. Therefore, the
limit operation when modeled as a function would always have a value, even if the
limit does not exists. For this reason, the limit operator in the standard HOL library
is modeled as a relation, instead of as a function. But that is not the way that limits
are written customarily, and not as practical at that.

• In mathematics one often uses imprecise notations. Examples of this are calculations
with ‘infinity’, indefinite integration where one omits ‘constants of integration’, ‘multi-
valued functions’ in the complex plane where one leaves unspecified what branch one
is on, etc. In informal practice this works perfectly, but in a situation where precision
counts this is problematical.
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Core of the Project. We will formalize a section from Abramowitz & Stegun in a
modern proof assistant. The expressions in the formalization will be made to resemble
the original expressions as found in Abramowitz & Stegun as closely as possible. The
formalization will be complete, except for the proofs. In particular, all the symbols that are
used will be fully defined in terms of the foundations of the proof assistant. Although we
will not encode all necessary proofs in the formalization, we will show in the traditional
mathematical style that the formalization might be completed that way.

Two choices will be made during the first phase of the project:

• Which proof assistant? The most natural choice is to take Coq [25]. In Nijmegen a
large Coq library has been created [13] and there is a large amount of Coq expertise
available there. Coq is also one of the most expressive systems for formalization of
mathematics in the world today.
Other possible choices would be HOL [15, 16, 23], Mizar [22] or PVS [24]. The HOL
and Mizar systems have impressive libraries of mathematics that we could base our
work on. PVS is the most popular proof assistant in computer science, and it supports
partial functions in a way that the other three systems cannot.

• Which section of Abramowitz & Stegun? The most natural choice is to take the first
relevant section: Section 4.1, which gives a list of formulas about the natural logarithm.
It is reproduced as an appendix to this proposal on pages 11–13. It contains 57 formula
entries which correspond to 74 inferences.
Section 4.1 contains interesting challenges for a semantical treatment of the formulas. It
distinguishes between ‘ln(z)’ (the main branch of the complex natural logarithm) and
‘Ln(z)’ (the ‘multi-valued function’). It also contains ‘fuzzy’ mathematical statements
like ln(0) = −∞ (equation 4.1.13). An important kind of expression that Section 4.1
does not contain is order symbols (‘big-O notation’).
The semantics for formulas like those in Section 4.1 ideally will give a meaning to
a formula that contains infinity, constants of integration, multi-valued functions and
order symbols, all at the same time.

In [4] we defined a rigorous semantics for formulas in elementary analysis that contain the
symbol ∞. We did this by interpreting expressions that contain this symbol as filters over
the underlying set of numbers. Part of the current project can be seen as an extension of
this work.

If one follows the approach from [4] then one gets a proliferation of types, with coercion
functions between them. For instance, the number 0 can then both be interpreted as a
number, or as the filter corresponding to that number. When one extends this approach
to cover multi-valued functions, it also can be interpreted as a set of numbers (a singleton
set). The challenge of the F.E.A.R. project is how to define all these types – numbers,
filters, sets – such that they fit together in a way that leads to practical formulas.

Writing the formulas from Abramowitz & Stegun using a signature similar to that of
MathML is straight-forward. However, it is then clearly impossible to give a semantics
to the symbols from that signature in such a way that the formulas become meaningful.
For instance formulas 4.1.1 and 4.1.4 from Abramowitz & Stegun are ln z =

∫ z

1

dt
t

and

Ln z =
∫ z

1

dt
t
. Clearly the symbol

∫

means something different in those two formulas.
The approach that we will follow in the project is to take a MathML-like encoding of

the formulas, and then systematically disambiguate the symbols. For every symbol we will
have various versions with various types (on numbers, filters, sets, etc.) Also we will have
to insert coercion functions in the expressions to have them well-typed.

Finally, to get from a ‘naive’ MathML-like encoding of the formulas to a semantically
meaningful disambiguation will be non-trivial. Therefore we will build automated sup-
port for this task. In this implementation the formulas will be encoded using the Open-
Math/OMDoc standard [9, 17, 18].

This project will involve work on three different levels:
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• First of all it will give a mathematical definition of a signature for the formulas of
elementary analysis, and a formal definition of an expression language using that
signature. This will then be written in the form of a normal mathematical article.

• After that it will create a formalization of these definitions. This will be work with a
proof assistant. As working in a proof assistant tends to be time consuming, we expect
this to be the main part of the project.

• Finally there will be an implementation component. A converter will be written be-
tween formulas in the proof assistant and a – system independent – OpenMath/OMDoc
encoding of the same expressions. Also software will be written to help transform a
naive rendering of the formulas into a semantically meaningful encoding.

Related Work.

Relating proof assistants to computer algebra systems is the subject of various projects,
like the CALCULEMUS project [10], the FoC project [6], and the MathScheme project
[14]. (The Foundations group in Nijmegen is a participant of the CALCULEMUS network.)
These projects focus on implementation of frameworks that combine those two kinds of
system. They do not primarily focus on the semantical questions that are the subject of
the F.E.A.R. project.

There are projects that aim to create databases that are electronic versions of Abramo-
witz & Stegun, like the NIST’s Digital Library of Mathematical Functions project [19, 21]
and INRIA’s Encyclopedia of Special Functions project [20] (which is part of its Algorithms
Project). We could have based our project on formulas from those databases instead of on
Abramowitz & Stegun. However, the formulas from those sources do not relate as much to
semantics of computer algebra as the ‘informal’ formulas from Abramowitz & Stegun.

Prof. Davenport has written papers [8, 12] that are closely related to the topic of this
proposal. At various CALCULEMUS meetings he has given talks in which he stated that
the notion of branch cut from complex function theory has never been given a formal
definition. He claimed to have searched many textbooks, and that the notion of branch
cut is always just presented by example instead of being formally defined. It will be part
of our project to provide Prof. Davenport with the formal definition he is looking for.

In the Foundations group in Nijmegen we have much expertise with formalization of math-
ematics. We have built a large library – called the C-CoRN library [13] – of digital mathe-
matics in the proof assistant Coq. The Foundations group participates in various European
projects like the CALCULEMUS project, the TYPES working group, the MoWGLI project
and the MKM network. The project proposed here will fit seamlessly into the research of
the Foundations group.

Some Questions & Answers.

Is this project about mathematics or about computer science?

About both!
From the point of view of mathematics, the project is conceptual: it focuses on def-

initions. However, it will need a deep understanding of what mathematical meaning is.
Also the project will generate mathematical problems that, even if not ‘deep’, still will
need mathematical proof. (It should be pointed out that Prof. Davenport has repeatedly
claimed at the CALCULEMUS meetings that the mathematical problems inherent in the
subject of this proposal are not trivial.)

In computer science, proof assistants are an important tool in the field of formal methods.
A main goal of the project is to improve proof assistants. The project will heavily use
proof assistants, and define a formal language to be used in proof assistants. For this
formal language a translation system will be implemented to convert this language between
encodings inside proof assistants and a system independent OpenMath encoding.

Is the formalization of a few pages of mathematics – and without full proofs at that – not
too small an endeavor for a PhD project that will take four years?

Formalizing the content of those pages – without proofs – is not too hard. The difficulty is
finding a form for those formulas that combines a solid semantics with a similarity to the
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informal formulas of Abramowitz & Stegun (which are similar to the one that one finds in
computer algebra systems). From preliminary experiments with development of such an
encoding, this appears to be far from trivial.

Aiming for large-scale formalization of mathematics is rather utopian: why should we sup-
port a project that reaches for such a far-away goal?

The goal of the project is to improve proof assistants and computer algebra systems. Using
proof assistants for checking mathematics is only one of its applications. The use of proof
assistants for the verification of critical computer systems is an important field of research,
and not utopian at all.

Abramowitz & Stegun is not real mathematics, but ‘mathematics for engineers’: surely it
is not important to mimic this style of doing calculus?

The way Abramowitz & Stegun write their formulas is close to the way that computer
algebra systems represent those same formulas. The basic techniques of computer algebra
systems work best when the formulas are closed algebraic equations or inequalities, instead
of more complex logical formulas. If one would represent the mathematics in the traditional
way to make it rigorous, then the formulas would not have this simple shape anymore.

Another reason for following the ‘informal’ way of doing calculus from Abramowitz &
Stegun is that it is closer to the way a mathematician will reason on a piece of paper.
When presenting his mathematics formally he might not use this style, but when doing
the calculations himself he certainly will. This is an important reason for following the
style of Abramowitz & Stegun: we want to improve the proof assistants in such a way that
they become more attractive to mathematicians [27].

Elementary analysis is basic mathematics: surely for a competent mathematician it is a
triviality to represent this kind of formulas?

The goal of having formal formulas that are close to the informal style of doing calculus is
more a conceptual problem than a mathematical problem. To be able to do this project one
not only needs mathematical competence, but also an understanding of formalization. Of
course if a competent mathematician has this understanding he can work on this project.
But we do not expect it to be trivial: if it was trivial, the computer algebra systems would
already use an expression language like the one that this project is aiming for.

Why won’t the project aim at formalizing the proofs too?

Although the formulas from Abramowitz & Stegun are elementary mathematics, formal-
izing their proofs would take a large amount of work. For the main goals of the project
that work is irrelevant. It will just take effort away from the more important parts of the
project. (And note that we will formalize some of the proofs, we just do not want to take
the time to formalize all proofs.)

NIST is currently creating a database called the Digital Library of Mathematical Functions.
That is a formal version of Abramowitz & Stegun, isn’t it? So hasn’t your project already
been done by them?

The database that is being created by NIST will serve a similar purpose as Abramowitz &
Stegun, but it is not a direct translation. Therefore it will not need to have counterparts
to the informal formulas that one finds in Abramowitz & Stegun and in computer algebra
(like ln(∞) = ∞). Also, the people that create this database do not worry about formal
semantics – it is on the level of computer algebra in this respect – and so will put formulas
like

∫

1

z
dz = ln(z) in it without seeing a problem. For these reasons, NIST’s project does

not face the problems of proof assistants and computer algebra systems like we will do.

You claim that the current formulas in proof assistants often look different from their
informal counterparts: but why do you think you can do better as you will be using those
same proof assistants as well?

The reason that those formulas look different from the formulas of informal calculus is
that it is hard to make them look similar. The people who did those formalizations were
only interested in the content of the mathematics, and not in the shape of the formulas.
We will spend a whole PhD project on this problem. That has not been done before.
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7) Work Programme.

year 1 year 2 year 3 year 4

getting acquainted

mathematical description

formalization

OpenMath conversion

investigating extensions

conference papers

writing thesis

year 1 Getting acquainted with the relevant proof assistants. Getting
acquainted with the relevant mathematics.

year 1–2 Abstract mathematical description of signature & semantics.
year 2–3 Formalization of signature/definitions in the primary proof as-

sistant.
year 3 Definition of OpenMath CD for the signature. Implementation

of conversion from OMDoc to input format of the primary proof
assistant.

year 3–4 Investigation of the effort needed to complete the formalization
with proofs. Investigation of the effort needed to treat other
sections in Abramowitz & Stegun similarly. Investigation of the
effort needed for formalization in other proof assistants.

year 1–3 Papers in conferences or workshops.
year 3–4 Writing the thesis.

The PhD student in this project will be part of the Institute for Programming research and
Algorithmics (IPA). In addition to educational activities organized by IPA, the student
will follow local courses at the University of Nijmegen, and participate in one or two
summer schools. The primary supervisor will be Wiedijk, with Barendregt as the second
supervisor and promotor. The research group has a good track record in supervising PhD
students and hosts a good mix of PhD students and more experienced postdoc researchers
and staff.

8) Expected Use of Instrumentation. Symbolic manipulation programs like proof assis-
tants and computer algebra systems are notoriously resource hungry. For this reason we
will dedicate a special computer to the project. On this system the major proof assistants
and computer algebra systems will be installed.

hardware dual processor system
�
5,000

maintenance contract
�

360

software license, Magma version 2.11
�

950
license, Maple version 9.5

�
400

license, Mathematica version 5.1
�
1,460

license, MathXpert version 3
�

80

total
�
8,250



The F.E.A.R. project 9

9) Literature.

1. M. Abramowitz and I.A. Stegun, editors. Handbook of Mathematical Functions With Formu-
las, Graphs, and Mathematical Tables, volume 55 of National Bureau of Standards Applied
Mathematics Series. United States Department of Commerce, Washington, D.C., June 1964.
10th Printing, December 1972, with corrections. <http://www.math.sfu.ca/~cbm/aands/>.

2. Henk Barendregt and Herman Geuvers. Proof-assistants Using Dependent Type Systems. In
Alan Robinson and Andrei Voronkov, editors, Handbook of Automated Reasoning. Elsevier
Science Publishers B.V., 2001. <ftp://ftp.cs.ru.nl/pub/CompMath.Found/HBKassistants.
ps>.

3. M. Beeson. Using Nonstandard Analysis to Ensure the Correctness of Symbolic Compu-
tations. International Journal of Foundations of Computer Science, 6(3):299–338, 1995.
<http://www.mathcs.sjsu.edu/faculty/beeson/Papers/nsappt.ps.gz>.

4. M. Beeson and F. Wiedijk. The Meaning of Infinity in Calculus and Computer Algebra Sys-
tems. In Jacques Calmet, Belaid Benhamou, Olga Caprotti, Laurent Henocque, and Volker
Sorge, editors, Artificial Intelligence, Automated Reasoning, and Symbolic Computatiation,
Proceedings of the Joint International Conferences, AISC 2002 and Calculemus 2002, Mar-
seille, volume 2385 of LNAI, pages 246–258, 2002. <http://www.cs.ru.nl/~freek/pubs/

limits.ps.gz>.
5. Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra system. I. The

user language. Journal of Symbolic Computation, 24:235–265, 1997.
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Ì�Í ÎÍ Ì�Ï ÐÑ Ò�Ó ÓÔ Ô Ô ÒÕÏ Ö�ÕÏ Ô�× Ø Ô Ù�Í Î ÚUÓ Û Ô Ó Ï Ï<ÔÕ�Ü Ý�Þ Ù ß�Ý à ß Ø�á Þ Õ�Ô�Ó�á ÕÏ Ý ß3Õ�Ù Õ5â Ø Ü ß Ø Ù�Í ã Õ�× Ý Ø ä Ý�á Õ!Í Ô å5Î�Ñ Ï ÝWÍ Õ�æ ç Õ;Ô ß�Ï è é ê�Í Ô à�Ï Ù à ë Ý á Î�Ô ìÓ í Ï Îá Î Î Ù�Í<Ô î ì â ï�Ó!Ó Í Ï ÜCÒ ç ë ë Î�Ó<Ý Ø�Ó ì�á ð�Í êá Ô ß Ø Ý�Í ê�Ï Ô Ì Õ�Ý�á Î à�á Ý ñ ß Ø�Í�á Ô â ç Õ�ï Ù ì â Ø�Ï Ü�Ï Î Ù Ô ìÓ�á Ï Îá Î Ú Ý�Í!Ó í Ï Ô Ü�Ï Ó Ï Î�Ó Ï�á ×Câ â Ü Î Ô�Í!Í Î Ü�Ü Î Ô Ô â ì�í�á Ü Ô Ô â Ø�í Ñ â Ú ì�Ô�á Î × Î Ú ì�í Ï!ò Ì Ú Ô â Ò�Í Üá á Î ï Ô Ò�Ï ÎÓ Û�Ï Îá ò Ú Ð ó�Ñ ô�í Ù Ü�Ï Ó Ï Ô�Ó Í<õCî Ù Ü Î Ô Ø�Í Ô Ü Î Ü Î Ú × î Ø�í�á Î Ô Ô î Ø�í Ñ â Ú ì�Ô�á ö × Î Ú Ø�í Ï!ò Ì Ú Ô Ù ì�÷ Üá;Î Ý ø Ì�Ï ÎÍ Ú�Ï Îá ò�Ö ù�Ñ Ô�í â Ü�Ï=ú�Ó Ó<ßCî Ù Ü Î Ô ó�Ñ Ô Ü Ô�Ï Î Ú ú î ó�í�á Î Ô õ î ó û Ò Ì Ú é�Ô�á öá Î Ú ó û�Í!ò Ì Ú Ô Ù ì�÷ ×á Ô Ù Ò Ò�Ï ÎÍ Ô�Ï Îá Ý�ö ó�ê�ë î�Ô�á Ò�á ê�Ì-Ùá ê�Ó Ù�Ñ ç Î ß�Ï!Ñ Í Î�Ó î�Ó Ï Ï Ý�ü î Û ×á Ì�ÏVà�Ó�á á Ó î Ì�í Û Ô�Ï Ï<Ù ú ò�Í Ý Ï Î Ù â ýÓ Ú�Ï Î Ü ò�ö ú�Ó Ô�í Ó Î�Ï=à Î â Ô�á ÔWÏ Î�Ó Ò�á ß�á Í Ú�Ï Ý Ô�ß�Ñ Ì Î â ì Ø Î�í Ò Î�Í�é�Ô�á Ýá Î Ú Ú õ�ÍDá Ô�Ï Ï<Ù Û ã�Ï ß Ï Î Ù þ ßÓ Û�Ï Î × ò Ú ü ï�Ó Û�í Í Î�Ï=æ Ù�Ó Ñ=ÎWÏ Î�Ó Ñ�á ß�á Ï Ù�Ý Ù�ï î â è�á Î Ù õ�ë ø�Î�Ï ß�Ï Î Ô2á òá Î Ú â è�ÍDá Ô�Ï Ï!Ó Ñ à�Ø Ï Î Ù�Í ìÓ Û�Ï Î Ü ò Ú ë Ü�Ó ú�í Ï Î�Ï=Ü Î â â�ÎWÏ Î�Ó Ó Ï Ó�á Ï Ù Ú�Ó â�ï î â ý�á Î Ô ï î î ý�Ó�ë Î Ù Ò3Ó â�Ó�á á Ü Ù Ò�Í=Ô Ù ì�Ñ Øá;Ô Ô�Ó=ìÓ�á Ï Î × Î Ô ë Ü�Ó í í Ï Î�Ï=Î Ô â â�ÎWÏ�â â î Ò�Ñ Í Ü Î þ Î Ú Ú î î ý�á Î Ô Ô î î ì�Í�Ü Î Ù î3Ó�â�Ñ Ó Í Î Ô Ò�Í=Ô Ù Ò�Ñ Í�á;Ñ Ò�Ï Î�Ôß Ý Ø ý Ø�Í Í ö ð�Ï ë ë Ô â�á Ù ì�Í Ü × Ù�ÍVÔá Ü × Ü Ù Ú Ò�Í�á Ó Ï Ï�á Ü Î â�Ó ì�Ï�á Ü Î â�Î�Ó Í Ï�á Î2á Îá Ô Î â ì�Ï Ü Î â�Ô â Ì î�Ï�á Î Ú â ì�Ó ÏÕ�× Õ;ü æ Ù ß ú ß à ß Ø Î Î Ø Î Ý ý Ø�Í<ßWÏ ß�Ï ç ï × Õ�Ô Ú à Ì Ò â Õ�ç ß�Ó Ï ê�á Õ;ü Ù â�Ï Ý ì Ø ü æ Ù2á ß�æ Ù à Ü Î à Ô à Ô ê�Ï Ö�Í Ô Ô é Ù Ó Ï�á Ü ÎëWÑ Ñ Ñ ß�á ß�Ó ÿ ö â î ñ Ô�÷ æ ç ö�í�á ê�Ï Ü Û ä Ô2á ß�à�á öDÏ Ù�Í Ý ì Ô à�á Ý�Ñ Ñ Ý á Î Ô â ÙÑ á Öá êÍ Ôá Ô

Î ý�Øí�á øCÔ�á Î Ø Î3Ô"Ï=î î æ Ù�ÌÓ�Í Ý.Í=â Ó Ò3Ý"Ï Ô�Í Î Î Ï Ø"Óì3Ý.Í=â Ò ÒDÏ Ô�Ø ý Ï Ó Ø"Óì3Ù3Ý�Ù Ò�Ñ�Ø:ÙDÓ í Ó Ø"Óý3Ù2á Ý�á Ù Ò�Ó�Ý�í`ÝGá Î Î Ò�Ó�Óß3Ù2á Ý�á Ù Ò�Ó!Ý2á � Î ØCâ î Ï$Ñ í Òß3Ù2á Ì�Ï Ù Ò�Ó�á Ô2á Ø Î ÝCâ î Ïiêá êÑ ÙDÏ Î�� Ô � Î Í�á Î ÔGá ë î ýWÓ í á Ô�Û Ô Ô ÔÑ ÙDÏ Î Û Ô ú Î Í�á Î ÌBÒ�ÍCÓ í á Ô�× Î Î Îë Î ì2á Ó í ì Í�á Î ØBÒ�Ì.Ó í á Ô�Ü Î�á Îá ë Ð ì�Ï Ø ô ì Ú á Ô â�Ý2á Î�ÝGá Î Î Ì�â â�á ÎÏ Õ�Ô�Ù�Ø ê à ê Ò�Ó�Ø2á Î�ÍDá Î Î Ì�â â�ÏÏ à Ý ìCþ�í ê Ò�Ó Ï Î�Ó3Ì�â î Ø"Ó Ñ�á Ï Ôì Û Î ì�Ô�á Î�á ò Ú Ô�Ï Î à ö3Ý�Ó í Ï Ô-Ó Ò ë�Ï ý�Øì�Ï Ô ì�Ù�Ï Ô�Ï Î â Ô3Ô à òCÔ�á Ô Î Ô Ï Ô-Ó Ì ü � ì"Íà�Ï Ô àá Ù�Í Ù�Í Ô ØFá ÓVØ Ý Î-Ô�Í ÝDÍ ß�Ï Ý Ï Ô�Õ!Ó Ì Ó�Íæ Ù â Ø Ý ìá Ý�á Ý Î�á Ô�Ø2á æ Ù � Ô ØFá ö Ó�Íî-Í[Í�á æ Ù Ô Ù Ø Ó�Íà Õ�Ô3Í Õ�Ý ÎWÏ Ô�Í�á Î�Ï Ï Î Ý â�Ìù Ü Ý ÎWÏ Ô�Í�á<Ø ì Ï Ô Ó í ì.Í Í ìCõî�á ÝGá Ô Ú�Ù Ù Ø Ó Í ü.Í Ï ï.Í ÙîWí ÌGá Ô à Ô Ú Ù Ø Ï Õ�ê�Ó Ï ë Î Ì�Ó Ó�í ÓîWí ÌGá Ô þ Ù�Ô Ø á å5Ü Î Ô ÚDÍ�á Ü Î�ÓîWÑ ÌGá Ô3Ý�á Î Ø í"á Î Ô âDÍ�á Ü ÎDÏîWÑ ñGá Ô.Í<Ô Ï Ôá ��å�Ù"Ó Ï�á Î â�Ó Ó`ÙîCØ æ Ù�ÌCÌ�Ó Ý Ø Õ�æ Ù â Ò�Ó�á Î Ú âDÓî�� æ Ù�ÌDÍ Í ë Ø Ï å5Ü Î Ô âDÓ�á Ü Î Î Îî-Í�á Ô�Í<Ù Ì Ì Ì Ò Ø"Ï Î Ó Ï�á Î â�Ñ í�Ó íî-Í�á Ù�Í<Ý â Ì Õ�Ô Ý�Ø Ó Ï�á Î Ì ì�Ó�Í Ðî-Í�á Ù Ø�Ý â Ù Õ�Î Ý"Ï Ø ü ë Ô ß Ø à�Ñ Ùî�á ß�Í Ï ê�Ï Î ß�Ï æ Ù ØUÔ á ß�õ-Ñî ØUÔî ìUÔî ìUÔ-Ñî ì.Ó Ú�Ô ÕBêî ìGá ê Ò�Ó Ó�Í Ðî ìGá ë Ò�Ó Ó�Ñ Òî ìDí�á<Ò�Ó íî ìCâ Ô â î�Ïî ìCÔ Ô â î�ìî ì3Ù Ò�Ó í�íî ÒGánÔ â î�Úî ÒDÏ�á<Ò�Ó í=Ò Òî ÒDÏ ï Ò�Ó Í=Ø Ùî ÒDÏ ß ß Ø Ø�ù Ôî ì�Ó`ë�Ø ÎÑ Î î ì�ÓÍ Î Ñ Ø Î�Ñ Ñ Ñ ý Í Î Ù ÔÏ Î�âWíqÓ Ì î õDÑ ÒDÑ ÚDÑ ò í Ï êá Î�âWíVÎ Ú á Ò î õDÑ ÌDÑ â Ò ã í Ýá Î�Î Ý3ÎIá áÀþDí Ó Ñ Ñ Ñ Ì Ò Ý Ïá Î-Ó Ï Ô�íVÚ Ú á Ð î Ù Ú òDÑ ôDÑ ö Ïá Î-Ñ!Ô�íVâ Ú Ô�Î Î�Ñ êDÑ í Ñ û Ïá Î-Î�ÏMÎ-Î ÑiÑ Ò î îFáï Ò Î�Ñ�á ß�í Ò ìDÑ�á Ý�Ó Ò õDÑ õ Ïá Ü ä Ô�î�Ô�í�á ï�Ô�à Ô�Í ìDÑ�á ß�é Ý Ú î�Ï Ý�ï ï Ò Ú�Ñ Ù�é Ô â Ú�Ø Ù�Ó à Ò Î�Ñ�Ï ß�ì Ì ö Ïá Î Ý â�â�Ô�í�Ó � Î Ô�× Î�ë â�Ú�þ Ô�Ü Ð ò î�Ò Ì�Ñ � ð ÎVë Î�á Ó Ú Ý Ú�â Ô�× ò ýDÑ�Ó Ò�× Ð Ì Ïá Î â â�â�Ô�í�Ñ Ò Î Ô à Õ�ß�Ó Ó��DÑ�Ñ Ò2á á Ý î�Ò â�Ñ Ò�Ï�á Î�Ó Ò�Û ÎCÚ�Ô Ô�Ó Ú.Ñ=Ò Ò2á ò Òá Î â â�â�Ô�í[Ó=Ô�Ó Ñ`Ô Õ�Ý Ò î�Ï<Ý Ø Õ;ß�Ó Ó�á Î�à Õ;Ý Ò Ò2á Î�à Õ;ß Ò Ò2á5Í Õ�ê�Ï Ï[Ó Ôá Î â â�â�Ô�Ï åBÓ=Ô�Ñ Ñ Ó!Ó!Í Õ;ê�Í Ó`Ô�Ó ï ù Ü Ü Ü Î�Ó`Ô ��Ô Ô�Ó`ö ��Í Ï!Ô�ÑDá Õ�Þ × Ô Ô î�á Ôá Î Ú â�â�ÔáHÎDÓ=Ô-Ô Ô Ù�á ÎDÑ=â â ì�ÔCî�â â Ý�á ÎFá × Î�Ñ�á~Ñ=â î�Í!ÑWá�Ó Ó�á Ô Ò Ôá Î Ú â�â�Ô�í[Ó=Ô Ò à æ Ù Ô Ô î�á ÎDÑ=â â ú�ÔCî�Ú ï ö�á ÎFá Ü ò�Ñ ÏqÑ=â þ�Ó<Ô
Ñ=â â ��Ô Ïá Î Ú â�â�Ô�í[Ñ Ú Ò�Í Õ�ê�í Ï î Î�Ó[Ñ=â þ ú � ûCî�Ú ï�Ó ù�ÓMâ�Ü ò Ì ú�ÑMÚ�Ó Ó Û�á Ò Ú.Ñ=â � ù�Ô Ïá Î â â�â�Ô�í�Ó × Î Ô-× ò î � öDÑ=â çá Ø ûCî�Û � Ò à�ÑMâ�ë Ð 	 ��ÑMÚ�Ü ò Ì ä ÒCÚ�Ó ì ú ï â Ô Ôá Ô â â�â�Ô�Ï�Í ç�á Î�Ñ þ�í Í �Gá=í à Ü ë ê
í�Ó à�Í ü�íBÓ�Í ß�÷ Í ý
Ñ
� ßá ü ß
Ñ=ù ß ù ð õ Ï ÒÏ ç Ý Ý�î�Ï Ý�Ï�Í ì�á�á � Î Ü ï.Ñ=Ø Ý�Ñ ÑVÎ�� Ô â Ô�á Î�Ó Ò Ø Î�Ú�Ò Ô�Ó î ÚCÚ�ß Ô ö â Ô Ò�Ú�ê3ÕÏ Ù íÍ Ù-Ô Ò Ô�Ò-ÔUÑ íVÚ�â�Î"í�áhûFá Î�á Î�ÚWí â"Ñgö Ô-Ù�Í`æ Ù Ì Ô îÑVÔ
Ï Ì�ÑWá ã"í��FáÎ�á Î�ÚWí â"Ñ�� Ô-Ù�Í`ÕÍ ìÓVÔ
Ó Ì�ÑWá Ý á Ù Ù"ÑgÝFágÝ Ô�á Ù�Í`Î�á ï ÎÏ Ú í ÔWÏ Ù�Í`Î�ë Îá ÏVßGá Ô î�Ï ÎÎ ÔWÑ Ù�Í`æ Ù�á ÔÒWí ìGá Ô î Ý Ø ÎÒWÓ ÌGá Ô.Í Î ÒÒWÑ ý Î�ÍCÏ Î ìÒCì à Î�ÍCÏ Î�ÍÒCØ æ Ù�ÌDÍ Ï ö�ÍÒ-Í ù Ù�Í!Í Í Í Ö ØÒ-Í�á Ù�Í<Ý Ì Ì Ù ÝÒ-Í Ü Ù�Í Î Ý Ò Ý â ÙÒVê�Ï�á æ Ù â�Ï Ô Ø ÔÒÒÒÒÒÍ Ô ÔÍ Ô Ù Ï�ÏÎSÏ â�î õ�ÓVâDÓVÒÎ Î�Î õ�íVÔDíVÒÎ Ñ�í Ó Î ÎWíMÔ-ÔÎ Ñ�í Í Î ÎWÑMâ-ÔÎ Ô�î ý�ílÔCÎWÏÎ à Î�Í Ñ Ò�í[Í Ù Ì ï Ò�î
Ï!Ó î�íVÔÎ × Î�ë Ù Ô�îDÏ ßD÷ ß ë�ílÎ Ø ì�ÏVÔÎ�Ó Ó=î ß Ò�í�á ë Îá ë þ Ù�îDÍ<Î þ ��ÏVÔÎ î â âDÏgÎ Ù ÙDÏ î Ô�î Øá Î Û ò�ágÚå5Ü�ánÎ�à Õ�ß�Ï ÏMÔ Ø Õ�ß�Í!Ó=â�Ô�áÎ�Ô Ô õá Î2á í�áHÔ Ô â�á Î Ø û òá Ô�Ó=â�Ô�áÎ�Ô Ô êá ÎCî Ò Ò�Í Î â$à Ü Î�á Î�ÏVÚÎ�Ô õ öá ÎCî Ò ù ø Î âWí Í!Ó=Ô�Ô�áÎ�× ö�Ñ þ öCî Ò þ Ò ö Ù Î3Î�Ó!Ó�á Ò�ÎWÏÎ�Ñ þ�á Í çWí�Ï Ó ú × ß ÚBÎ�Ó=Î � Ò�íVÔÎ�Í ê�Ï Ï ÖWí�Ï ÕÍ ë �Wí Ï Ù î�Í ï�á ÎWÏ à ÎÎ Ú�Î"í`ï Î Ý"íDá Ô Ò�í Ò�áVÑ ï ÎÎ
íxÎ�Ô�îIánÒ�Ú Ó ìÎ
ÓxÎ
Ï Ò"íVÎDÓ�Ñ Ï Ï Îî ý Î Ò"Ñ Ï ÏájÎ�Ú ÒÎ Ñ ÓÑ ÓÑ ÓÑ ÓÑ ìÑ ìÑ ì ÎÑ ì Ì Î Ò�Ó� Ù-Ù Î Ñ!Ó�á Úá ÎÑ ì ý�Ý Î Ó!Ó ØGá Ô ÓVÔ Î ì á Î�í�á7Ô�ì á Î�ÓÑ ìDÓVÎVÎDÑ`ÙSí!Ó�ájÔ ÓVÎVÎDÑ�á Ý áhÎ â"Ó`ÐYí�ÎÑ ìDÓVÎ�á Î Ò2á â�îDÏ Î Òá Î Ú�Ò á ÎWíVîDÏ`Ñ Ô�Î Ý�Ñ<Î â"Ñ�á ò�î�Ø Î�Ñ<ÎÑ ìDÓVÎVÎ â2á Ð�â Ø Î�Ó Ï Î Ú�Ò á ÎWíVîDÓ`Ó Ô�Î Ò�Ó�á Ô â�Ò2á ò�î2á Î�Ó�á ÔÑ ìDÓVÎVÎ â2á Ò�âDÏ Î�Ó Ï Ô Ú�î á ÎWíVîDÑMÒ�îDÏ=î�Í�á Î�Î3Ô�ÎDÓ=Î ßÑ ìDÓVÎVÎ Ú.Ó�Ó`Ô�Î Ý�Ñ Ó � â Ò Ù�î�Î Ú�Î�Ó�í`Ô�Î Ý�Ó�Ó�Î�í í[Ó=Ô ßÑ ìDÓ Í ý�í�â�í�Ï Ó ÜGá Î Ò�Î Ý�Ñ�����Ø Ù�Ó Ï ��í!Í Ù�î Ò�æ Ù Ú�îDÏ=Ò Øá Î-Ó!æ Ù Ú�î2á Î�Ï�á ÔÑ ìDÓ Ï ï�í�ê�Ó�Ï�à û3Î ì�Ô Ý�Ñ�á ë Î ñ ÔIá Ü Îá Î â â Î ì Ù�î Òá Ü ë Ú�Î Ò�Ú Ý�Ó�Ñ�á ë ë3ÎDÓ=Ú òÑ ìDÓ�á Ü Î�Î�Ñ Ò�î Ò�Ü ö Ô�Ù�Ô Ò�Ñ�á ë�Ü Ü åsá á�Ó�á Ü Î�Î â Ú�î îá á Í Ô�Î Ò�Ô Ò�ÓVÒ�á á Í Ù�ÎDÓ=Ú�ÑÑ ìDÓ�á á Î�Î î î�î î�Ó àá Þ ÿ Ú�Ï=Ò�Ï�á;Ñ Ò�í ÓiÔ�Ó�á á Î�Î3å5Î Î�Ü Ù�Í Õ�Ý�Ô�Ô Ò�í Í Õ;æ Ù ÒBò Ø Õ�Ý�Ó=Ú ÌÑ ìDÓ�á á Î�Î�Ó Í Õ�æ Ù î�Ò�Ø Õ�Ý�Ñ=Ô Ì�Ñ Ï í=Ò"Ï�á Î Ô â Îá Î Ø Õ�ý�í�ÒWí[Ñ=Ô Ì�íBÑ�á<ÒWí[Ó=Ú ÝÑ ìDÓ�á á Î�Îá Î�â î�ÙCâDÏ=Ò ìá á Ü Î�Ï7ÙDÓ Ï�á Î�Î�ÓMÎ Ô�ÏVÎDÑ=Ô â�Ó�Ñ!ÙWí[Ó=Ú âÑ ìDÓ�á á Î�Î�ÏMÎ Îá ÎCâGá Î�Ï�á á Ü Î Ò�Í Õ�ß�í�â Ò�Ó=î�Î Ô:ÎDÑ=Ô î�â:ÎDÓ=ÚÑ ìDÓ�á á Î�Î�ÑMÎ ÔFáÎDÓ=Î Ú â þ�í�à Õ�Ù ì�Ñ�â Ò�Ó=î�Ñ Ó�í�Ï!Ô ÚCÎDÑ=Î â�â�Ñ ÑMî2á Î�ÏÑ ìDÓ�á á Î�Î Ò î�îDÑ�á Ü ÎTÑ!Ó�á á ë î Ì â-Õ2Ó�á á Î�Î ã Ô�îDÑ Ï êWí`Ù�á Î â�â ì ÝCî2á Î�ÏÑ ìDÍ Ï Ü Î�Î Ø Ù�îDÑ�á êWÓ`Ý�á Î Ú ù ��Í Ý�ê�Ï × Þ Ý Î æ Ù�í�á;ü ÎCÎ æ Ù�Ó�á Î�Î ä ÎCÎ à�ÎÑ ì Ø ü Õ5î�í Ì�í�á Î � ÎCÎ æ Ù�Ñ�á;Ó Ì�Ñ Ù Ø�Î�ÏMÎ âFáÎGá Î Ú�Ó�ÏVô Ì�ÓÎ á Ï Î_î�Î î-å�î2á î�Î î-Í Õ�ÝCÎ�Ó"ágåFÑÎ"Ï�â Ý á Ï Î_î�Î Ò-ß � Ý.Ó`Ñ ÎVÎ Ò Ó`Ó"á Î áÎGánÎ�ÑMîá Ù Í Ô3ö á Ï Î_Ò�Ó[Ó Ô�Ï ì î Ï[Í Î�Ò á ÎÎDÏMÎ�ÑMÙ�Ï Ò�Ï�á Î Ì�×Bù Ñ ì Ý Î î�Ï Ô Ó Í ÚÎDÓMÚ�Ñ`Ý�Ü Î Ú�Ô Ø Î î â3Ý á Ï ÎÎDÓMâ�Ñ�Ï Ô�Î Î Ò�Ó=â�Ó Ï Í ê�Ï Ô Ñ ìÎ ÒCâ�Ñ=Ø�í Ó<Ô�á=Ó�á Î Ô�Î Ð á Ï ÎÎ îá ï�Î Ú�ÝCâ�Î â�â�Ó Ï`Ñ â Ñ ìÎ î�í Ø�Ô Ú�Ï ÔCÚ�Ñ Ò�Ó�á Î Ô�Ñ â Ñ ìÎ ì�í�á Ó â Ò�Ñ�á ÔCâ�â Î�â�Ó Ï`Í Ô Ñ ìÎ Ù�Ó=î�Ô Ú�Ï Î3Ý�Í[Ó�á Î Ô Ñ ÒÎ Ô�Ó=â�Ô Ú�ÙCâ Ì2á Î Ù Ò Ú ÔÜ ß�Ó=â�Ô Ú�ÙCÔ�Í[Ó�á Î Ô Ñ âÜ ß�Ó=Ú�Ô Ú�ý î Ò ö2á Î â Ò Ú ÓÜ Î�í=Ú�Î Ú�Ï�â Ò�Ñ Ò�Ó�á Î Ô Ñxì�ÓÜ Î�í�á Ð Ú î�Ñ`Í Î â Ò�Î î�â�Ó Ï Ñxì ìÎ Ô�í�á Ý Ô î�ÑMâ�Ó Ó!Ó!Ñ=Ù�Ï Ó Ñxì ÒÎ ß�í�á ä Î â�ÑVÒ Ù�í=â�Ï ß�á Ý ÑxØ ÙÎ î�ÏMÒá�Í!Ó�Ó Ñ_Ï ÎÎDÓMÎ�Ñ Ñ�Ñ ÑÎDí[Ó!Ñ Ï Õ�ß ÑÎDÏ`Ôá;Í Õ�Ù áÎGá Î
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(Page 86, as Formula 4.1.40 refers to Figure 4.7)
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