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Terms, types and values

System F = simply-typed A-calculus + polymorphism/universal types
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System F

Terms, types and values

System F = simply-typed A-calculus + polymorphism/universal types

T ::=bool|T — 7|V o, T|cx

e := z| true| false | if e then e else e| Az : T.e|e e|Aa.e|e[T]

v = true | false |\z : T.e|Aa.e
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System F

Evaluation

Evaluation context

E ::= [||if Etheneelsee|E e|v E|E[T]

Evaluation

if truethen e; elsees — e

if false then eq elsees — eo

Az : 7€) v — e[v/z]

(Aa.e)[r] — e[T/a]
e—eé

Ele] — E[¢/]
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System F

Typing - |

(Term) Context

Tu=elz:7T

Type Context

As=eA

Context correctness

AFTifFV(r)C A
AFTif ¥z € dom(T), AF I'(z)
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System F

Typing - Il

Typing rules

A; T | false : bool A;Thep im0 — T A;TEeg:mo

A;THepeg: T
A;TkFe:Va, T AFT
ATk e[r'] s e[t /o]
Ao T'He: T
A;TFAae:Va, T

A; T F true : bool
I'(z)=r7
AN I ol A

A;Tx:mibe:m

AT Exymie:m — 12
A;T e : bool A;Thkep s r A;TFeg: T
A;T Fif ethene; elsees : 7

And I'; A e: 7 requires AT
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System F
Contextual Equivalence
ANicall'ogical[Ralation

How to get a free theorem?

Why?

Typical theorems we want to prove:

if ;e e:Va, a— athen e must “be” the identity

ife 7, 00-¢c:Va, a— bool, e;e vy : 7 and e;e vy : 7 then e[7] v1 and
e[r] v2 must be “the same”
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Contextual Equivalence

Formal definition

Context = term with a hole:

C ::= []|if C then eelsee| if e then C else e| if e then eelse C| Az : 7.C|C ele C|Aaz.C|C|r]

Context Typing
ATRe:T AT Cle] : 7!
C: (AT EHT) = (AT FT)

Contextual equivalence

AT e1 Retg €2 @ T if
V 7/ base type, VC : (A;T = 7) — (e;0 = 7'), Cle1] Y v > Clez] J v

N,
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System F

Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

The general idea

Relation V[7] on values of type 7: V[r] C {(v1,v2)|e;e Fvi: T Ae;0F vy : T},
imitating the definition of SN, and use

Elr] ={(e1,e2)|o;0e1 : T Ao 0t ex: T AT (v1,v2) € V[T], e1 $ vi Aez | va}
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System F

Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

The cases bool and —

V[bool] = {(true, true), (false, false)}

VIr = '] = {(Qz : 1.e1, z : T.e2)|V (v1,v2) € V[7], (e1[v1/x], ea[v2/x]) € E[7]}

Recall SN, _,,» ={elete:7— 7' AVe € SN;, ee’ € SN/}
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System F
Contextual Equivalence
A Nice Logical Relation
How to get a free theorem?

Polymorphic term: the problems begin

First attempt:
VIVa, 7] = {(Aa.e1, Aa.e2)|V 1172, (e1|r1/a],e2[me/a]) € E[T[??/a]]}

Different types for e1[71/a] and e2[m2/a]!
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System F

Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

Polymorphic term: the problems begin

First attempt:
VIVa, 7] = {(Aa.e1, Aa.e2)|V 1172, (e1|r1/a],e2[me/a]) € E[T[??/a]]}

Different types for e1[71/a] and e2[m2/a]!

Keep a and add a substitution:

VIV a, 7], = {(Aa.e1, Aa.e2)|V 1112, (e1[r1/a],ea[ma/a]) € Sﬂfﬂp[aﬁ(Tl’Tgﬂ}

Radboud
/84: University
"W Nijmegen

o
c

Meven Bertrand, after Lau | Types And Relational Substitutions



System F

Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

First attempt:

Vlalp = {(v1,v2)lp(e) = (11,72) A 77}

We need a relation R C Rel[r1, 72] = {(v1,v2)|e;0 F vy : 7 Ae;0 vy : 7}, just add
it as a third component to p:
Via]p, = pr(a)

with p = (p1, p2, pr) and pr(a) € Rel(p1(a), p2(a))
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System F

Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

Free variable: still not working

First attempt:
Viedp = {(v1,v2)lp(a) = (11,72) A 77}

We need a relation R C Rel[r1, 2] = {(v1,v2)|e;0 - vi : T Ae;e vy : T}, just add
it as a third component to p:
Vla], = pr(a)

with p = (p1, p2, pr) and pr(a) € Rel(p1(a), p2(c))
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Contextual Equivalence

A Nice Logical Relation
How to get a free theorem?

All definitions together

First,
V[l C {(v1,v2)|e;0 - v1 : p1(T) Ne;e b vy :pa(T)}

and

Elr] = {(e1,e2)|e;0 - e1 : pi(T)Ae; 0 F e : pa(T)AI(v1,v2) € V7], €1 I viAes I va}

Then, the updated definitions
V([bool], = {(true, true), (false, false)}

VIir = 7’1, = {(Az : p1(7).e1, A\ : pa(7).e2)|V(v1,v2) € V[7],, (e1[v1/z], ea[va/z]) € E[7'],}
V[Va, 7], = {(Aa.e1, Aa.e2)|VT1 T2 R € Rel[11, 2], (e1[r1/a], e2[m2/a]) € 5[[7']]p[aﬂ(,.1,,.27m]}

Viel, = pr(a)
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A Nice Logical Relation

Interpretation for a context and the relation

Context interpretation

Dle] = {0} and D[A, o] = {p[a — (71,72, R)], p € D[A] A R € Rel[r1, 2]}
Glel, = {0} and G[I',z : 7], = {¥[x = (v1,v2)],7 € G[T'] A (v1,v2) € V[7],}

The relation (finally!)

A;TkFey~ex:7if A;Ter:7and A;T'Feg: 7 and
VpeD[A], Vv € Gl (p1(71(e1)), p2(v2(p2(e2)))) € El7l,
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How to get a free theorem?

Properties of ~

Big property of ~: A;T'Fe; ~eg: 7 implies A;T'F ey ~ety €2 1 7T
Hard to prove, not always needed: often another theorem suffices:

Fundamental property of ~

If A;THe:7,then A;THexe: T

Proof using compatibility lemmas mimicking induction definitions:

A; T'F true = true : bool

AT,z: ThHer~ex: 7

ATHOQz:Te1))x(Ar:Te):7— 1

andsoon ...
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How to get a free theorem?

An example

The theorem

Ife; e-c:Va, a — a, ek 7 and e;e v : 7 is a value, then e[r] v | v.

The Proof

We start with ¢;eFexe:Va, a— a, so (e,e) € E[Va, a— ap.
Get Fs.it. e | F, then (F,F) € V[V, a — afy, say F = Acvey. Take 7y =m0 =7
and £ = {(v,v)}, then (e1[r/a], e1[r/a]) € E[a = alojar(r,r,m)
Again ei[T/a] | Az : T.ex and (Az: T.e2,\x: T.e2) € V[a = fgiams(r,7R)]:
instantiate with v: (e2[v/z], e2[v/z]) € E[]pja(r,7,R)]-
Once again, ez[v/z] =* vy with vy : 7 and (vg,vy) € V[lga—s (r,r,r) = R-
Thus (vf,vs) = (v,v) since R = {(v,v)}.
Now
e[r] v =* (Aaer) = e1[r/a] v =" (A\z : T.e2) v — eav/z] =* v

so e[r] v v as v is a value.
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