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Logical Relations

Better name: Type Indexed Inductive relations

Logical predicates ‘ Logical relations
(Unary) (Binary)
P-(e) R-(e1, &)

-Strong normalization | -Program equivalence
-Type safety



Notation

Types
T = bool | T— T

Expressions

e = x | true | false | if ethen eelsee | Ax: 7. e|ee
Values
v = true | false | Ax: 7. e

Typing contexts

M=e|Mx:7



Typing Rules

I+ false : bool T — False
I+ true : bool T —True
F(x):TT v
TreEx:7 — ar

Nx:mkFe:m
lEXx:m.e:mm— 7

T — Abs

Fl—e1:72—>71 r|_6227'1
r|—6162:T1

T — App

FFe:bool ThHe:7 ThHe: T

Nt ifetheneelsee: T T-1f




Evaluation

Evaluation contexts
E:=][|ifEtheneelsee|eE|Ev

Rules

> if true then e; else & — ¢
» if false then e; else & — &
> (Ax:T.e)v = e[v/x]
e ¢

Ele] — E|[€]

>



Strong Normalization

Notation

>»ellv <= e—*v
> el dvelv

Theorem (Strong Normalization)
Ifel-e:7 thenell.
Proof by induction on structure of derivation does not work

Fl—e1:72—>7-1 r|—6227'1
lFee:m

T — App



Logical Predicate for Strongly Normalizing Expressions

SNpooi(€) iff
> o e: bool and

> e ).

SN, —r,(e) iff
> el e — T,
» e, and
» Ve'.SN;, (') = SN, (e ¢).



Structure of proof

(a) eke:7 = SN (e)
(b) SN, (e) = el



Substitutions

Nx:mkFe:m

lEXx:m.e:mm— 7 T — Abs

Substitution
he)=e
Vx = v](e) = v(e[v/x])

v ET <= dom(y) = dom(I') A Vx € dom(I").SNr(,)(7(x))

Generalized (a)
If T'He:7and v =T then SN-(y(e))



Lemmas

Lemma (Substitution lemma)
IfT-e:7and~y =T then e ~(e): .

Lemma (Preservation lemma)
Suppose e - e : 7 and e — ¢’ then
1. if SN-(€'), then SN_(e)
2. if SN;(e), then SN.(€’)



Proof

Proof by induction on the derivation of e : 7.
Case

[+ true : bool T = True

Given 7y =T we need to show that SNpoo(Y(true)).
Case
FF false : bool | — False

This case is similar to the case of true.



Proof

Case
MNx)=r
Thx.r L~ Var

This case follows from v =T and well-typedness of x:
> x is well-typed, so x € dom(I")
> From v |= T we get SNr(7(x))

> x is well-typed, so ['(x) = 7.



Proof

Case

leg:m—mn e
Fl—eleg:rl

T — App

Need to show that SN (y(e1 €2)), which is equivalent to
SN (v(e1) v(e2))-

By the induction hypothesis we have:
(1) SNryry (v(e1))
(2) SNTz(’Y(e2))

By (1) we have Ve'.SN,,(¢') = SN, (y(e1)é€’).
Combined with (2) this gives us the result.



Proof

Case

[He:bool ThHe:7 ThHe:T

H if ethen e else e : 7 T-1f

By the induction hypothesis we have:

(1) SNpooi(e)

(2) SN-(e1)

(3) SN-(e2)

By (1) e |} v. Two cases v = true or v = false.
» in first case: if e then e; else e — €y.
> in second case: if e then e else e, — 5.

So by the preservation lemma SN.(if e then e; else e).



Proof

Case

Nx:mkFe:m
lEXAx:m.e:m1—m

T — Abs

Given 7y =T, need to show:
1. e Ax:miy(e):m — 7
2. Mx:my(e)
3. Ve'.SN;, (') = SN, ((Ax : 11.7(e)) €')

Induction hypothesis:
Mx:nmbe:m ANy ENx:11 = SN.,(v(e))

(Ax = m1.9(e)) € —=* v[x — V'](e)



