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1 Fusion lemma
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Figure 1: Pearl’s message passing.

Probabilistic inference using Pearl’s algorithm is done by applying the following formula
to every vertex in the graph:

P*(Vi) = P(Vi | €) = a-m(Vi) - A(Vj)
where:

e e: evidence

e «: normalisation constant

o 7(V;) 2 P(V; | e‘J}L_): compound causal parameter

o \Vp) 2 P(ey. | Vi): compound diagnostic parameter
with:

T(Vi)= Y P(Vilpa(V))- [/

pa(V;i) j=1
- HAK;(%) if V; ¢ B

™y (Vi) = a- mo( I};IAV ) Vg E
J

NV =8 AV - > P paWy)) [[m) (V)
V;

Viepa(Vj),k#i k#1



Note that V; € pa(V}), so when V; is the only parent of Vj}, the result of the last equation
is simply P(V; | V;) (without summation). See Figure 1 for an illustration. In the following
section an example is discussed to show how the method works.
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Figure 2: Example Bayesian network with evidence V3 = true.

Consider the network shown in Figure 2 for which we study probabilistic inference using
Pearl’s algorithm.
7(v1) = P(v;) = 0.3 A(v1) = AP} (v1) - ApE (v1) = 0
m(—w1) = P(—v1) = 0.7 A1) = Ay (1) - Ap (=or) = 0.6
because no evidence on V5

and evidence V3 = true

77“2 (v1) =7m(vy) - A ( 1)=03-0=0 A(v2) =1 no evidence below V5
7TV2(_\?}1) = m(—v1)A 1( 1) =0.7-0.6 = 0.42 A(—v2) =1 no evidence below V3
myt(v1) = m(vr) Ay} (v1) = 0.3 AV (v1) ZA Vo)P(Vy | v1) =1
W“%(—\Ul) = 7'('(—"[)1))\“2(—"[)1) = 0.7 )\Vl —\?}1 Z)\ V2 V2 ‘ _\7)1) 1

= P(vy | Vi)m}} (Vi) =0.1-042 =0.042  A(v3) =1 evidence
\%1

m(—wy) = Z P(—wvq | 1/1)77“2(1/1) =0.9-042=10.378 A(—w3) =0 evidence

= P(uvs | v1)A}i(v1) = 0.6-0.3=0.18 AV (v1) ZA (V3)P(Vs | v1)

=1 (1)3”[)1):0
7(—ws3) ZPﬂvg\vl (v1) =04-03=0.12 L(-w1) Z)\Vg (V3 | —v1)

=1 (’Ug | —|U1) =0.6



77“2 (v3) =1 evidence

W“;Z(_\Ug) =0 evidence

1)) = Py | Va)m? (Vs) = 0.8
Vs

m(~wg) =Y P(-wa | Va)m? (Vs) = 0.2
V3

Application of the fusion lemma:

Pi(v) =

P*(v2) = - w(v2) - Mv2) = - 0.042 - 1

P*(v3) = a-m(v3) - Mvg) = - 0.18 - 1

P (vy) =a-7(vg) - Mvg) =-0.8-1=0.8

w(v1) - A1) =a-03-0=0

A(vg) =1 no evidence

)\(ﬂv4) =1 no evidence

AV (v Z/\V4 v3) =1
—|’U3 Z)\ V4

(Va|-ws3) =1

P*(—v) =a-m(-v1) - A(—v1) = - 0.7-0.6
=a-042=1
P*(—wg) = a-m(—w2) - A(—w2) = - 0.378 - 1

N 1
o=—
0.42

= P*(v3) = 0.1, P*(—w2) = 0.9
P*(—w3) = a-m(—w3) - A(-w3) = - 0.12-0
= P*(v3) = 1,P*(—w3) =0

P*(—wy4) = a - m(—wvg) - A(—vg)

=a-02-1=0.2



