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ABSTRACT. This paper presents a short overview of some of the resthiewsed for the calculug’,
which is based on Gentzen’s. It presents the calculus, its suitability for encoding Mealculus
and theAp-calculus, as well as a type-preserving encoding’dhto the z-calculus.

INTRODUCTION

We discuss the calculud’ (a first version of this calculus was proposed in [24, 23, 224
implicative fragment oft’ was studied in [5]), which has the Curry-Howard propertygosofs of
Gentzen’s sequent calculug [11], and briefly discuss interpretations of various caleslwell as
an encoding into ther-calculus [17], that all respecut-elimination as well as assignable types.

LK is a logical system in which the rules only introduce conmest (but on either side of
a sequent), in contrast twatural deduction(also introduced in [11]) which uses rules that intro-
duce or eliminate connectives in the logical formulae. Katdeduction derives statements with
a single conclusion, whereax allows for multiple conclusions, deriving sequents of thent
Ai,...,A,F By,...,B,. X achieves the Curry-Howard isomorphism for proofa.in by con-
structing witnesses, callatkts for derivable sequents; this is achieved without usindiegiion.

Nets inX have multiple named inputs and multiple named outputs,afretollectively called
connectors Names on the left can be seen as inputs to the net, and narttesright as outputs.
Similar to calculi likeAu [18] and Auji [10], there are two kinds of names ii: socketg(inputs,
with Roman names) that are attached to formulae in the letiest, andolugs(outputs, with Greek
names) for those in the right context. Plugs and socketespond, respectively, wariablesand
co-variablesin [25], or, alternatively, to Parigot’a- andu-variables [18] (see also [10]).

In the construction of the witness, when in applying a ruleearpse or conclusion disappears
from the sequent, the corresponding name gets bound in ththaeis constructed, and when
a premise or conclusion gets created, a different freer{afw) name is associated to it. For
example, in the creation of the net for right-introductidrite arrow via rule(exp):

P: T,x:Arw«a:B,A
xPa-p - T'F B:A—BA
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the inputx and the outpuk are bound, ang is free. This case is interesting in that it highlights a
special feature oft’, not found in other calculi. In (applicative) calculi redatto natural deduction,
like the A-calculus [8], only inputs are named, and the linking to antémat will be inserted is done
via A-abstraction and application. The output (i.e. result)f@ndther hand is anonymous; where a
term ‘moves to’ carries a name via a variable that acts asraqudio the positions where the term
is to be inserted, but where it comes from is not mentionettesit is implicit. Since a tern® can
have many inputs and outputs, it is unsound to consitdarfunction; however, fixingponeinput x
andoneoutpute, we can se as a function ‘fromx to a’. We make this limited view oP available
via the outputs, therebyexporting‘ P is a function fromx to a’; notice that the types given to the
connectors conform to this point of view.

Implicative LK has four rulesaxiom left introductionof the arrow,ight introduction andcut

THAA I,BEA R) - ILAFB,A THAAN T,AEA

A): T (=) SR :—— " (cut
T aras (U I,A=BF A =R I'-A=B,A (cu) THA

SinceLK has only introduction rules, the only way to eliminate a ative is to eliminate the
whole formula in which it appears via an application of tfoait)-rule. Gentzen defined eut-
elimination procedurehat eliminates all applications of tHeut)-rule from a proof of a sequent
(via an innermost reduction strategy), generating a proobrmal formfor the same sequent.

X is a true term rewriting language that distinguishes itf®elfn other, more common pro-
gramming paradigms in that it is a languagecohnecting netsrather than a language based on
application and substitution, with variables that can lptaeed by entire terms. ReductionAnis
expressed via a set of rewrite rules that represafelimination, eventually leading teenaming
of connectors, and gives computational meaning to clds@eguent) proof reduction. It is well
known thatcut-elimination inLK is not confluent, and consequently, neither is reductiof’ imThe
intuition behind reduction is: the cl T XQ expresses the intention to connectaalin P andxs
in Q, which reduction will realise by either connecting @4 to all xs (if x does not exist irQ, P
will disappear), or alks to allas (if « does not exist ir?, Q will disappear). So, wheR does not
containe andQ does not contain, reducingPa 1 XQ leads to both? andQ, two different nets.

This paper presents the calculd’s together with some of its main results; these first appeared
in various papers, of which we mention [4, 5, 6, 21, 7, 2]. I')X is presented and, respectively,
the embedding of thé-calculus, Ax [9], the Au-calculus and the\pji-calculus is studied. [2]
studies mappingt’ into Ap. [21] studies the relation betweeti enriched with quantification and
System F anduL. [6, 7] discuss implementation issues. [3] studies the @imgpof A" into the
rt-calculus. The intention of this paper is to be an overviesag ahowcase of the expressive power
of X'; for details of proofs, | would like to refer the reader to hegers mentioned above.

1. THE CALCULUS X

In this section we will give the definition of th&'-calculus. X’ features two separate categories
of ‘connectors’ plugsandsocketsthat act as input and output channels. A consequence céthe f
that the origin ofY" is a sequent calculus is that has no notion of substitutiapplication.

Definition 1.1 (Syntax) The nets of theX'-calculus are defined by the following grammar:

P,Q == (xa) | gPP-a | PRly]XQ | PRTZQ
capsule export import cut
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wherex, y range oversocketsa, B over plugs (together callecconnectors The symbol * is a
binder, the definition offree (or bound or connector is as usual; we writg P), fp(P) or fc(P).

The origin of X can be found in Urban’s PhD thesis; the calculus defined tisetlee same
in spirit, but very different in presentation. Urban uses finst letters of the Latin alphabet for
plugs, and the last for sockets; he expresses input andtdugpaviour by using ar-calculus-like
notation, putting sockets between parentheses and pligeédie angles.

X: (xa) | xPBa |  Pa[xgQ | PatxQ
Urban:  Ax(x,a)|ImpR((x)(b)P,a) |ImpL((a) P, (y)Q, x) | Cut({a) P, (x)Q)

Notice that Urban’s notation is pre-fix, which distorts thation of ‘flow’ X expresses; also, in
ImpL({a)P, (y)Q, x), it is not clear thatc will interface betweerP andQ.

Reduction strongly depends on the notion ofraroduced connector

Definition 1.2 (Introduction) (P introducesx) : P = (x-a) or P = QB [x] R with x & fs(Q, R).
(P introducesx) : P = (x-a) or P = XQpB-a anda & fp(Q).

The principal reduction rules are:

Definition 1.3 (Logical rules) Let « andx be introduced in, respectively, the left- and right-hand
side of the main cuts below.

(cap (i T 3(xB) — ()
(exp:  (FPP-)RTE(x) — FPB-y
(imp):  (ya)a t2(QB[ZR) — QB[R
s o [ QT IPRER)
(exp-imp) : (7PB-0)a § 2(QF [x]2R) {(QWP)WR

The first three logical rules above specify a renaming progdvhereas the last rule specifies
the basic computational step: it links the export of a fusrctiavailable on the plug, to an adjacent
import via the sockek. The effect of the reduction will be that the exported fuoistis placed
in-between the two sub-terms of the import, acting as iaterf

In X there are in fact two kinds of reduction, the one above, andtle which defines how
to reduce a cut when one of its sub-ndt®es notintroduce a connector mentioned in the cut. This
will involve moving the cut inwards, towards a position wadhe connectois introduced. In case
both connectors are not introduced, this search can staithar direction, (either to the left or to
the right), indicated by the tilting of the dagger.

Definition 1.4 (Active cuts) The syntax is extended with twitaggedor activecuts:
P .= ... | Pﬁ/‘ 5C\P2 | Pﬁ‘\ 5C\P2
We define twacut-activationrules.

(a/#): Pat1xQ — Pa #xQ if P does not introduce
(xa) : Pat1XQ — PaX XQ if Q does not introduce

The next rules define how to move an activated dagger inwards.
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Definition 1.5 (Propagation rules)Left propagation:

(df) : (y-a)& # XP — (y-a)& T XP
(cap/) : {y-p)asxP — (y-p), p#u
(exp-outs’) : (ﬁQE a)a /XP — (7(Qa /X ) “Y)7¥ T XP,  fresh
(exp-ing*) = (yQp-v)a / XP — y(Qu / xP)A -y, Y #u
(imp7) : (QB[:)JR)A # TP — (Q& / P)P [z] 7(Ra / 2P)
(cut?): (QBTYyR)a/ xP — (Qa / XP)p 1 j(Ra / xP)
Right propagation:
(xd) : Pax x(x-B) — Pa 1 x(x-B)
(\cap) : PaX x(y-p) — (y-B), R y#Fx
(xexp : PRX 2(7QF1)  — J(PRRTQ)Br
(Ximp-outg : PaX X(QB [x]yR) — Patz((PaXx XQ)B [z] y(PaXx XR)), z fresh
(ximp-ins) : PaX ®(QB[z] §R) — (PAX XQ)B [z] F(PAX FR), z#x

(xeut) : PaX X(QBtYR) — (Pax XQ)B 1 J(P&X XR)
We write — for the (reflexive, transitive, compatible) reduction tela generated by the log-

ical, propagation and activation rules, and wiitd Q to express thaP and Q share a reduct,
i.e. when there exists aR such that? — R andQ — R.

As mentioned above, the reduction relatienis not confluent; this comes from the critical pair
that activates a cua 1 XQ in two ways, and the critical pair that is the rylexp-imp.

In short, reduction brings all cuts down via propagationagidal cuts or to elimination cuts
that are cutting towards a capsule that does not contairetéeant connector, as ifw X x(z-) or
(z-B)a # XP; performing the elimination cuts, vigscap) or (cap/), will remove the ternP.

Two sub-reduction systems are introduced which explié&pur one kind of activation when-
ever the above critical pair occurs:

Definition 1.6. We define Call-By-Name and Call-By-Value reduction by:

e If a cut can be activated in two ways, thev strategy only allows to activate it vi@/);
we write P —, Q in that case. This can be obtained by replacing (tle) by:

(xa) : PatxXQ — PaX xQ, if Pintroducesx andQ does not introduce.

e ThecCBN strategy can only activate such a cut yiea), and we writeP — Q. Likewise,
we can obtain this by replacing ru(e/) by:

(a/): Pa1xQ — Pa #xQ, if P does not introduce and Q introducesx.
e We split the two variants ofexp-imp over the two notions of reduction: faBv we take:
(7PB-0)@ 1 £(QF [x]ZR) — QF 1 §(PBTZR)
and forcBN:
(yPB-2)& § X(QT[x]ZR) — (QFiyP)p 2R

We so obtain two notions of reduction that are confluent:uddls are left-linear and non-overlapping.
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2. EXPLICIT x-CONVERSION

Normally, renaming is an essential parixe€onversionthe process of renaming bound objects
in a language to avoid clashes during computation. The raostir context in which this occurs
is theA-calculus, where, when reducirig xy.xy) (Axy.xy), a-conversion is essential.

While building an efficient implementation of an interpreter X', it was noted that the-
conversion can inY be dealt withat the level of the language itsglfinlike for the A-calculus.
There proved to be several ways to do thigtinthree solutions to the problem @fconversion are
proposed in [6, 7], that are compared in terms of efficiendye first uses #azy-copyingstrategy
to avoid sharing of bound connectors; the secentbrcesBarendregt's convention, by renaming
bound connectors when nesting is created; the third awagtureof names, but allows breaches
of Barendregt’s conventiom-conversion is necessary, for example, in riégp-imp

Q7 t §(PB1ZR)

(QY1¥P)p TZR

A conflict with Barendregt's convention is generated in thie by the fact that perhags = -y or

y = z. Or, when striving for capture avoidance, it might be thatccurs free ink, or §in Q. In
either case, these connectors need to be renamed; one oktiglys points oft’ is that this can
be donewithin the language itself. For example, to accurately deal witonversion for the case of
capture-avoidance, the rulexp-imp needs to be replaced by, are introducedy, é are fresh):

(§PB-a)a@ t X(Q7 [x]ZR) — {

Q71 7(PBiZR), y & 1S(R)
e QR ta(((08)5% gP)B 1 2R), y € IS(R)
GPBa)R 1 2QTIXIER) = ) (051 5p)B 1 2R, B ¢ p(Q)

(Q7 17(P / 5(0-0)))3 1 2R, B € fp(Q)
Almost all propagation rules (but f¢d /), (cap#), (xd), and(Xcap)) need dealing with as well.

3. TYPING FORX: FROM LK TO X

The notion of type assignment ok that we present in this section is the basic implicative
system for Classical Logic (Gentzen’s system LK) as desdriibove. When building witnesses
for proofs, propositions receive names; those that appetheileft part of a sequent receive names
like x,y, z, etc, and those that appear in the right part of a sequenveecames likey, §, v, etc.
When in applying a rule a formula disappears from the sequlatcorresponding connector will
get bound in the net that is constructed, and when a formutacgeated, a different connector will
be associated to it.

Definition 3.1 (Types and Contexts) (1) The set of types is defined by the grammar:
AB = ¢ | A—B.

whereg is a basic type of which there are infinitely many.

(2) A context of socketE is a finite set ostatements: A with distinct subjects(x). We write
I'1, ', for the union ofl'; andI',, providedI'; andI', are compatible (if"; containsx:A;
andT’; containsx: A, thenA; = A), and writel', x: A for T', {x:A}.

(3) Contexts oplugsA are defined in a similar way.

(Simple) type assignment fot” is defined using the following sequent calculus: the Curry-
Howard isomorphism for Implicativek is easily achieved by erasure.
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Definition 3.2 (Typing for ). (1) Type judgementare expressed &3 .- I' - A, wherel is a
context ofsocketsaandA is a context oplugs andP is a net, thewitnessof this judgement.
(2) Type assignment fot’ is defined by the following rules:

(cap) (imp) P:Tra:A A Q: T,x:BFA

cap) : . . . imp) :

P (ya) Ty Al ac AN D T PR[)]Q - T,y A—BF A
P: T,x:Ar-wa:B,A P: . TFHa:A A Q: T, x:AFA

(exp) s =5z 2B TFpBABA (cut) : PRt3Q - TFA

We write P ;- T F A if there exists a derivation that has this judgement in theoboline.

Notice that the system does not deal with contraction or eeialg; in fact, that’s the reason the
propagation rules are presentth For alinear version of X that has explicit contraction and weak-
ening, see [16]. Notice thdtandA carry the types of the free connectorsApas unordered sets.
There is no notion of type faP itself, instead the derivable statement shows o connectable.

Example 3.3(An inhabited proof of Peirce’s Law)

) ——— (cap)
(y-0) -y.Al—é.A,iy.B
7 . . (exp) (cap)
§(y-0)f-a - Fa:A—B,5:A (8) - WAL 0:A
Ik 5>’7 0)7 [z] @(w-6) - z(A—B)—AF 5:A (imp)

exp

=

2((7(y-0)7-a)R [z] @(w-8))d-7 - F 71:((A—=B)—A)—A
The following soundness result is proven in [5]:
Theorem 3.4(Witness reduction)If P ;- T'+ A, andP — Q, thenQ :- T - A.

4. THE RELATION WITH THE LAMBDA CALCULUS

In this section, we will briefly highlight the relation betes theA-calculus andY’, from [5].
We assume the reader to be familiar witkcalculus; the direct encoding df-terms into X is
defined by:

Definition 4.1 (Interpreting thel-calculus) The interpretation of lambda terms in#d in the con-
texta, [M] 2, is defined by:

Txlla & (xea)
Trxmlly & 2[MIGB-w, B fresh
TMNI} = T™m] vTx(WNﬂéﬁ [x] y(y-a)), x,y, B, fresh

We can even represent substitution explicitly (so repriesgpvia [[- || AX , by adding the clause
TMIN/x] 2% = TIN5 X =M 2%, + fresh

Notice that every sub-term dfM ||, has exactly one free plug; also, this interpretation is tha-s
dard way of encoding natural deduction in the sequent azdcul
In [4], the following relation is shown between reductionlircalculus andt’:

Theorem 4.2([4]). If M —g N, then[[M ||, — [[N],; this is true also focBN andcav.
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To strengthen the fact that we consider more than just thegethat represent proofs, it is
straightforward to verify thaff AA || 5 — [[AA] .
It is worthwhile to notice that the image @f under the interpretation functioﬁﬂ,ﬁ does not
generate a confluent sub-calculus, since we can show both
TAxax) ()t —v (o7 ] 2((z7)7 [2] @(ua))
and also
TAxax) () ld = (o) W] 2(((y-0) [y] 2z1))7 2] @u-a))

Notice that both reductions return normal forms, and theséhare different, s (Ax.xx)(yy) 1l
hastwo normal forms (see also [4]); this in fact corresponds to #ut that(Ax.xx)(yy) has differ-
ent normal forms with respect teN andcev reduction.

5. THE RELATION WITH Au

In this section we will briefly discuss the result regardihg telation betweeny and X', as
previously presented in [5] and [2]. Parigofg is a proof-term syntax for classical logic, different
in approach from¥Y in that it is expressed in the setting of Natural Deductiolne Typing system of
Au is isomorphic to the multi-conclusion logical system &sit uses two disjoint sets of variables
(Roman letters and Greek letters). The sequents typingstarmof the fornT' = A | A, marking
the conclusiorA asactive

Definition 5.1 (Ap (cf [19, 12]). The terms ofAu are defined by the grammar:
M,N == x| Ax.M | MN | uB.la]M
Reduction om p-terms is defined as the compatible closure of the rules:

logical (B) : (Ax.M)N — M[N/x]
structural (p) = (pe.[BJM)N — py.([B]M)[N-7y/a]
renaming : ua. (] (u.[6]M) — pa[6|M[B/7]
erasing: po.[a)M — M, if & does not occur inVl.

where M[N-v/a] stands for the term obtained froM in which every (pseudo) sub-term of the
form [a] M’ is substituted byy|(M'N) (v is a fresh variable).
The typing rules fo\ i are:
—  (xAE€T) [y M:A—B|A Ty N:AJIA
Ty x:AlA Ty MN:B|A
[,x:AFpy M:B|A [y M:Bla:A,B:B, A 'y M:B|a:B,A
[y AxM:A—B|A  Thy pa[BIM:A[B:B,A Ty, pa[a]M:B|A

This notion of type assignment is a natural extension of thathe A-calculus (apart from
a trailing A, the first three rules are exactly the same), and adds thenntitat there is anain,
or active conclusion, labelled by a term of the calculus, att@érnativeconclusions, labelled by

x, B, ...

We will now define how to interpreiy in X.

Definition 5.2 (Interpretation of\z in X'). We define[[- || 2* as[[- ||}, by adding the alternative:
Tpo.fyIMUz" = TMIS + 2(x-a)



20 STEFFEN VAN BAKEL

Notice that, in the interpretation of thecalculus, we can only connect to the plug that corre-
sponds to the name of the term itself, whereas forthealculus, we can also connect to plugs that
occur inside, i.e., to named sub-terms.

The following lemma shows how-substitution can be expressedih

Lemma5.3. (1) TMI3¥3 # R(TNIEB [x] §ly-r)) L TMIN-7 /5N I3,

@) TMU7#s 7 2(TNUE"B [x] 5(y-7)) | TMIN-7/8]I3%,if 6 # v.

In [5] it is shown that the encoding dfu-terms is correct, as stated below; notice that, unlike
for the A-calculus, it is only shown that the interpretation is presd modulo equivalence, not
modulo reduction; a similar restriction holds for the iptetation ofAy in Auji achieved in [10}.

We can now show thaty’s reduction is preserved by our interpretation.

Theorem 5.4(Simulation ofcen for Au). If M —y N then[[M| 2 | [N ]|
We can also show that types are preserved by the interpnetati
Theorem 5.5.1f I' -y, M: A| A, then[M 3" :- T F a:A, A.

We can even go back again, and interpketn Ay, as done in [2]. However, since reduction
is confluent inAu, we are forced to consideonfluent sub-reductiosystems ofY’, like cBN and
CcBV. The type-preserving properties of these two encodingseheeved via the standadbuble
negationtranslation, followed bylouble negation elimination

Definition 5.6. First, let() be any (fixed) type and, for conveniene€l’ = T—(). Also, take
(forceF £ yt.|w]F Atul[t]t =, F~ (delayt = Af.ft

Thenforce: ——T—T anddelay: T———T andforceo delayis the identity orl’, for everyT.

Definition 5.7. ThecBN interpretation ofl, [T ||} £ == [[T|/}" is defined inductively by:
Tellt” = o,
TA—BI" £ TAIG—TBIK

Also [T, x:T || & [[TE, x: T L

Type recovery is possible, owing to the following result.
Lemma 5.8. For any typeT, there existpr : [T {—T andyr : T—[[T]{.

The first step of the interpretation is type-free, athoughdsiinition aims at complying with
types later; the notatiop!.C is a shortcut fopy.C wherey is a freshu-variable.

Definition 5.9 (Call by name) Let
Tlx-a) | & Aol [a]Af.fo
TPBx]7QIE" £ Avplw](Ayut.TQUIK 0 up.TPIK

For P any X-term, we defind| P ||} by structural induction

Txea) I 2 [l Txea) J1”
TyPp-allk = [wIAf.f Ay.pup.TPIL
TPB[x] QUL = [w]x [PB[x]7QUL"
TPatzQl = TPax 2QlL = [w](Axpul. TQUL) pa. TP
= |

TPz f 2QIL = [w](ua.TPLE)TQUL"

1A corrected version of this paper is available from Herbigliome page.
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We can now first show that the encoding is faithful.
Theorem 5.10. For all X-termsP, Q, if P —y *Q, then P} =, 'Q}\".
The main result is that type contexts are preserved.

Theorem 5.11(Conservation of types iaBN). ForanyP ;- I' - Ain X', and type() there exists a
Ap-term 'P\* such thaf -, 'PR*: Q| A.
We can show similar results fasv-reduction.
Definition 5.12 (Call by value) For P any X -term, we defing P\’ by structural induction:
"(xa)V 2 [a]Affx
~p K 1z
: fyp/s-aqu []Af.f A1 Pl )
PR [x]7QV" 2 [w] (B."PV) Av.put ] (x 0) Ay QY
PatxQV £ Pa f xQV £ [w](pa. PV Ax.ut.TQV
Pax xQV £ [w](Ax.pu!.TQV ) ua. PV
The faithfulness result is:
Theorem 5.13. For all X-termsP, P/, if P — P/, then'P|\* =, P/

> e e e [l

Theorem 5.14(Conservation of types inBN). ForanyP ;- I' - A in X, and type() there exists a
Ap-term P\ such thafl -, "PL7: Q) | A,

6. THE RELATION WITH Apji

Another proof-system has been proposed for classical seqgakeulus is Curien and Herbelin’s
Apufi-calculus. We will see that it is possible to relate this fafism to.X, in both directions.

The syntax ofAufi, as presented in [10], has three different categories: camds) terms, and
contexts or co-terms. Correspondingly, they are typed agetkinds of sequents: the usual sequents
I' = A type commands, while the sequents typing terms (resp. xishtare of the fornT - A | A
(resp.I' | A+ A), marking the conclusion (resp. hypothesfspsactive as inAu.

Definition 6.1. The syntax ofApji's commandstermsandcontextss defined by:
c == (vle) (commands
e = wal|velfixc (contexts
v = x| Axov|pupc  (terms
Reduction in\yji is defined by:
(—): (Axv1|va-e) — (va]fix.(vy]e))
() : (up.cle) — cle/pl
() : (0] fix.c) — clv/x]
Typing for Aujfi is defined by:
[iuv:AlA Tle: ARz A
(v]e) : T Fiun A

C:Fl—xyﬁzx:A,A
T pac: A|A

c:F,x:AI—XW,A
ii):

cut) : :
(cut [|fix.c:AbFz; A

(1)
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(Ax<) - [|a:Abg, A A (Ax4) 1 T x:A g X2 A|A
T IFpv:AlA Tle:BEA [,xv:AFr0:B|A
(L) [v-e:A=BFx,u A " ThauuAxv: A—B|A

(RI)

With conventional notations about contexts,e is to be thought of ag[[ | v].

We see here how a term (context) is built either by introdgi¢in’ on the right-hand side (left-
hand side) of a sequent, or just by activating one conclu@igpothesis) from a sequent typing a
command:ua.c is inherited fromAy, andjix.c is to be thought aket x = [ ] in c¢. Note that the
type of a context is the type that a term is expected to havederdo fill the hole, much like the
import net inX’.

The system has a critical paina.cq | fix.co) and applying in this case rulg:) gives a call-by-
value evaluation, whereas applying rifg) gives a call-by-name evaluation. As can be expected,
the system with both rules is not confluent.

We can show that there exists an obvious translation fiomto Apji:

Definition 6.2 (Translation ofY into Aufi [15]).

Tea) I = (xa) TPa[x]gQl* = (x| (ua.TPI™)-(ay.TQUY))
TzPa-Bll* £ Axpua.P)Y|B) MPatxQUY 2 (ua.[PI¥|ax.TQIY)

Definition 6.3 (Translation ofAuji into X' [15]).

Twle) [ & Tolia t 2Teli"”

Taly 2 (xa) Talg™ 2 (xa) -
TAxollHf 2 fﬂvﬂgwﬁ-a Hv-eﬂgwj 2 oll3"a [x] ?Eeﬂy{”
Tup.clli® £ Tl Bt %(x-a) Tay.cl 2 (x-B)p 1 yllcl/ v

Also these interpretations respect reduction and types.

7. THE PI-CALCULUS WITH PAIRING

In the rest of this overview we will summarise the results3jf {hat studies the relation between
X and therr-calculus. The notion oft-calculus that is considered in that paper is slightly défe
from other systems studied in the literature. The reasothferchange lies directly in the calculus
that is going to be interpreted;: since we are going to model sending and receiving pairsroisa
as interfaces for functions, we consider thealculus with pairing, inspired by [1].

To ease the definition of the interpretation function of aitg in X’ to processes, we deviate
slightly from the normal practice, and write either Greekelttersy, 8, v, ... or Roman characters
x,v,z,...for channel names; we usefor either a Greek or a Roman name, ariddr the generic
variable. We also introduce a structure over names, suthahanly names but also pairs of names
can be sent (but not a pair of pairs). We also introduce thedestruct to deal with inputs of pairs
of names that get distributed over the continuation.

Definition 7.1. Channel names and data are defined by:

a,b,c,d == x| a names p == a|,by data
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Notice that pairing isiotrecursive. Processes are defined by:

P,Q =0 Nil | a(x).P Input
| P|Q  Composition | a(p).P Output
| P Replication | let(x,yy=zinP Letconstruct

| (va) P Restriction
We abbreviate(x). lety,z) = x in P by a((y, z)). P, and(vm) (vn) P by (v, n) P.

Definition 7.2 (Congruence) The structural congruence is the smallest equivalencéaelelosed
under contexts defined by the following rules:

Pl0=P (vn)0 = 0
PlQ=Q|P (vm,n) P = (vn,m) P
(PIQ)IR = P[(QIR) (vn) (P[Q) = P[(vn)Q if n ¢fn(P)
'P = P|!P let(x,yy=(a,byinR = Rla/x,b/y]
Definition 7.3. (1) Thereduction relationof the rr-calculus is defined by following rules:
(synchronisatioh: a(b).P|a(x).Q —x P|QI[b/x]
(binding) : P—,P = (vn)P—,(vn)P
(compositior) : P—,P = PlQ—-P|Q

(congruencg: P=Q & Q—,Q & Q=P = P—,P

(2) We write—7. for the reflexive and transitive closure of ;.

(3) We writeP [ nif P = (vpy...pm) (.R|Q), wherea = 7(b) ora = n(x) andn #
p1-..pm for somerR, Q.

(4) We writeQ || n if there existsP such that) —. P andP | n.

Notice thata (b, c)). P |a((x,y)).Q —% P|Q[b/x,c/y] .

Definition 7.4. Barbed contextual simulatiois the largest relatiors , such thatP? <, Q implies:

e for each name, if P | n thenQ | n;
e for any contexC, if C[P] —, P/, then for som&)’, C[Q] —% Q' andP’ <, Q'

8. INTERPRETINGX INTO 7T

In this section, we define an encoding from nets¥ironto processes im. Since ins it is
impossible to reduce under an input, as in [17, 20, 14], waagfully encode reduction i&’, but
have to limit the notion of reduction in that reduction is possible under an import. We show that
this limited reduction inX is preserved by the encoding, as well as is type assignment.

As mentioned in the introduction, we add pairing to thealculus in order to be able to deal
with arrow types. Notice that using the polyadiccalculus would not be sufficient: since we
would like the interpretation to respect reduction, in jgaitar we need to be able to reduce the
interpretation of(¥Pa-B)B t Z(z-y) to that of ¥P&-v (with B not free inP). So, choosing to
encode the export of anda over 8 asB(x,a) would force the interpretation gt-y) to receive
a pair of names. But requiring for a capsule to always dedl pdtirs of names is too restrictive,
it is desirable to allow capsules to deal with single namesels So, rather than moving towards
the polyadicrt-calculus, we opt for the following: communication will &lplace sending a single
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item, which is either a name or a pair of names. This implias &hprocess sending a pair can also
successfully communicate with a process not explicitly deding to receive a pair.

Definition 8.1 (Notation) In the definition below, we use’‘for the generic variable, to separate
plugs and sockets (and their interpretation) from the fima€ variables ofrt. Also, although the
departure point is to view Greek names for outputs and Roraares for inputs, by the very nature
of the 7t-calculus (it is only possible to communicate using fia@nechannel for in and output),
in the implementation we are forced to use Greek names atsmgats, and Roman names for
outputs; in fact, we need to explicitly convesrt output sent om is to be received as input ori

via ‘a(-)x(-)" (so « is now also an input, and also an output channel), which for convenience is
abbreviated intae=x.

Definition 8.2. The interpretation of circuits is defined by:
rr<xyc>;n = x().a()
yQB-ax = (vy,B) (Ql [x(ty, B))
"Pa [x] §Q% = x(v,d)). (va) (!PT | ta=0) | (vy) (td=y |'Q¥)
'PatxQl, = Pa / xQl, = "Pax xQl = (va, x) (I"Pl | la=x|!"QL)
Notice that the interpretation of the inactive cut is the sa® that of activated cuts.

The need to restrict reduction ii, as mentioned in the beginning of this section, is clear afte
the definition of encoding. The alternative for the impBitt [x] 7Q (andnot, perhaps surprisingly,
the export, which corresponds to a function) creates a psat&t inputs a pair, over a combination
of processes, including the interpretationfodndQ; therefore, all cuts that appear in eithieor Q
are inactive after the interpretation. Sinc&if— P’ andQ — Q’, thenPx [x] Q — P'w [x] yQ/,
this reduction cannot be mimicked by the encoding, and tbexdas to be blocked.

One way to overcome this shortcoming would be to alEguivalencebetween processes in
our reduction system for, generated bgilentactions (normally called-actions), which are com-
munications between processes that are hidden from thextpas are reductions Y (or in the
A-calculus, for that matter). This would allow for a rule like

P—zQ
x(-).P=x(+).Q

When we use this kind of equivalence in our system, we canlatenfull cut-elimination. Notice
that, by construction of the encoding, we are actually ugiegsynchronousr-calculus as a model
for cut-elimination.

The correctness result for the encoding essentially sthtdshe image of the encoding in
contains some extra behaviour that can be disregarded. rébise formulation of the correctness
lemma is stated below.

Lemma 8.3(Correctness)If P — P/, then for som&Q, P, —* Q and'P"; <, Q.

One of the main goals we aimed for with our interpretation :wisx does not occur free
in P, andx does not occur free i@, then bothPa + Q' —, P!, andPatxQ; —, Q.
However, we have not achieved this; we can at most show Baat ¥Q', reduces to a process
that contain$P; | QY. It is as yet not clear what this say about eitBéror Lk, or 7z, or simply
about the encoding. The problem seems to be linked to theHattr does not have an automatic
cancellation since communication is based on the exchange of channeds)gmocesses that do
not communicate with each other just ‘sit next to each othér’ X', a process that wants to be
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‘heard’, but is not ‘listened’ to, disappears; this cor@sgs to a proof contracting to a proof, not
to two proofs for the same sequent. But, when movintitear X', or X, studied in [16], this all
changes. Since there reduction can generate non connextedtrseems promising to explore an
encoding ofX in 7.

9. CLASSIC TYPE ASSIGNMENT FORT

We will now introduce a notion of type assignment for proesss, that describes thérput-
output interfaceof a process. This notion is novel in that it assigns to cledgithe type of the input
or output that is sent over the channel; in that it differgrfneormal notions, that would state:

P.-T,b:AFA
a(by.P :- T, b:Ata:ch(A), A

In order to be able to encod&, types in our system will not be decorated with channel miation.

As for the notion of type assignment oYl terms, in the typing judgements we always write
channels used for input on the left and channels used foubotpthe right; this implies that, if a
channel is both used to send and to receive, it will appeamotim sides.

Definition 9.1 (Type assignment)The types and contexts we consider for thealculus are defined
like those of Definition 3.1, generalised to names.
Type assignment forr-calculus is defined by the following sequent system:

P:-T,b:Ab;c:B,A

0):5-. air-oud) :

0:ThA (pair-out a(b,c)).P 1 T,b:A by a:A—B, c:B, A
N P: . THA P:-T,y:Bb x:AA
O A (let) -

'P .- Th let¢x,yy=zinP :- T,z2A—Bt; A
() - P:T,a:Aba:A A ) P:.-T,x:Ab x:AN

: - in) :

(va) P Th & N P TaA I

0 P:ThkA Q:ThA (out P:-T,b:Ab b:A A

: - out) :

P|Q:ThHA a(b).P:- T,b:Abr a:Ab:A A

Notice that it is possible to derivga) :- 5 a:A, but that this is not generated by the encoding.
The ‘input-output interface of ar-processproperty is nicely preserved by all the rules; it also
explains how the type system confines the handling of paittsetoules(/et) and (pair-oud).
It should be remarked that this notion of type assignmens ¢ (directly) relate back tok .
For example, rule$|) and(!) do not change the contexts, so do not correspond to any riein
logic, not even to & u-style activation step. Moreover, rufe) just hidesa formula.

\ /

P: T,y:Bl x:A A
let¢x,yy=zinP :- T, zzA—B K A
a(z).let¢x,yy==zinP :-T,a:A—B 'tz A

Example 9.2. We can derive
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so the following rule is derivable:
P: T,y B x:A A
a(x,y).P - T,a:A—B A

Notice that the rulegpair-ou and(pair-in) correspond to the logical rulés>R) and(=-L).
We now come to the main results for our notion of type assigrime

Theorem 9.3(Witness reduction)If P ;- T'; AandP —, Q, thenQ :- T K A.

(pair-in) :

The following theorem states that the encoding presereessty
Theorem 9.4.1f P :- T+ A, thenPl; :- T k; A.

Conclusions. We have seen that’ is a very powerful formalism, capable of expressing a large
variety of (essentially different) calculi, preservingpgs, and that computation ir looks very
much like synchronisation im, so that that calculus is a good system to study classicéal.log
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