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1 Introduction

There are a lot of languages that can be used to manipulate the data in a database. It is not
very useful, however to have a database with a lot of data in it and you cannot get proper access
to the information in the database. So it is necessary to have a good language with which you
can formulate queries that can be asked to the database and that result in the right answers. In
other words, 1t is useful to have a query-language that has enough ezpressive power to formulate
a reasonable number of queries with 1t.

In this thesis, we are going to examine the expressive power of one of those languages. This
language is called LISA-D (Language for Information Structure and Access Descriptions). LISA-D
has two great advantages that most other query-languages do not have:

e It has a complete formal specification (see [H93]). This makes it possible to prove issues
about this language (like the expressive power) in a formal way.

e Queries (and constraints), formulated in LISA-D, look very much like natural language, so
it 1s easier to use than most other languages.

Those were the most important points of interest, when LISA-D was developed.

The expressive power of LISA-D has not been examined thoroughly, yet. There are some
theories that can be used to check if the expressive power of query-languages is sufficient to express
all the queries in certain classes. A lot of research in this area is done by A.K. Chandra (see [C88])
and by Chandra and Harel (e.g. [CH82]). These articles describe a hierarchy of classes of queries
and we used the hierarchy described in [C88] to compare the expressive power of LISA-D with. In
[SWI1] a method is described to perform this comparison. We will use this method throughout
the whole article. The main reason for that is that it is a method that is generally usable (the
type of the languages involved is not important) and it has a solid theoretical background.

In figure 1 a graphical representation of the hierarchy is shown. A more detailed description
will be given here:

QF': This is the class called quantifier-free first order logic. 1t consists of first order formulas with
only A and — as operations. We use this class of queries, because we need the translation of
the queries in this class to LISA-D, to prove that LISA-D is more expressive than first order
logic (with quantifiers).

FO: This class is called first order logic. It consists of all first order formulas (with the quantifiers
J and V). Tt is clear that this class has a bigger expressive power than the class of quantifier-
free first order logic.

HC: This is the class of the Horn clause programs (or DATALOG-programs). This class consists
of all logic programs without negation. A typical query in this class is the transitive closure.
This query shows us immediately that the Horn clause programs are no subclass of first
order logic, because the transitive closure is not expressible as a formula in first order logic
(see e.g. [AUTY]). First order logic is not a subclass of the Horn clause programs either,
because a query like ForAll (see [SW91]) is not expressible as a Horn clause program.

SL: This is the class of stratified logic programs (see e.g. [K91]). This class consists of logic
programs with negation, but in such a way that recursion is not allowed ”through” negation.
A stratified logic program can be divided into one or more strata, such that a negated formula
is always defined in a lower stratum. It is clear that this class has at least the same amount
of expresive power as the class of Horn clause programs (a Horn clause program can in fact
be seen as a stratified logic program with only one stratum). The expressive power is even
bigger, because for example the query NotTC (see [SW91]), the negation of the transitive
closure, cannot be expressed as a Horn clause program. As clauses in a stratified logic
program can be seen as formulas in first order logic (with A, = and 3), the expressive power
of this class of queries is also bigger than that of first order logic.



FP: This class contains all fized-point queries. These are all queries that can be formed by
augmenting first order logic with a fixed-point operator. In [K91] is proved that this class
of queries is bigger than the class of stratified logic programs. An example of a query that
is expressible as a fixed-point query, but not as a stratified logic program is the query called
Game. This query can informally be described as (see e.g. [SW91]): there is a rooted tree
G and two players. The leaves of the tree are either black or white. The game starts at the
root of the tree. Player 1 starts to move down the tree a step and then player 2 continues.
This goes on until a player reaches a leaf. Player 1 wins if this leaf is black and player 2 if it
is white. The query will be: Can player 1 win, independently from the moves by player 27

CcQ

QPT

SL

FO HC

QF

Figure 1: Hierarchy of query-classes

QPT: This class is called QPTIME and consists of all queries that are computable in polynomial
time. In [CH82] it is proved that every fixed-point query is computable in polynomial time,
but there are queries in QPTIME that cannot be expressed as a fixed-point query. An
example of these queries is the query called Even (see [SW91]) This query checks if the
number of tuples in the population of a relation is even.

CQ: This class contains all computable queries. This is the biggest class, you can wish your
query-language to be able to express all queries from. Of course all queries in QPTIME are
computable, but there are computable queries that cannot be evaluated in polynomial time.
An example is the query that results in all subsets of the population of a given relation. As
there are exponential many subsets, this query cannot be evaluated in polynomial time.

We will distinguish two aspects of the language LISA-D, because there are different kinds of



problems when we compare these two aspects of LISA-D with the classes described before. First,
we will handle the expressive power of LISA-D seen as a language to formulate constraints in.
When you see LISA-D as a language to formulate queries in, you have to deal with the answers of
the queries, which consist of n-ary relations and it proves to be difficult to handle these relations.
But as will be seen in the remainder of this article, this does not effect the place that LISA-D
occupies in the hierarchy of classes.

So we concentrate ourselves in the first section only on LISA-D seen as a constraint-language.
To be able to do this, we will give some general definitions in which we define the method we
will use throughout the rest of that section to compare the expressive power of LISA-D and the
classes of constraint-languages. After that, we will prove (using the defined method) that the
constraint-language of LISA-D is more expressive than that of first order logic. To do this we will
also present a transformation-process of formulas in first order logic. In the last subsection, we
will prove that LISA-D is not at least as expressive as the class of Horn clause programs. We will
use an example Horn clause program and show that it cannot be translated to a corresponding
LISA-D constraint. We will also show that the notion at least as expressive as does not hold
either, when we switch the order of the two constraint-languages (the Horn clause programs are
not at least as expressive as LISA-D).

In the next section, we will deal with the expressive power of LISA-D seen as a query-language.
This aspect of LISA-D proves to be more expressive than the class of quantifier-free first order
logic. The formulas in the class of quantifier-free first order logic will also be transformed first.
After we had proved this, we discovered that LISA-D as a query-language was more expressive
than first order logic, but the translation process i1s quite complex. Finally, we will say something
about the expressive power of LISA-D compared with the class of Horn clause programs. This
will only be mentioned very shortly, because this problem is very much related to that in the last
subsection of the section about LISA-D as a constraint-language.

In the next section, we will say something about the expressive power of LISA-D, enriched with
the definition of macros. This enrichment of LISA-D is described in [P94]. In the first subsection,
we will give a definition of these macros. Using this macro-mechanism, a very natural looking
translation of stratified logic programs to LISA-D can be made. So in the next subsection, we
will prove that LISA-D with macros has a bigger amount of expressive power than the class of
stratified logic programs. In the last subsection, we will show that LISA-D with macros is even
more expressive than the class of fixed-point queries.

We will end this thesis with some conclusions, that can be drawn after we have made this
thesis. We will also mention some points that have to be examined in the future.



2 LISA-D as a constraint-language

In this section we examine the expressive power of LISA-D, as a constraint-language. As we
mentioned in the introduction, we will use the method described in [SW91] to do this. In the first
subsection, we will describe this method. We have to change some things, because the writers of
that article deal with query-languages instead of constraint-languages.

In the next subsection, we will prove that LISA-D is more expressive than first order logic.
To do that, we will present a transformation-process of first order formulas. These formulas
will be transformed in such a way that they can be translated to LISA-D constraints in a more
straightforward way.

In the final subsection, we will show that LISA-D is not at least as expressive as the class of
Horn clause programs and also that the class of Horn clause programs is not at least as expressive
as LISA-D. The first of these two will be proved by using an example Horn clause program (related
to the well-known a™b" problem in the theory of regular languages. We will show that this Horn
clause program cannot be translated to a LISA-D constraint. The other comparison will be shown,
using the constraint NotTC (negation of the transitive closure).

2.1 Basic definitions

In this subsection, we are going to give the definitions, we will use in the rest of this section. The
main purpose for this subsection is to define the method, we are going to use to compare the
expressive power of LISA-D with that of other languages. Most of these definitions are taken from
[SW91], but as we use constraint languages, instead of query languages, we have to make some
changes to the original definitions.

First we will define what we mean by a constraint information system in general (or CIS for
short), followed by a definition of the constraint information system of LISA-D. After that, the
notion at least as expressive as is defined. Then we can define equally expressive (by using the
definition of at least as expressive as) and finally these two definitions are combined to give the
most important definition, that of the notion more expressive than.

2.1.1 Definition of a constraint information system

First, we will define what we mean by a constraint information system:
Definition 2.1 A constraint information system is represented by the following structure:
CIlIS: =< DBS,CL,a>
The three components of this structure have the following definitions:
e DBS (DataBase System) is the set of all possible instances of the database.
o CL (Constraint Language) is the set of all possible constraints.

e « is the constraint evaluation function. It is a partial function, mapping DBS x C'L to

BOOL.

Using this definition, we can define the constraint information system of LISA-D. Throughout this
section, we will use LISA-D as represented by this system:

Definition 2.2 Let CISpp := < DBSrp,CLp,arp >, where the three components of this
structure have the following definitions:

e DBSLp consists of (at least) all instances (D, R), represented by a domain D and a tuple
of relations with various nonnegative arities R = (Ri,..., Rp), with Ry € D" for all 1 <
t < m and all n; > 0. Furthermore, it contains the values of the variables involved in the
iformation descriptor. It will contain some other things, but these are not important in this
section.



o C'Lpp consists of all the constraints that can be formed in the following way:

— An information descriptor P can be seen as a constraint.
— If Cy and C5 are constraints, then Cy AND Cy and Cy OR C5 are constraints.
— If C s a constraint, then NO C is a constraint.

— If C'1s a constraint, = a variable and P an information descriptor, then FOR_FACH z
IN P HOLDS C and FOR_.SOME z IN P HOLDS C are constraints.

e arp 1s the evaluation function that determines for every instance of the database and for
every constraint an answer. This function is recursively defined as follows, where DB stands
for an instance of DBSpp:

arp(DB, P) = p[D[P](e)](Pop) # O (for a definition of the functions p and D,
see [H93]: e contlains the current values of the variables and Pop contains
(D.R)).

OzLD(DB, Ci AND Cz) = OzLD(DB, 01) A OzLD(DB, Cz)

OéLD(DB, Ch1 OR Cz) = OéLD(DB, 01) vV OéLD(DB, Cz)

OzLD(DB, NO C) = ﬁOzLD(DB, C)

arp(DB,FOR_.EFEACH = IN P HOLDS C) = VxEﬂ'l~u[D[P](€)](Pop)aLD(DB/a
(), where DB’ is equal to DB together with the value of x.

app(DB,FOR.SOME » IN P HOLDS C) = arp(DB,NO FOREACH x
IN P HOLDS NO C)

2.1.2 Definition of ”at least as expressive as”

In this part, we will define when a constraint language C Lo 1s at least as expressive as a constraint
language C'L;. This relationship will depend on:

e the constraint information systems to which the languages belong
e the correspondences between the instances of the database systems

The correspondences between the instances of the databases are given by the function f and
between the constraints in the constraint-languages by h.

Definition 2.3 Let C'IS, := < DBS1,CLi,a1 > and C1Sy := < DBS5,CLy, as > be two
constraint information systems. Let f: DBS, — DBS be a function which determines for every
instance dby € DBS] a corresponding instance f(dby) € DBSy. The constraint language C' Ly of
C1Sy is called at least as expressive as the constraint language CLy of CISy with respect to
the correspondence given by f iff a function h: CLy — CLy exists such that

V(b1 er)edom(ar) @1(dbi, c1) = as(f(dbr), h(c1)).

To denote that C'Ls of C'1S5 is at least as expressive as C'Ly of C'IS; with respect to the corre-
spondence given by f, we will write:

CLi(CISy) <; CLy(CIS,).

2.1.3 Definition of ”equally expressive”

In order to define the notion equally expressive, an equivalence relation between the instances of
the database and between the constraints is necessary. These relations are defined as:

db =~ db' <= V.ccr a(db,c) = a(db’ c)

e~ <= Vaepns a(db,c) = a(db,c)



Of course both the relation & on DBS and the relation s on CL are equivalence relations. The
equivalence class of db is denoted by [db] and of ¢ by [¢]. The set of all equivalence classes of
instances in DBS is denoted by DBS® and of CL by C'L®. It is clear that every evaluation
function « determines a function o : DBS® x CL® — BOOL, with

o ([db], [¢]) = a(db, ¢).
Every function f: DBS; — DBSs satisfying
dby ~ db} = f(dby) = f(db))
induces a function f¥ : DBSF — DBST with
FE(dba]) = [£(db)].

At this time the notion equally expressive can be defined in a very straightforward way. It will be
defined in terms of at least as expressive as.

Definition 2.4 Let CISy and C1S5 be constraint information systems, just as in definition 2.3.
Let the function f be the same function, too. The constraint languages C'Ly of C'IS7 and CLs
of CISs are called equally expressive iff there is a function f* : DBSs — DBS1, compatible
with f (deQEDBSQf(f*(de)) ~ dbz and dele[)le f*(f(dbl)) ~ dbl), such that CLl(CLgl) Sf
CLy(CIS2) ANCLy(CLSs) <g» CL1(CISY).

This is denoted by
CL1(CIS1) =5 CLy(CISy).

Some remarks about this definition:

1. The function f does not have to be bijective, because only a bijective relation on the level
of equivalence classes is required. Several equivalent instances of D BS; may correspond to
a single instance in DBSy for example.

2. This definition implies the existence of a function h : C'L; — C'La (see definition 2.3) and a
function A* : C'Ly — C'Ly, compatible with h. So the function A® will be bijective (just as
% in the previous remark).

2.1.4 Definition of "more expressive than”

After the previous two definitions, the notion more erpressive than can be easily defined as:

Definition 2.5 Let C1Sy, C'1Ss and fbe defined as in definition 2.3. CLs of C1Sy is called more
expressive than C'Ly of CISy with respect to fiff CL,(CIS1) <y CLy(CIS2) NCL1(CISy) #;
CL2(CIS2).

This is denoted by
CLl(CISl) <y CLQ(CISQ)

2.2 First order logic

In this subsection we will prove that the expressive power of the constraint language of LISA-D is
greater than that of first order logic.

In the first part, we will define the constraint information system of first order logic.

In the next part, we will present some transformations of first order formulas. They will be
transformed to a format from which they can be translated to LISA-D more easily.

In the last part, we will prove that the constraint language of LISA-D is at least as expressive
as the constraint language of first order logic. This will be done by presenting a way to translate
transformed first order formulas to corresponding LISA-D constraints. Further we will prove that
first order logic and LISA-D are not equally expressive. Consequently, LISA-D is more expressive
than first order logic.



2.2.1 Definition of the constraint information system

The constraint information system of first order logic is defined as:

Definition 2.6 Let CISpo := < DBSpo,CLpo,apo >, where the three components of this
structure have the following definitions:

e DBSpo consists of all instances(_D, R), represented by a domain D and a tuple of relations
with various nonnegative arities R = (Ry, ..., Ry), with R; C D™ for all 1 < i < m and all
n; > 0.

o C'Lpo consists of all first order formulas. These first order formulas are defined as follows:

— R(x1,...,2p) is a first order formula.
— If 1 and @s are first order formulas, then ©1 A po is a first order formula.
— If ¢ is a first order formula, then —¢ and 3, [p] are first order formulas.

Remark: We do not define o1V oo and V. [p], because we want to use a minimal sel of first
order logic.

e apo is the evaluation function, which determines for every instance (D,R) € DBSpo and
every constraint ¢ € CLpo an answer apo((D, R),c). The result of this function will be
true iff @ mapping exists from all the variables (xy,...,x,) of the first order formula to
corresponding values < c1,...,¢cy >, such that the first order formula itself results in true.
Otherwise the function apo results in false.

This function is recurswwely defined as follows:

aro((D,R), R(z1,...,2,)) = < c1,...cn>E RARER
aro((D, R),¢1 A ga) = aro((D, R), 1) Aaro((D, R), a)
aro((D, R),=¢) = ~(aro((D, R),¢))

aro((D, R), 3:[¢]) = Felaro((D, R), ¢)]

2.2.2 Transformations of first order logic

In this part, we will define some transformations that can be applied to formulas in first order
logic. These transformations will result in other first order formulas that can be translated to
LISA-D in a more straightforward way.

In the remainder of this section, we will only use closed first order formulas. These are formulas
without any free variables (all variables are bound by some quantifier). First order formulas that
are not closed, can simply be made closed, by adding existential quantifiers until all variables are
bound. These quantifiers must be added in such a way that they reach the whole formula.

We have to mention here, that the use of constants can be simulated with formulas, satisfying our
definition. This can be done by using a unary relation with a population of just one element. This
is stated in the following lemma:

Lemma 2.1 R(c,z1,...,2,)] = 34[R'(y) A Ry, €1, ..., 2,)] where the population of R consists of
¢ only.
Proof: Suppose R(c,z1, ..., Zyn).

We can assume R'(c), because the population of R’ contains c.

Then also R'(¢) A R(e, x1, ..., &p).

This includes 3,[R'(y) A R(y, 21, ..., &,)] (with y = ¢).



Suppose 3, [R'(y) A R(y, z1, ..., n).
This leads to R'(¢) A R(e, 21, ..., z,), because ¢ is the only element in the population of R’.
This implies directly R(c, 21, ..., ).

So the lemma holds.

The next step in the transformation-process, will be the splitting of n-ary relations. We will replace
every relation R;(z1, ..., 2,) by 3y, [Ri1(21, %) A ... A Rin(2n, yi)], where y; is a new variable and
all relations R; ; (1 < j < n) are new relations. The populations of these relations are defined as
follows: a tuple < ¢;,d > is in the populations of all relations R; ; iff the tuple < ¢y, ...,¢, > isin
the population of R;, and d is a new value. Informally, you can say that the value d determines
whether the values ¢; formed a tuple in the population of the original relation R; or not.

We will give an example of this transformation:

Example 2.1 Consider the relation Ro(wy, 22, x4), with a population consisting of the following
tuples: < ay,by,dy >, < a1,b1,ds > and < ag,bs,dy >. This relation will be split in the three
relations Ry 1(21,y) (with < a1,1 >, < a1,2 > and < as,3 > in its population), Ry o(x2,y) (with
< by, 1>, < b1,2 > and < by, 3 > in its population) and Rs a(za,y) (with < di,1 >, < dz,2 >
and < ds,3 > in its population).

The correctness of the transformation will be proved in the next lemma:

Lemma 2.2 R;(z1,...,2,) = 3y, [Ri1(21, %) A ... AR n(2n, y:)], where all R; ; and y; are defined
as described above.
Proof: Suppose R;(z1, ..., 2p).
Then there is a tuple < ¢y, ..., ¢, > which is an element of the population of R;.
If we construct the relations R; ; as described above, then obviously holds (from the defini-
tion): 3y, [Ri (21, 4i) A ... ARy n(@n,y3)] (for ; = ¢; for all 1 < j < n and y; = d for some
d).
Suppose = (R; (%1, ..., %))
Then there is no tuple < ¢1, ..., ¢, > which is an element of the population of R;.
If we construct the formulas R; ; as described above, then obviously holds (from the defini-
tion): =(3y,[Ri (21, ¥i) A ... A Rin(2n,4;)]) (all relations would have an empty population).
So the lemma holds.

At this moment we have reached the right format to translate these first order formulas to LISA-D
constraints. This translation will be described in the next part.

2.2.3 LISA-D compared with first order logic

To prove that LISA-D is more expressive than first order logic, we will first have to prove that
LISA-D is at least as expressive as first order logic. This is stated in the next theorem. It will be
proved, using structural induction.

We will assume that every relation R(z,y) has a predicator p from the object type of z to R.
The function RNm(p) describes for a binary relation R(z,y) a path from x to y.

Theorem 2.1 CLpo(CISFo) <y CLLD(CISLD)

Proof: We define the following functions:

* f : DBSFO — DBSLD
f(R(z,y)) = RNm(p) y.



o h: CLFO — CLLD

h(R(z,y)) = RNm(p) y

h(p1 A ps) = h(p1) AND h(pz)

h(=¢) = NO h(p)

h(3z[p]) = FORSOME » IN X HOLDS h(g), where X is the name of a uni-

versal domain, which contains at least all objects that are part of the populations
of all object types.

= 0 N

To be able to prove this theorem, the following equation must hold:

Yab,c)earo@ro(db, ) = arp(f(db), h(c)).

To prove that this equation holds, we will use a step from the database of LISA-D (called
DB) to the result from the applying of the function f to the database of first order logic
(called (D, R)). Tt is easy to see that the database of first order logic is a subset of that
of LISA-D. So the function f will only reach a subset of the database of LISA-D. In this
subsection, we do not need more than that subset, though.

e arpo((D, R), R(z,y)) = (definition of apo)
<e¢,d>€ R(z,y) A R € R = (definition of f)
z RNm(p) y = (definition of arp)
arp(DB,x RNm(p) y) = (remark made before)
arp(f((D, R)),x RNm(p) y) = (definition of h)
arp(f((D, R)), h(R(z,y)))
e Suppose apo((D, R),¢1) = arp(f((D, R)), k(1)) holds and the same holds for 5.

Then we can see:

Ozpo((D,E), P1 A pa) = (de@ition of apo)

aro((D, R),_gol) ANaro((D, R), 2) :_(induction hypothesis)
aro(F((D, T)), hp0)) A azp(F(D, T)), h(2) = (definition of azp)
aLD(f((D,E)), h(p1) AND h(ps2)) = (definition of h)

O‘LD(f((D’ R))’ h(§01 A 302))

aro((D, R),_ﬁgol) = (definition of app)

=(aro((D, R), 1)) = (induction hypothesis)

ﬂ(aLD(f((lL R)), h(1))) = (definition of app)

arp(f((D, R)), NO h(p1)) = (definition of h)

arp(F(D. ). h=1)

aro((D, R ,_Elx[gol]) = (definition of app)

Aplaro((D, RLgol)] = (induction hypothesis)

Aplarp(f((D, R)), h(¢1))] = (definition of arp, using the elementary rule in logic,
3.6 = ~(Ye[e)))

arp(f((D,R)), FORSOME » IN X HOLDS h(p1)) = (definition of h)
arp(f((D, R)), h(Fe[p1]))

By structural induction, we can say that the equation holds. Due to definition 2.3 the
theorem holds.

The next condition, to prove that LISA-D is more expressive than first order logic, is that LISA-D
and first order logic must not be equally expressive. This is stated in the following theorem, which
is proved by contradiction:

Theorem 2.2 CLpo(CISFo) ;ﬁf CLLD(CISLD)
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Proof: Suppose the opposite holds (CLpo(CI1Srpo) =5 CLrp(CISLD)).
Then CLLD(CISLD) Sf* CLpo(CISFo) (see definition 24)
Then a function h¥ : CL%, — CLT,, as in definition 2.4 exists (remark 2).

This function is bijective, so a function h¥~! : CL¥, — CL%, exists. This leads to the
existence of a constraint ¢ € C L%, for which the following equation holds:

h*"Y(ANY_REPETITION OF P) = c.

But the transitive closure of a given set is not expressible in first order logic (see e.g. [AUT9]).
Contradiction!

So the theorem is correct.

After we have proved the previous two theorems, we can prove the main theorem of this section
(LISA-D is more expressive than first order logic):

Theorem 2.3 CLpo(CISFo) <y CLLD(CISLD)

Proof: This follows directly from theorems 2.1 and 2.2 and from definition 2.5.

2.3 Horn clause programs

In this subsection we will compare the expressive power of LISA-D, with the expressive power
of the class of Horn clause programs. This class of constraints is also known as the class of
DATALOG-constraints.

To be able to do that, we will first give a definition of Horn clause programs. After that, we
will define the constraint information system of the class of Horn clause programs.

In the next part, we will show that LISA-D is not at least as expressive as the class of Horn
clause programs. We will do this by using an example Horn clause program and showing that
that Horn clause program cannot be translated to a corresponding LISA-D constraint. Finally it
is also shown that the class of Horn clause programs is not at least as expressive as LISA-D either.

2.3.1 Definition of the constraint information system

In this subsection we will define the constraint information system of Horn clause programs. To
be able to define this constraint information system, we have to define what we mean by a Horn
clause program first. This definition is taken from [CH85].

Definition 2.7 A constant will be defined to be an element of the domain D. Furthermore we
assume to have unlimited many terminal relation symbols R, Ry, Ry, Ry, ... and nonter-
minal relation symbols S, Sy, Si, Sa, ... of various nonnegative arities, and we will have
variables , y, z, @1, x5, ... . A term is defined to be either a constant or a variable. If R and
S are n-ary relation symbols and 11, ta, ..., t, are terms, then R(t1,....tn) and S(t1,...,t,) are
atomic formulas. The atomic formula S(t1,...,t,) is called ¢ nonterminal atomic formula
and R(ty,...,t,) is called a terminal atomic formula.
A clause will be defined as an expression of the form:

A — Bl, ceey Bn

wheren > 0, A (the conclusion ) is a nonterminal atomic formula and By, ..., By (the premises)
are atomic formulas.
A Horn clause program is ¢ finite nonempty set of clauses in which there occur no constants.
Two other terms will be used in the next subsections. An alternative of a nonterminal atomic
formula is a clause with that nonterminal atomic formula as the conclusion. The root will be
that nonterminal atomic formula, whose result will be seen as the result of the whole Horn clause
program. This nonterminal atomic formula will normally be denoted by Sy or S.

11



Remark: In the definition of Horn clause programs in [CH85], {; = {5 and {; # t; were also
defined to be atomic formulas. We have chosen not to define these two formulas, because we
do not need them in this subsection.

The constraint information system of the class of Horn clause programs will be defined as:

Definition 2.8 Let CISyc := < DBSyc,CLyc,agc >, where the three componenis of this
structure have the following definitions:

e DBSpe will be the same as DBSFo, defined in definition 2.6.
o C'Lyc consists of all possible Horn clause programs.

e apc 1s the evaluation function, which determines for every instance of the database and
every constraint an answer (of type BOOL). The result of this function will be true iff a
mapping exists from all the variables (x1,...,2,) in the root of the Horn clause program to
corresponding values < cq,...,cn, >, such that the Horn clause program itself results in true.
Otherwise the function results in false. This function will be defined as:

— agc((D,R),{S(x1,...,7,) — .}) = < c1,...,cn >, where ¢; is part of the domain of x;
forall1 <i1<n.

— agc((D,R), {S(x1,....xn) — R(2i,, ... x;,,).}) = < c1, ..., cn >, where ¢;, is part of the
population of R(x;,, ..., 2;,) for all 1 < j < m with 1 <i; < n and ¢ is part of the
domain of xy for allk #4; (1 <j<m).

- OzHc((D,R), {S(l‘l, ceey l‘n) — S/(l‘il, ceey l‘lm)}) = OzHc((D,R), {S/(l‘il, ceey l‘im) — Cl.,
cy SN,y my) — Cr.}, where Gy (1 <@ < k) are all the premises of an alternative
of S'. It s notl necessary that S" #S. Recursion is permilied.

— agc((D,R), {S(x1,...,25) — Bi, ..., Bn.}) = apc((D, R), {S(z1, ..., 2n) — B1.})A..A
amgc((D, R),{S(#1,...,2s) — Bm.})

— agc((D, R),{S(x1, ..., ) = C1yo, S(x1, 0y 2p) — O }) = agc((D,R), {S(x1, ...,
n) — C1. DV ... Vage((D,R),{S(x1,...,2n) — Cn.})

— agc((D,R), HCP) = agc((D,R),{S(x1,....,x,) «— Ci.,...,S(x1,....,x5) — Cm.}),
where S is the root of the Horn clause program HCP and S(x1,...,x,) — C;. (for
all 1 < i< m) are all alternatives of S(xq, ..., xp).

In this definition every term B; stands for an atomic formula and C; stands for a sequence
of zero or more atomic formulas.

2.3.2 LISA-D compared with Horn clause programs

In this part, we will show that LISA-D is not at least as expressive as the class of Horn clause
programs. We will show that there is a Horn clause program that cannot be translated to a
corresponding LISA-D constraint. We will use the following Horn clause program for this purpose:

(1) S(l‘l, l‘z) — Rl(l‘l, l‘z).
(2) S(z1,22) «— Ro(z1,23), S(xs, x4), R3(w4, T2).
This Horn clause program results in true iff there is a tuple < ¢1,¢5 >, that is a part of the

population of the following path:
Ry o RyoRY

for some n > 0.
The proof that this Horn clause program cannot be translated to LISA-D will be given in a
few steps:

1. Translation of the part R} would at least require the use of the operation ANY_REPETI-
TION_OF.
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2. Tt is necessary to use more than one seperate calls of ANY_REPETITION_OF in the trans-
lation of this Horn clause program.

3. Tt is not possible to determine afterwards, how many times the inside part of ANY_REPETI-
TION_OF is repeated. This step will be split in two smaller steps:

(a) This number cannot be packed in the result of the operation.

(b) Tt cannot be recovered by the usage of other LISA-D operations.
After that, it will be shown that these steps lead to the wanted result.

Before we are going to prove the validity of these steps, we need the following result. We will use
the term lezicon to refer to all predefined names in the language LISA-D.

Lemma 2.3 FEvery posstble translation of the described Horn clause program can be transformed
mto a translation without the use of the lexicon.

Proof: All LISA-D keywords (WITH, IS NAME_OF, INVOLVED._IN, ASSOCIATED_WITH,
OF, CONTAINING, IN, PART_OF, COMPRISING, INDICES, AT_POSITION, SEQUEN-
CES, OCCURRING_IN, ELEMENTS and HAVING) are abbreviations of path expressions,
so they can be replaced by the corresponding path. The naming functions (ONm, PNm and
RNm) are used for a similar purpose. They can also be transformed into calls of the path
expression or object type they are the name of.

After this, we are able to start with the first step:

Lemma 2.4 Translation of the path R3, is not possible without the usage of the LISA-D operation
ANY_REPETITION_OF.

This lemma will be proved by contradiction:

Proof: Suppose it is possible to give a translation without the operation ANY_REPETITION_OF.

The resulting constraint can only consist of a finite number of LISA-D operations. As every
available operation only performs one transaction on its parameters, only a finite number of
transactions on the paramters of the constraint can be performed.

This means that there is an NV, such that for all n > N holds that the tuples < ¢1, ¢2 > that
are part of the population of R} are not calculated. This means that it is possible that the
LISA-D constraint results in false, if the population of R} is not empty.

Contradiction!

So the lemma holds.
We will prove the following step, next:

Lemma 2.5 [t is necessary to use more than one seperate calls of ANY_REPETITION_OF in
the translation of the described Horn clause program.

Proof: Suppose it would be possible to translate this Horn clause program with only one call
of ANY_REPETITION_OF (with only possible further calls of ANY_REPETITION_OF in-
side the reach of this one call). Then the resulting constraint would be of the form P;
(ANY_REPETITION_OF P5) Ps, with Py, P, and Ps information descriptors. P; and Ps
must not contain any call of ANY_REPETITION_OF.

Suppose P2 does not contain a call of Ry. Then R% has to be calculated without the use of
ANY_REPETITION_OF. As we saw in lemma 2.4, this was not possible. The same holds
of course for the relation Rs.

So P, must contain at least both the relations Ry and R3. But then the entire expression
has to be calculated within the call of ANY_REPETITION_OF P, and even in one step,
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because P22 would contain a path like ...R,...R3...R>... and that is not a part of the result of
the described Horn clause program.

But a call of ANY_REPETITION_OF of which the inside is always executed once, can be
eliminated. So we will have the same result when we look at the expression P; P P5. This
expression has three possible forms:

1. Tt contains no calls of ANY_REPETITION_OF anymore.
2. Tt contains more than one seperate calls of ANY_REPETITION_OF.

3. It is of the same form as in the beginning of this lemma.

The first alternative is impossible, because of lemma 2.4; the second alternative is unneces-
sary, because of our assumption at the beginning of this proof. So we can assume it has the
same form as in the beginning of this lemma.

But at this time, we can repeat the described process. This repetition can be continued until

all calls of ANY_REPETITION_OF are removed.

Contradiction!

So the lemma holds.

Finally, we will prove the third step.

Lemma 2.6 [t is not posstble to determine afterwards, how many times the inside part of a call

of ANY_REPETITION_OF 1is repeated.

Proof: Suppose that it is possible to determine this number. This number can be made clear
outside the call of ANY_REPETITION_OF by packing the number itself in the result or by
recovering it from the result by using other LISA-D operations.

When we want to use the first alternative, we have to pack this number in the result in
such a way that it can be used by the other calls of ANY_REPETITION_OF. As the front
and the back of the result inside ANY_REPETITION_OF have to be type related, it is not
possible to deliver a result in which the desired number is only in the front or the back.
There has to be a number in both the front and the back. But also the real result of the call
of ANY_REPETITION_OF has to be in both the front and the back.

This type of pairs cannot be formed in LISA-D, because there is no relation consisting of
pairs of the type of #1 or x5 at the one side and a number at the other side.

So we are not able to pack the number in the result of the call of ANY_REPETITION_OF.
Thus we have to use the second alternative: we have to calculate the number by using
LISA-D operations on the result of the call of ANY_REPETITION_OF. Of course, we
cannot use ANY_REPETITION_OF itself for this purpose, because we do not know at
this time, how many times the inside of this operation has to be repeated. But without
ANY_REPETITION_OF, we have the same problem as in lemma 2.4. We can only calculate
a finite amount of numbers. So this alternative is not usable either.

Contradiction!

So the lemma holds.

After we have proved this three points, we can easily prove that the described Horn clause program
cannot be translated to a LISA-D constraint.

Lemma 2.7 It is not possible to translate the Horn clause program, as described in the beginning
of this part, to a LISA-D constraint.
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Proof: Suppose it is possible to translate this Horn clause program to a LISA-D constraint.

This constraint has to contain at least one call of ANY_-REPETITION_OF, according to
lemma 2.4. According to the next lemma (lemma 2.5), it even must contain at least two

seperate calls of ANY_REPETITION_OF.

The expression inside these calls has to be repeated an equal number of times, because
otherwise it would be impossible to generate results with equal numbers of Ry and R3 only.
So 1t should be possible to determine afterwards how many times an expression inside a call
of ANY_REPETITION_OF is repeated. According to lemma 2.6, this is not possible.

Contradiction!

So the lemma holds.

At this time, it is quite easy to prove that LISA-D is not at least as expressive as the class of Horn
clause programs.

Theorem 2.4 CLyc(CISHc) <; CLrp(CISLp) does not hold.

Proof: Suppose the opposite holds (CLgc(CISuc) <; CLrp(CISLp)).

Then a function h : C'Lgec — CLpp should exist, such that h(hep) = ¢, with ¢ € CLrp and
hep 1s the Horn clause program described in the beginning of this part.

But as we have seen (lemma 2.7), such a constraint does not exist.
Contradiction !

So the theorem holds.

When we change the order of the two constraint-languages, the notion of at least as expressive as,
does not hold either.

Theorem 2.5 CLyp(CIScp) <y CLuc(CISHc) does not hold.

Proof: Suppose the opposite holds (CLrp(CISrp) <y CLuc(CISHE)).

Then a function h : CLrp — CLge should exist, such that A(NOT ANY_REPETI-
TION_OF P) = hep, with hep € CLge and P some information descriptor.

It is known from the literature (e.g. [SW91]), that this constraint (in that article called
NotTC) is not expressible as a Horn clause program.

Contradiction !

So the theorem holds.
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3 LISA-D as a query-language

In this section, we will focus on the expressive power of LISA-D, as a query-language. To do this,
we will have to change the definitions, given in the second section, because we do not deal with
constraint-languages anymore. The main difference between the definitions in that section and
the definitions here, will be the third component of the information system, the answer system.
This system plays an important role in this section.

In the first subsection, we will therefore begin with a definition of an information system,
followed by a definition of the information system of LISA-D. After that, we will give a new
definition of the notions at least as expressive as, equally expressive and more expressive than.

In the next subsection we will prove that the query-language of LISA-D is more expressive
than that of the class of quantifier-free first order logic, a subclass of first order logic. To do that,
we will define some transformations of the formulas in this class.

In the third subsection, we will prove that LISA-D is more expressive than the class of first
order logic. We will transform the queries in first order logic to a form that can be translated to
LISA-D first. After that, the translation of these queries to LISA-D will be proved using small
steps, because this translation is not very straightforward.

In the last subsection, we will say something about the expressive power of LISA-D, related to
the class of Horn clause programs. We will only deal with this very shortly, because the results
in this subsection, follow almost directly from the final subsection of the previous section (about
constraints), because the special constraint-operations of LISA-D could not be used there.

3.1 Basic definitions

In this subsection, we give the definitions, we are going to use in the remainder of this section.
First we will give a general definition of an information system (IS for short), immediately
followed by a definition of the information system of LISA-D.
After that the three notions (at least as expressive as, equally expressive and more expressive
than) are redefined.

3.1.1 Definition of an information system

First, we will give a definition of an information system. This definition is taken directly from

[SWI1].
Definition 3.1 An information system is represented by the following structure:
IS =< DBS,QL, AS, a >

The four components of the structure have the following definitions:

e DBS (DataBase System) is the set of all possible populations of the database.

o QL (Query Language) is the set of all possible queries.

o AS (Answer System) is the set of all possible answers.

e « is the query evaluation function. This is a partial function, mapping DBS x QL to AS.
Next, we will define the information system of LISA-D.

Definition 3.2 IS;p := < DBSrp,QLrp, ASLp,arp >, where the four components have the
following definitions:

e DBSrp has the same definition as in definition 2.2.

e QLrp is defined as follows (see [HI3]): a query consists of, either an information descriptor
(preceeded by the LISA-D keyword LIST) or the language construction LIST Py, ..., Py|Q,
where all P; (1 <1< n) and Q are information descriptors.
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o ASrp consists of all 2-tuples (with possible n-tuples as first and second parts) that can be
formed using the constructions of QLrp.

e arp s defined as:

— arp(DB,LIST P) = p[D[P](e)](Pop), where e consists of the current values of all
variables, Pop is defined to be (D, R) as in definition 2.2 and D and p are defined as
in [H93].

— arp(DB,LIST Py, ..., Py|Q) = Nm(u[D[Pi, ..., Py|Q)(e)](Pop)), where i, Nm and D
are defined as in [H93] and P; and @ are information descriplors.
3.1.2 Definition of ”at least as expressive as”

Next, we will define when a query language @ Ls 1s at least as expressive as query language QL.
This relationship will depend on:

e the information systems to which the languages belong
e the correspondences between the instances of the database systems
e the correspondences between the answers in the answer systems

The correspondences between the instances of the databases are given by the function f, those
between the answers by ¢ and between the queries by h.

Definition 3.3 Let ISy := < DBS1,QL1,AS1, a1 > and 1S5 := < DBS5,QLa, ASy, avy > be two
wmformation systems. Let f: DBS1 — DBSy be a function which determines for every instance
dby € DBSy a corresponding instance f(dby) € DBSy and let g : range(ay) — range(as) be
an injective function which determines for every answer a1 € range(ay) a corresponding answer
g(a1) € range(az). The query language QLo of 1Sy is called at least as expressive as the
query language QLy of 151 with respect to the correspondences gwen by f and g iff a function
h:CLy — CLy exists such that

V(b1 q1)edom(ar) 9(a1(dbi, q1)) = az(f(db1), h(q1)).

To denote that Q) Ly of 155 is at least as expressive as QL of .57 with respect to the correspon-
dences given by f and g, we will write:

QL1(1S1) <jq4 QL2(152)

3.1.3 Definition of ”equally expressive”

In order to define the notion equally expressive, an equivalence relation between the instances of
the database and between the queries is necessary. These relations are defined as follows:

db e db <> Y,eqra(db, q) = a(db', q)

g~ ¢ <= Vaeppsa(db, q) = a(db,q’)

Of course both the relation &~ on DBS and the relation & on QL are equivalence relations. The
equivalence class of db is denoted by [db] and of ¢ by [¢]. The set of all equivalence classes of
instances in DBS is denoted by DBS® and of QL by QL®. It is clear that every evaluation
function « determines a function o : DBS® x QL® — AS, with

o ([db], [q]) = a(db, q).
Every function f: DBS; — DBSs satisfying

dby ~ dby = f(dby) = f(db})
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induces a function f¥ : DBSF — DBST with

FE([dba]) = [f (dby)].
The notion equally expressive will be defined as:

Definition 3.4 Let 1Sy and 1S3 be two information systems, just as in definition 3.3. Let the
functions f and g be the same functions, too. The query languages QL1 of 1S1 and QLo of 155
are called equally expressive iff there is a function f* : DBSy — DBS1, compatible with
J (Vavsepns, [([*(dbs)) ~ dby and Yap,epps, [*(f(db1)) ~ dby) and a function g=*, such that
QL1(IS1) <f 4 QL2(152) NQL2(1S2) <gx g—1 QL1(1S1).

This is denoted by
QL1(I51) =54 QL2(1S57).

Some remarks about this definition:

1. The function f does not have to be bijective, because only a bijective relation on the level
of equivalence classes is required. Several equivalent instances of D BS; may correspond to
a single instance in DBSy for example.

2. This definition implies the existence of a function h: QL; — QL2 (see definition 2.3) and a
function A* : QLy — QL1, compatible with h. So the function A® will be bijective (just as
% in the previous remark).

3.1.4 Definition of "more expressive than”

At this time the notion of more expressive than can be easily defined as:

Definition 3.5 Let 1Sy, 1S, f and g be defined as in definition 3.3. QL2 of 1S is called more
expressive than QL of IS, with respect to fand g iff QL1(1S51) <j 4 QL2(IS2)ANQL1(1S1) #5.4
QL2(1S2).

This is denoted by
QLl(ISl) <f.yg QLQ(ISQ)

3.2 Quantifier-free first order logic

In this subsection, we will prove that LISA-D is more expressive than the class of quantifier-free
first order logic. Quantifier-free first order logic is a subset of first order logic, in such a way that
formulas in this class contain only A and —.

In the first part of this subsection, we will define the information system of the class of
quantifier-free first order logic. In the next part we will transform the queries in this class to
a form that can be translated to LISA-D in a more straightforward way. In the last part of this
subsection, we will prove that LISA-D is more expressive than this class of queries by proving the
correctness of the given translation and by proving that LISA-D and the quantifier-free first order
logic are not equally expressive.

3.2.1 Definition of the information system

The definition of the information system of quantifier-free first order logic will be:

Definition 3.6 Lel [Sgr := < DBSgp,QLgr, ASqr, agr >, where the four components of this
structure have the following definitions:

o DBSgr consists of the same instances as DBSpo in definttion 2.6.

o QLgr consists of all quantaifier-free first order formulas. These are defined as:
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— R(x1,...,2p) is a first order formula.
— If 1 and @s are first order formulas, then ©1 A po is a first order formula.

— If v 1s a first order formula, then = 1s a first order formula.

o ASqgr consists of all relations R(x1, ..., z,), with R € D", where D is a domain, that contains
all values of the domains of the variables involved in the relations in DBSqr.

o agr ts a partial function, which assigns an answer a € ASqp to every instance db € DBSgr
and ¢ € QLor. This answer consists of all tuples of type (x1, ..., 2,) for which the formula
results in true and xq, ..., v, are all variables in the formula.

This function is recurswwely defined as follows:

— agr((D,R), R(z1,...,xn)) = < ¢1,.,cn > E RARER
- O‘QF((DaE)a 1 A @2) = O[QF((%R)’ 301) A O[QF((D’R)a 302)
- aQF((D’ R)’ _'30) = _'(O‘QF((D’ R)a 30))

3.2.2 Transformations of quantifier-free first order logic

In this part, we will define some transformations that can be applied to formulas in the class of
quantifier-free first order logic. These transformations will result in other formulas in quantifier-
free first order logic that can be translated to LISA-D in a more straightforward way.

Before we start with the transformations, we have to mention, that the use of constants can
be simulated with formulas, satisfying our definition. This can be done by using a unary relation
with a population of just one element. This is stated in the following lemma:

Lemma 3.1 R(c,z1,...,2,) = R'(y) A R(y, x1, ..., 2,) where the population of R consists of ¢
only.

Proof: Suppose < c¢1,...,¢, > is part of the answer to R(e, z1, ..., Zn).

Then also < ¢1,...,¢, > will be part of the answer to R'(c) A R(c, 1, ..., z,), because the
population of R’ contains c.

This means directly that < ¢, cy,...,¢, > is part of the answer to R/(y) A R(y, z1, ..., Tn),
because this formula results in true for y = ¢. These answers are equivalent, because c¢ is
the only value that can be filled in for y.

Suppose < ¢, ¢, ..., ¢y > is part of the answer to R'(y) A R(y, 21, ..., Zn).

Then of course < ¢y, ...,¢, > is part of the answer to R'(¢) A R(c, 21, ..., %y,), because ¢ is
part of the population of R'(y).

This means directly that < ey, ..., ¢, > is part of the answer to R(e, 21, ..., 2n).

So the lemma holds.

We will restrict ourselves to formulas without any variables with empty domains. Such variables
can easily be removed. Every relation R, containing such a variable can be replaced by false
and the formula can be further reduced by applying rules like —false = true, —-true = false,
false A ¢ = false, true A ¢ = . By using this process, all occurrences of true and false can
be removed unless the complete formula results in true or false. In that case, we would have a
trivial formula. The formula consisting only of false can be simulated by a relation R(z) with
an empty population. The formula consisting only of true can be simulated by the same relation
R(x), but with every value in the universal domain in its population.

We also want to restrict ourselves to formulas with relations that do not contain more than one
occurrence of the same variable (like e.g. R(#,)). These relations can be transformed by the
introduction of a new relation with only tuples with equal values on all positions in its population,
as 1s stated in the next lemma. In this lemma the notation z does not stand for a real variable-
name, but it is a notation for a certain other variable-name.
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Lemma 3.2 R(z1,...,2) = R(21,...,xn) A R(21, ..., 2,), with n occurences of variable x between
the variables z; (1 <i<p). Allxy, (1 <k < n) are new variable-names and the population of R/
consists of the tuples < c¢,...;c > for all ¢ in the domain of x. 2} = z if z; # @ and z = »y if %
15 the k’th occurrence of x.

Proof: Suppose < dy,...,d, > is part of the answer to R(z1, ..., 2p).
Then also < d, ..., d, > is part of the answer to R(z], ..., z,).
But < dy,...,d, > contains equal values on all positions of the x;’s in R(21, ..., z,).
So < dy, ..., d, > is part of the answer to R'(z1, ..., zn) A R(21, ..., 2,)-

/

Suppose < dy, ..., d, > is part of the answer to R(z1, ..., 2n) A R(21, ..., 2,)-

This tuple contains n equal values (because of R'). Variables that always have the same
value can be replaced by a single variable.

So < di,...,dp > is part of the answer to R/(x,...,2) A R(z1, ..., zp).

As the population of R’ contains all tuples < ¢, ..., ¢ > with ¢ in the domain of z, this relation
always results in true. As true A ¢ = ¢, we can omit this relation.

So < di,...,dp > is a part of the answer to R(z1, ..., 2p).

So the lemma holds.

So in the remainder of this section, if we write R(#1, ..., #,), we can assume that all these variables
z; (1 <7< n) are different.

The final step in our transformation will be an extension of the relations in the first order formula.
We define the extension of a relation R(z1, ..., 2,) to be a relation R'(xy, ..., #n, Y1, ..., Ym ), Where
Y1, ---, Ym are all variables that are part of the formula, but not part of R. The way in which these
variables are ordered is not important. All relations with the same variables, but with a different
ordering of these variables are considered to be equivalent.

The extension of a formula ¢ is defined as ¢, with R;(xl, ey Ty Yy ey Ym) 09" A Ry(21, o0y )
is part of ¢, where ©1, ..., 2, Y1, ..., Ym are all variables in ¢. The population of R; consists of tuples
< €1,y Cp,dl, ..., dpy >, where every element < ¢y, ..., ¢, > that is an element of the population of
R; is combined with all possible combinations of the values in the domain of the other variables.
All these domains were considered not to be empty.

This extension is well defined, because for every relation holds:

Lemma 3.3 ¢’ = ¢, where ¢’ is constructed using the procedure described before this lemma.

Proof: From the construction-procedure follows directly that for all relations R(x1, ..., 2,) holds
that < ¢q,...,¢, > 1s part of the population of R iff < ¢1,...,¢,,d1,...,d > 18 part of the
population of R/(x1, ..., Zn, Y1, ..., Ym). So the restriction to the original values in R remains
the same. Because this holds for all relations, it holds for the complete formula as well.

At this moment we have reached the right format to translate these quantifier-free first order
formulas to LISA-D queries. This translation will be described in the next subsection.

3.2.3 LISA-D compared with quantifier-free first order logic

To prove that LISA-D is more expressive than the class of quantifier-free first order logic, we have
to prove first that LISA-D is at least as expressive as this class. This is stated in the next theorem.
It will be proved, using structural induction.

Theorem 3.1 QLQF(ISQF) Sf,g QLLD(ISLD)

Proof: We define the following functions:
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e [:DBSqpr — DBSLp
F(R(z1,...,2,)) = R.
e g :range(agr) — range(arp)
g((z1, oy n)) = (1, .oy 20), (21, .0y 20))
e h:QLgr — QLrp
1. h(R(z1,...,2n)) = R
2. h(p1 Ap2) = h(y1) INTERSECTION h(p2)
3. h(—p) = NOT h(yp)

Remark: In the definition of app, every query starts with the keyword LIST. We ignore
this keyword here, but we mention that it is possible to generate it, by using an auxiliary

function A’ : QLor — QLrp with h'(¢) = LIST h(q), with h as defined above.
The following equation must hold:

Viab,geaqr 9(aQr(db, q)) = arp(f(db), h(q)).

To prove this equation, we will use the step from the database of LISA-D (called DB) to the
result from the applying of the function f to the database of first order logic (called (D, R)).
We have mentioned earlier that the database of first order logic is a subset of that of LISA-D.
So also the function f will reach a part of the database of LISA-D. In this subsection, we do
not need more than that part, though.

e g(agr((D,R), R(xy,...,2,))) = (definition of agr)
g(< ey, en >€ R(2q, ..., 2y)) = (definition of f and g)
R = (definition of arp)
arp(DB, R) = (remark made before)
arp(f((D, R)), R) = (definition of h)
arp(f((D, R)), h(R(x1, ..., xn)))
e Suppose g(agr((D, R),¢1)) = arp(f((D, R)), h(¢1)) holds and the same holds for 3.

Then we can see:

g(OZQF((D, E)a #1 A SDZ)) = (deﬁnﬁion of aQF)

g(agr((D, E), ©1)) A glagr((D, R)’fz)) = (induction hypothesis)
arp(f((D, E))a h(¢1)) Aarp(f((D, E)), h(p2)) = (A and N have the same definitions)
arp(f((D,R)), h(¢1)) Narp(f((D,R)), h(¢2)) = (definition of afp)
arp(f((D,R)),h(1) INTERSECTION h(ps)) = (definition of h)
arp(f((D, R)), h(p1 A ¢2))

g(aQF((Da R)a__'gpl)) = (deﬁnition of O[QF)

—~(g(aqr((D, R),¢1))) = (induction hypothesis)

_‘(O‘LD(f((lL R)), h(1))) = (definition of arp)

arp(f((D,R)), NOT h(y¢1)) = (definition of k)

arp(f((D, R)), h(—¢1))

By structural induction, we can say that the equation holds. Due to definition 3.3 the
theorem holds.

The next condition, to prove that LISA-D is more expressive than quantifier-free first order logic,
is that LISA-D and quantifier-free first order logic must not be equally expressive. This is stated
in the following theorem, which is proved by contradiction:

Theorem 3.2 QLQF(ISQF) ;éfyg QLLD(ISLD)
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Proof: Suppose the opposite holds (QLgor(I1Sgr) =¢4 Q@Lrp(ISLD)).
Then QLrp(ISrp) <gx g-1 QLor(ISqr) (see definition 3.4).

Then a function h¥ : QLSF — QL7 p, as in definition 3.4 exists (see also remark 2 of this
definition).

This function is bijective, so a function h¥~! : QLF, — QLSF exists. This leads to the
existence of an element ¢ € QLSF for which the following equation holds:

h*~Y(ANY_REPETITION OF P)=q.

But the transitive closure of a given set is not expressible in first order logic (see e.g. [AUT9]).
Certainly the transitive closure i1s not expressible in a formula in quantifier-free first order
logic either, because the class of quantifier-free first order logic is a subset of the class of first
order logic.

Contradiction!
So the theorem is correct.

After we have proved the previous two theorems, we can prove the main theorem of this section
(LISA-D is more expressive than the class of quantifier-free first order logic):

Theorem 3.3 QLQF(ISQF) <f,g QLLD(ISLD)

Proof: This follows directly from the theorems 3.1 and 3.2 and from definition 3.5.

3.3 First order logic

In this subsection, we will show that LISA-D is more expressive than first order logic. To be able
to do this, we have to define the information system of first order logic first. After that we will
define a sequence of transformations, that can be applied to first order formulas and results in
formulas that have a format that can be translated to LISA-D. This translation will be shown in
the last part of this subsection.

3.3.1 Definition of the information system

The information system of first order logic looks a bit like the constraint information system of
first order logic, as it is defined in definition 2.6:

Definition 3.7 ISpo := < DBSro,QLro, ASro,aro >, where the four components are de-
fined as follows:

e DBSro has the same definition as DBSpo in definition 2.6.
e QLpo consists of all first order formulas. These first order formulas are defined as follows:

— R(x1,...,2p) is a first order formula.

— If 1 and @s are first order formulas, then ©1 A po is a first order formula.

— If v is a first order formula, then =, 3. [¢] and Vi [p] are first order formulas.
Remark: We do not define o1 V o, because we want to use a minimal set of first order

logic. We do need both quantifiers, because of the transformations, described in the next
part.

o ASro consists of all relations R(xq, ..., &), with R € D", where D is the domain, defined
in definition 2.6 (a universal domain, that contains all values of the variables involved in

DBSpo).
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e apo is a partial function, that assigns an answer a € ASpo to every instance db € DBSpo
and ¢ € QLpo. This answer consists of all tuples < e1,...,¢p >, (where all ¢; are part of
the domain of x; for all 1 < i < n) for which the formula results in true. The variables
X1, ..., %y are all free variables in the formula. The bound vartables do not appear in the
answer.

3.3.2 Transformations of first order logic

In this part, we will define some transformations that can be applied to formulas in first order
logic.indexfirst order logicltransformations (query) These transformations will result in other first
order formulas that can be translated to LISA-D in a more straightforward way. When we use the
notation () or @y, then @ is some quantifier (3 or V). Other notational conventions are that we use
z1, ..., &y for free variables, ¥y, ..., ym for bound variables and z for a general variable (either bound
or free; z is not a real name but stands for either # or y). Some of the following transformation
look very much like transformation, described in the previous sections, but as there are some slight
changes, we have chosen not to refer to those sections, but to repeat all transformations here.

We will restrict ourselves to formulas without any variables with empty domains. Such variables
can easily be removed. Every relation R, containing such a variable can be replaced by false
(because the population of such a relation would always be empty) and the formula can be further
reduced by applying rules like —=false = true, —true = false, false A ¢ = false, trueAp = . By
using this process, all occurrences of true and false can be removed unless the complete formula
results in true or false. In that case, we would have a trivial formula. The formula consisting only
of false can be simulated by a relation R(z) with an empty population. The formula consisting
only of true can be simulated by the same relation R(z), but with every value in the universal
domain in its population.

Before we continue with the transformations, we have to mention, that the use of constants can
be simulated with formulas, satisfying our definition. This can be done by using a unary relation
with a population of just one element. This is stated in the following lemma:

Lemma 3.4 R(c,21,...,Zn, Y1, .., Ym) = y[R(Y)AR(Y, €1, ..., Tn, Y1, .., Ym), where the population
of R’ consists of ¢ only.

Proof: Suppose < ¢y, ..., ¢, > is part of the answer to R(e, 21, ..., %n, Y1, -, Ym)-

We can assume that R'(c¢) = true, for every result of the query, because the population of
R’ contains c.

Then also < ¢y, ..., ¢, > is part of the answer to R/(¢) A R(c, @1, ..., Zn, Y1y ooy Ym)-

This includes that this tuple is also part of the answer to 3,[R'(y) AR(y, 21, ..., Tn, Y1, -, Ym)]
(with y = ¢).

Suppose < ¢1, ..., ¢y > is part of the answer to 3, [R/(y) A R(y, &1, ..., Zn, Y1, -, Ym)]-

This implies directly that this tuple is part of the answer to R/(¢) A R(¢, 1, ..., Ln, Y1, -y Ym )5
because ¢ is the only element in the population of R’.

This includes that it is part of the answer to R(c, @1, ..., Zn, Y1, .-, Ym)-
So the lemma holds.

We also want to restrict ourselves to formulas with relations that do not contain more than one
occurrence of the same variable (like e.g. R(#,)). These relations can be transformed by the
introduction of a new relation with only tuples with equal values on all positions in its population,
as is stated in the next lemma. In this lemma, we will mention the set I. This is the set of
the indices of the variable that occurs more than one times. It is defined as I C {1, ..., p}, with
1€l ez =x.
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Lemma 3.5 We separate two cases: the variable that occurs more than once can be free (1) or

bound (2).

L R(z1, .y 2p)] = RI(24, 0y 255, @), with j occurrences of variable x between the variables z;
(1 <i<p) zl = z4r, if there are k elements of I, that have a value lower than i+ k and

/

zipr # . The population of R' consists of the tuples < ¢y, ...,c,_;,¢ >, where ¢ = ciqy,
Just as z}.
2. R(z1, .y 2p)] = R(21, 2,5, y), with j occurrences of variable y between the variables z;

(1 <i<p) zl =z4r, if there are k elements of I, that have a value lower than i+ k and
Zith # y. The population of R' consists of the tuples < ¢, ...,c,_;, ¢ >, where ¢ = ciqy,
Just as z}.

Proof: We will prove the first part of this lemma. The second part will not be proved, because
this proof follows almost the same procedure.

Suppose < ¢, €1, ..., ¢, > s part of the answer to R(z1, ..., 2p).

As the population of R'(z],...,z,_;, ) contains the same tuples, except the multiple oc-
currences of x (which are already filtered out in the answer), this implies directly that
< ¢, e, ..., 0 > s also part of the answer to R'(2],...,2,_;, ®).

Suppose < ¢, c1, ..., ¢, > is part of the answer to R'(z1, ..., z,_;, %)

As the population of R(z1, ..., z,) is equal to that of R'(2], ..., 2,_;, ), except that it contains
more copies of the same value, this implies directly that < ¢, ¢y, ..., ¢, > is part of the answer
to R(z1, ..., 2p).

So the first part of the lemma holds.

The second part of the lemma can be proved in a quite similar way. We will not show this
here.

So we can conclude that the lemma holds.

So in the remainder of this subsection, if we write R(#1, ..., #p, Y1, ..., Ym), We can assume that all
these x; and y; are different.

In the next step, we will transform the formulas in first order logic to prenez form. A formula in
prenex form has the following format:

1 m

i ym[go]

where @' stands for ¥ or 3 for all 1 < i < m and the formula ¢ is quantifier-free. In [LP81]
(chapter 9, section 9.3) a method is described to bring formulas in first order logic to prenex form.
In their theorem 9.3.2, they state that every formula in first order logic can be transformed to an
equivalent formula in prenex form.

So we can assume in the remainder of this section, that every formula in first order logic has
prenex form.

The final step in our transformation will be an extension of the relations in the first order for-
mula. We define the extension of a relation R(z1,...,Zn, 41, ..., Ym) to be a relation R'(zy, ..., zp,
Y1,y Ym, 41, .., Zp), Where 21, ..., 2z, are all variables that are part of the formula, but not part of
R. The way in which these variables are ordered is not important. All relations with the same
variables, but with a different ordering of these variables are considered to be equivalent.

The extension of a formula ¢ is defined as ', with R;(xl, s By YLy ooy Yy 21, -y Zp) 10 @ 0
Ri(®1,...., %0, Y1, ..., Ym) 1s part of ¢, where 21, ..., Zn, Y1, ..., Ym, 21, ..., Zp are all variables in ¢. The
population of R; consists of the tuples < ¢1,...,¢n,d1,...,dm,€1,...,6p >, Where every element
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< €1y, Cp,dy, ..., dy > that is an element of the population of R; is combined with all possible
combinations of the values in the domain of the other variables. All these domains were considered
to be nonempty.

This extension is well defined, because for every relation holds:

Lemma 3.6 ¢’ = ¢, where ¢’ is constructed using the procedure described before this lemma.

Proof: From the construction-procedure follows that for all relations R(#1, ..., £pn, Y1, ..., Ym) holds
that < ¢y, ..., ¢, > is part of the answer to Riff < cy,...,cn, €, ..., ¢;; > is part of the answer
to R'(x1, ..., &n, Y1, .o, Ym, 21, .-, %p). Here e;, ... ¢;; are the values in the domains of all
free variables amongst the variables 21, ..., 2,. So the restriction to the original values in R
remains the same. Because this holds for all relations, it holds for the complete formula as
well.

At last we have reached the right format to translate these first order formulas to LISA-D queries.
This translation will be described in the next subsection.

3.3.3 LISA-D compared with first order logic

In this part, we will prove that LISA-D is at least as expressive as first order logic. To do this, we
will show that we can translate queries in first order logic, that have the format of the previous
part, to LISA-D. This translation is not as straightforward as in the previous sections.

We will asume that every relation R;(z1, ..., n, 41, ..., Ym) has predicators p; ; (1 < j < n+m)
from the variables to the relation.

The first step in this proof, will be the translation of the following formula: V,[R(z,y)]. The
translation will be shown in the next lemma:

Lemma 3.7 The formula ¥V,[R(z,y)] can be translated to

LIST INVERT(p') + BUT-NOT (NOT (z p1 INVERT(p2) v)),

where R'(x) is a relation with ¢ in its population, iff < ¢, d > is part of the population of R(z,y)
for some d in the domain of y.

Remark: In this lemma, we used the notation INV ERT(p), where p is a predicator, resulting in
the inverse of this predicator (p). This notation is not part of LISA-D, but it is possible
to use the inverse of a predicator, because it can be given a name by using the lexicon. We
will use the INV ERT-notation, because 1t looks more natural in this situation.

Proof: Suppose ¢ is part of the answer to V,[R(z, y)].

Then < ¢,d > is part of the population of R(z,y), so < ¢,d > will be part of the answer to
zp1 INVERT (p2) y.

As < e,d > is part of the population of R(z,y) for all d in the domain of y, the answer to
NOT (# RNm(p) y) will not contain any tuples with ¢ as a first element.

So ¢ will be in the front of the answer to the query

LIST INVERT(Y')  BUT_NOT (NOT (x py INVERT(p2) y)).
Suppose c is in the front of the answer to
LIST INVERT(Y')  BUT_NOT (NOT (x py INVERT(p2) y)).

Then ¢ is part of the population of R(z,y) (because x must be part of the result of
INVERT(p").

It also follows that there 1s no d in the domain of y for which < ¢,d > is not part of
the population of R(z,y), because otherwise ¢ would have been filtered out by the part
BUT_NOT (NOT (z py INVERT(p2) y)).

So < ¢,d > is part of the population of R(z,y) for all d in the domain of y. This implies
directly that ¢ is part of the answer to V, [R(z,y)].

So the lemma holds.
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The next formula, we will translate, is stated in the next lemma:

Lemma 3.8 The first order formula 3,[R(x,y)] can be translated to

LIST INVERT(p) x p1 INVERT(p3) y.

Proof: Suppose ¢ is part of the answer to 3,[R(z, y)].
Then < ¢,d > is part of the population of R(x,y) for some d in the domain of y.
This implies directly that ¢ is in the front of the answer to
LIST INVERT(p) « pr INVERT(p2) y.
Suppose ¢ is in the front of the answer to LIST INVERT(p') « pr INVERT(p2) y.
Then < ¢,d > is part of the population of R(x,y) for some d in the domain of y.
This implies directly that ¢ is part of the answer to 3,[R(z, y)].

So the lemma holds.

At this point we can translate all formulas of a more general format. To be able to formulate the
resulting LISA-D query in a more readable way, we introduce a notational abbreviation:

AND_ALSO!, (P):= Py AND_ALSO..AND_ALSO P,

Lemma 3.9 A first order formula of the form ¥, ..V, [R(x, 1, ..., Ym)] can be translated to
LIST INVERT() @ BUT_NOT (AND_ALSO™, (NOT (x py INVERT(p11;) y5)))

Proof: Suppose ¢ is part of the answer to V,, ..V, [R(z, 41, ..., Ym)].

Then < ¢,dq, ..., dp > is part of the population of R(z, y1, ..., ym) for all d; in the domain of
y; forall 1 < j < m.

Because AN D_ALSO results in an intersection and those values ¢ for which ¢ is part of the
population of R(xz,y1, ..., ym) for all values in the domain of a certain y; can be found with
the construction in lemma 3.7, ¢ is part of the answer to the LISA-D query, too.

Suppose c is part of the answer to the LISA-D query.
Because of the definition of AND_ALSO and lemma 3.7, it is immediately clear that ¢ is
part of the answer to V,, ..V, [R(z, 1, ..., Ym)].

So the lemma holds.

If we perform another generalization, we can translate formulas of the following form:

Lemma 3.10 A first order formula of the form ¥y, .. ¥y, [R(x1, ..., Zn, Y1, ..., Ym)] can be translated
to

LIST AND_ALSO™,(INVERT(p\) z; BUT_NOT

(AND_ALSOP, (NOT (x; pi INV ERT(pory) ;))))

where R'(x1,...,2,) is a relation with all tuples < cq,...;c, > in its population, iff < c1,...,cp,
dy,...,dm > is part of the population of R(x1, ..., %n, Y1, ..., Ym) with d; in the domain of y; for all
1<e<m.

Proof: Suppose < ¢y, ..., ¢, > 18 part of the answer to the first order formula.

Then it is clear that < ¢y, ..., ¢, > is part of the population of R'(#1, ..., 2,). So < €1, ..., ¢n >
is in the front of the answer to INVERT(p'%) ;.

We also know (from lemma 3.9) that for all ¢; holds that they are part of the answer to
z; BUT_NOT (AND_ALSOJL, (NOT (z; pi INVERT(pn+j) v5)))-

So < ¢1, ..., ¢, > will be part of the answer to the LISA-D query.
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Suppose < ¢, ..., ¢, > 1s part of the answer to the LISA-D query.
From lemma 3.9 we know that all ¢; are combined with all combinations of dy, ..., d;;.

As < ¢y, ...,¢n > is also part of the population of R'(x1, ..., #,), we can conclude that this
tuple is part of the answer to the first order formula in the lemma.

So the lemma holds.

A similar generalization, like in the last two steps can be performed on the formula of the form
as in lemma 3.8. We will perform this generalization in one step. To be able to formulate the
resulting LISA-D query in a more readable way, we introduce another notational abbreviation:

CONCATENATE™, (P,):= P, P..P,

Lemma 3.11 A first order formula of the form 3, .3, [R(x1, ..., Zn, Y1, ..., Ym)] can be translated
to

LIST AND_ALSO™,(INVERT(p}) x; p; INVERT (pns1) 1

CONCATENATES " (yj pnaj INVERT (payjs1) Yit1))

Proof: Suppose < ¢y, ..., ¢, > 18 part of the answer to the first order formula.

Then < ¢1, ..., ¢, > is also part of the population of R'(x1,...,2,). So < ¢1,...,¢, > is in the
front of the answer to INVERT(p'i) x;.

The rest of the LISA-D query

(x5 pi INVERT (pry1) 1 CONC’ATENATET:_ll(y]’ Prntj INVERT (Pryj+1) Yj+1) 1s no
real restriction, because we already knew that there were values d; in the domains of y; for
all 1 <7 <m.

So < ¢1,...,¢, > 18 part of the answer to the LISA-D query.

Suppose < ¢, ..., ¢, > 1s part of the answer to the LISA-D query.
Then < ¢1, ..., ¢y > is part of the population of R'(z1, ..., ).

This implies directly that < ¢y, ...,¢, > is part of the answer to the first order formula in
the lemma.

So the lemma holds.

We will use a combination of the last two lemmas to translate a more general first order formula.
To do this, we have to define the following set I:

I C {0, ,m}
icleQ =3,

We assume that I has got ! elements. We define k; = p— 1 (for all 1 < j <) and p is the j'th
element of 7.
With this notations, we can translate the following first order formulas:

Lemma 3.12 A first order formula of the form Q;l yo [R(T1, o T, Y1, oy ym)] can be trans-
lated to

LIST AND_ALSO™, (INVERT (p}) z;

(¢i BUT_NOT (AND_ALSOL, (NOT (2; p; INVERT(pass) y;))))

x; pi INVERT(Ppik,41) Yki+1

CONCATENATE,_}

(i, 41 BUTNOT (AND_ALSOSZE: Ly (NOT (uiy 41 pustyer INVERT(pss) 1))

Ykp+1 Prtkptl INVERT(pryr,pi+1) Yeppr+1)
(ka_l BUT_NOT (AND_ALSO?@:]CI_I_2 (NOT (ykl+1 Pn+tki+1 INVERT(p,H_]’) y])))))
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Proof: This lemma is only a generalization of the lemmas 3.10 and 3.11. The translation of every
sequence of ¥’s (zero or more) is followed by the translation of one 3. We assume that P in
an operation like AN D_ALSO!_, P will not be executed.

In fact, we follow a path through the existentially quantified variables (just as in lemma
3.11) and combine this path at the right places with the translations of the sequences of
universally quantified variables (as in lemma 3.10).

So the lemma holds.

To take the final step towards the translation of a general first order formula (having the format
described in the previous part) we only have to change a few parts of the previous LISA-D query.
The predicators used in this query have to be replaced by information descriptors that represent
the result of (slightly different versions of) the formula. Let the formula to be translated (called

¢) be denoted by Q;l @y [¥]. We will use the following formulas, derived from this formula:

o Let ¢ be ¢ (this is equal to ¢, without the quantfiers. So the variables 1, ..., 2, ¥1, ..., Ym
are all free and therefore part of the answer to ¢'.

o Let ¢"” be ¢, without all variables y;. This means that ¢ = ¢', where R'(z1,...,2y) is part
of " iff R(x1,..., 20,41, ..., Ym) is part of ¢'. The population of these relations R’ is defined
as: < c1,...,cy > Is part of the population of R/, iff < ¢1,...,¢pn,d1, ..., dy, > 1s part of the
population of R for some dy, ..., dp,.

Next, we will define three types of abbreviations of information descriptors:

o Let Pr; be h'(¢'), where h'(¢) = h(y) as described in the subsection about the trans-
lation of quantifier-free first order logic (theorem 3.1), except the first step of this func-
tion: A'(R(x1, ..., ®n, Y1, ooy Um)) = INVERT(pp4:). This abbreviation is defined for all
1<2<m.

o Let Py; be h'(¢’) with A’ the same as in the previous step, except: A'(R(z1,...,2n, 41, ...
Ym)) = p;. This abbreviation is defined for all 1 < ¢ < n+m.

bl

e Let P3; be h'(¢"”) with A’ the same as in the previous step, except: A'(R(x1,...,25,)) =
INV ERT(p;). This abbreviation is defined for all 1 <i < n.

The existence of these three types of abbreviations is proved in the same theorem (theorem 3.1).
We will use these abbreviations to formulate the translation of first order formulas (in the format
of the previous part) to corresponding LISA-D queries:

Lemma 3.13 The formula ¢ = ;nglm[d)], which has the format of the previous part, can be
translated to the following LISA-D query:

LIST AND_ALSO}_, (Ps; «;

(vi BUT_NOT (AND_ALSOL, (NOT (w; P2y Pyj y;))))

x; Poi Plpi+1 Y41

CONCATENATE,_}

((t,41 BUT_NOT (AND_ALSO™ | (NOT (yi, 11 Ponyipi1 Prj 4))

Ykp+1 Pongtp+1 Plippi+1 Ykppr+1)
(k41 BUT_NOT (AND_ALSOJLy o (NOT (yr+1 Ponyritr Prj yj)))))-

Proof: This lemmafollows almost directly from lemma 3.12. The only difference is that we use the
answer to ¢, instead of R/ (x4, ..., ;) and the answer to ¢’, instead of R(z1, ..., %n, Y1, .., Ym)-

The existence of these answers is (as mentioned before) proved in theorem 3.1, because both
the formulas ¢’ and ¢’ have no quantifiers, so they are part of the class of quantifier-free
first order logic.

So the lemma holds.
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After this last lemma, we can easily prove that LISA-D is at least as expressive as first order logic:
Theorem 3.4 QLpo(ISFo) Sf,g QLLD(ISLD)

Proof: We define the following functions:

e [:DBSpo — DBSip
FR(z1, oy 0,41, m)) = R

e g :range(apo) — range(arp)
g((z1, oy n)) = (1, .oy 20), (21, .0y 20))

e h:QLro—QLLp

h(¢) =THE P, where P is the LISA-D query of the previous lemma and THFE is the
operation described in [P94].

The following equation must hold:

Yiav,g)earo 9(aro(db, q)) = arp(f(db), h(q)).

The correctness of this equation follows from the result of lemma 3.13. From this lemma
follows that the tuples in the front of the result of h(y) are the same tuples as in the result
of the first order formula. By using the operation THE (which duplicates the tuples in
the front of an information descriptor in such a way that the front and the back become
identical), the front and the back of the answer contain the same tuples. Furthermore, we
have proved in the previous part of this subsection, that every first order formula can be
transformed into the right format.

This means directly that the equation holds.
Due to definition 3.3, the theorem holds.
The next condition, to prove that LISA-D is more expressive than first order logic, is that LISA-D

and first order logic must not be equally expressive. This is stated in the following theorem, which
is proved by contradiction:

Theorem 3.5 QLpo(ISFo) ;éfyg QLLD(ISLD)

Proof: Suppose the opposite holds (QLro(ISro) =¢4 Q@Lrp(IStp)).
Then QLrp(ISrp) <gx g-1 @Lro(ISpo) (see definition 3.4).
Then a function h¥ : QL% , — QLT |, as in definition 3.4 exists (remark 2).

This function is bijective, so a function h¥~! : QLF, — QL% exists. This leads to the
existence of an element ¢ € QL% for which the following equation holds:

h®~Y(ANY_REPETITION OF P)=q.

But the transitive closure of a given set is not expressible in first order logic (see e.g. [AUT9]).
Contradiction!

So the theorem is correct.

After we have proved the previous two theorems, we can prove the main theorem of this subsection
(LISA-D is more expressive than first order logic):

Theorem 3.6 QLpo(ISFo) <f,g QLLD(ISLD)

Proof: This follows directly from theorems 3.4 and 3.5 and from definition 3.5.
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3.4 Horn clause programs

In this subsection, we will show that LISA-D as a query-language is not at least as expressive as
the class of Horn clause programs. We will refer to the subsection about Horn clause programs in
the section about constraints for the definition of Horn clause programs.

We will start with a definition of the information system of Horn clause programs and in the
next part, we will show (with a reference to the subsection mentioned before) that LISA-D is not
at least as expressive as Horn clause programs and also that the class of Horn clause programs is
not at least as expressive as LISA-D either.

3.4.1 Definition of the information system

The information system of Horn clause programs will be defined as:

Definition 3.8 Let ISgc = < DBSye,QLyc, ASuc,agc >, where the four components of
this structure have the following definitions:

o DBSpe will be defined to be the same as DBSpo in definition 2.6.
o QLpc consists of all possible Horn clause programs (see definition 2.7).

o ASpc consists of all combinations of the variables (x1, ..., xy), wherex; € D for all1 <i<n
and D s the domain defined in definition 2.6.

e apc 1s the evaluation function, which determines for every instance of the database and
every Horn clause program an answer (in ASmgc ). The result of this function will consist of
all tuples < e1,...,cp >, such that « mapping from (1, ..., 2y) to the corresponding values in
the tuple, makes the Horn clause program result in true. (x1,...,x,) are the variables in the
root of the Horn clause program.

3.4.2 LISA-D compared with Horn clause programs

To compare LISA-D as a query language with the class of Horn clause programs, we will use the
same example of a Horn clause program as in the subsection about Horn clause programs in the
section that dealt with constraints:

(1) S(z1,22) = Ri(z1, z2).
(2) S(l‘l,l‘z) — Rz(l‘l,$3),S($3,$4),R3(l‘4,l‘2).

We will show that this program cannot be translated to a LISA-D query either.

Lemma 3.14 The Horn clause program described above cannot be translated to a corresponding
LISA-D query.

Proof: In lemma 2.7 we have shown that this program cannot be translated to a LISA-D con-
straint.

The only operation that is added, when we use queries instead of constraints, is confluention.
It is quite obvious that this operation is not very useful for this purpose. To calculate the
result of each of the involved information descriptors, the complete result has to be calculated
and that proved to be impossible.

At this time, we can conclude that LISA-D is not at least as expressive as the class of Horn clause
programs.

Theorem 3.7 QLpc(ISuc) <4 QLrp(ISrp) does not hold.

Proof: This is almost the same as the prove of theorem 2.4.
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When we switch the order of the two information systems involved, we can repeat theorem 2.5 to
conclude that the class of Horn clause programs is not at least as expressive as LISA-D either.

Theorem 3.8 QLrp(ISrp) <4 QLrc(ISHc) does not hold.

Proof: This is almost the same as the prove of theorem 2.5.

31



4 LISA-D with macros

In this section, we will examine the expressive power of LISA-D with macros. We only deal with
the query-language aspect of LISA-D, because, if we do not use the confluention-operation, then
it is true that, if LISA-D as a query-language is more expressive than a certain class of queries,
the constraint-part of LISA-D will at least have the same amount of expressive power. In [P94] a
method is described to add a macro mechanism to the language LISA-D. We will show that this
mechanism improves the expressive power of LISA-D. In the first subsection, we will give a more
detailed definition of the macro mechanism.

In the next subsection, we will compare the expressive power of LISA-D with these macros
with the class of stratified logic programs. LISA-D with macros proves to be more expressive than
this class of queries.

In the last subsection, we will show that LISA-D is even more expressive as the bigger class
of the fized-point queries. This subsection 1s a bit less formally written, but the correspondence
between the evaluation of recursive macros and the calculation of a (least) fixed-point is quite
obvious. It should not be too difficult to give a complete formal proof.

4.1 Definition of macros

In this subsection, we will define the macros and show how they are evaluated. We will also define
the information system of LISA-D with these macros.

To define macros in LISA-D, we use some definitions and notations from [P94]. In this book
an evolving environment is handled however, so we have to make some changes.

The general format of a macro definition is:

LET wy X1 wy ... Xy wy BE E

where X7, ..., X, are the names of variables and the string wg, ...,w, 1s the name of the macro.
The expression E (the body of the macro) may contain other calls of macros. Macros can even be
recursive.

We will first give an informal definition of the evaluation-process of macros. It will be an
inductive definition:

e At step 0, we have the call of the macro.

e Step n + 1 results from step n by replacing all macro-calls in the result of step n by their

bodies.

After each step, we check the result of the resulting information descriptor. To be able to do this,
the macro-calls have to be eliminated, because these are not recognized by the evaluation function
of LISA-D (i and D). If two steps m + 1 and m result in the same tuples, the evaluation-process
is terminated.

This process can be stated more formally as in the following procedure. It is stated in some sort
of pseudo-code:

PROCEDURE EvaluateMacro (MACRO m): Result;
BEGIN
1:=1;
Result := §;
AuxResult := §;
REPEAT
Result := Result U u[D[e} ,,(m)](< M,V >)](Pop);
AuxResult := Result U u[D[efL(m)](< M,V >)](Pop);
1:=1+1
UNTIL Result = AuxResult
END Procedure;
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where the function €z 1s defined as:

erm QL — QLry

Y ypwo Prwy .. Pywy) =Py

e’Ll'iﬂ'/[l(wo Prwy ... Ppwy) =
UNIONM(MD X1 w1 ... Xn wn)lM(WO X1 Wi ... Xn wn)[XZ = Pi]?:l
o Y1 Y1 .. Vi Uy = R (W0 Y1 1 L Y5 )]

for all macro-calls in M(wy P1 wy ... Py wy).

The construction E[A := B] means that every occurrence of A in E is replaced by B; the notation
Py stand for an information descriptor, which results in the empty set of tuples.

The information system of LISA-D with macros is defined as:

Definition 4.1 Let ISpar := < DBSpa, QLrar, ASpar, apy >, where all these four components
have the same definitions as in definition 3.2. It should be noted that the definition of information
descriptors (not given in that definition) is different here, because they can contain calls of macros.

4.2 Stratified logic programs

In this subsection, we will show that LISA-D with macros is more expressive than the class of
stratified logic programs. We will show this for queries.

In the first part we will give a definition of stratified logic programs and after that we are able
to give a definition of the information system of this class of queries.

In the next part, we will define a way of translating the clauses of a stratified logic program to
corresponding macros and prove that this translation results in the same answer as the stratified
logic program. It is quite easy to prove after that that LISA-D with macros is at least as expressive
as the class of stratified logic programs. Finally it is shown that the query called Even, which
(as is shown in many articles) cannot be expressed as a stratified logic program, can be expressed
in a LISA-D macro. So LISA-D with macros and the stratified logic programs are not equally
expressive. So LISA-D with macros is more expressive than this class of queries.

4.2.1 Definition of the information system

Before we are able to define the infomation system of stratified logic programs, we have to give a
definition of this class of programs first. We refer to definition 2.7 for the definitions of some of
the used terms. This definition is taken from [K91].

Definition 4.2 A general logic program consists of a set of clauses, which have the following
form:
A — Bl, ceey Bn

where the conclusion A is a nonterminal atomic formula and the premises By, ..., B, are atomic
formulas or negated atomic formulas.

A stratified logic program will be a general logic program in which the clauses can be divided
into a partition P = UL_, P such that:

e If a nonterminal atomic formula Sy occurs positively amongst the premises of a clause in
some P;, then all clauses having Sy as a conclusion have to be contained in U;_ F;.

e If a nonterminal atomic formula Sy occurs negatively amongst the premises of a clause in
some P;, then all clauses having Sy as a conclusion have to be contained in U}_:lle. In fact
Py will not contain any negated nonterminal atomic formulas.

Informally, we can say that the program can be divided into strata and every nonterminal atomic
formula, used in some stratum is defined in the same stratum or in a lower stratum. Further,
no recursion is allowed through negation. A Horn clause program (see definition 2.7 can be seen
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as a stratified logic program with only one stratum. Stratified logic programs are therefore at
least as expressive as the Horn clause programs. In fact they are more expressive than Horn
clause programs, because (see e.g. [SW91]) the query NotTC can be expressed as a stratified logic
program and not as a Horn clause program.

Example 4.1 The following set of clauses forms a stratified logic program:

(1) So
(2) S
(3) S
(4) 51

The clauses (3) and (4) form the lowest stratum (Py). This stratum is in fact not « Horn clause
program, because the terminal atomic formula Rs occurs negatively in clause (3). The clauses
(1) and (2) form a higher stratum (Ps), because clause (2) contains a negated occurrence of the
nonterminal atomic formula Sy.

21, 29) — Rai(1, 29).
Ty, &) — Ro(x1, x3), S1(x3, 22).
r3, ¢9) — —R3(z3, ©2).

x3,22) — Ra(rs, 24), S1(24, 22).

o~

The information system of stratified logic programs can be defined very easily at this time. It will

be defined as:

Definition 4.3 Let ISsy := < DBSs;,QLsr, ASsy,asr, >, where the four components of this
structure have the following definitions:

DBSgsr, will be defined as DBSgc in definition 3.8.

QLsr consists of all stratified logic programs.

ASsr has the same definition as ASgc in definition 3.8.

asr s the evaluation function, which determines for every instance of the database and
every stratified logic program an answer (in ASsp ). The result of this function will consist
of all tuples < ¢y, ...,cp >, such that a mapping from (x1,...,2,) to the corresponding values
in the tuple, make the stratified logic program result in true. (21, ...,2y,) are the variables in
the conclusion of the root of the stratified logic program.

The evaluation process of stratified logic programs can be formalized in a quite similar way as
with the LISA-D macros:

PROCEDURE EvaluateStratifiedProgram (STRATIFIED_PROGRAM slp): Result;
BEGIN
1:=1;
Result := §;
AuxResult := §;
REPEAT
Result := Result U asr((D, R), €5 (slp));
AuxResult := Result U asr((D, R ,eiSLl(slp));
1:=1+1
UNTIL Result = AuxResult
END Procedure;

In this procedure, we assume that a stratified logic program slp is represented by the nonterminal
atomic formula that is the root of the program.
The function egy, is defined as:indexstratified logic program!evaluation function

esr :QLsp — QLst

6%%51})) =5
€5t (slp) = VL Ci[Si(xj,, -y 2j,) i= €5 (S (%5, -0, Tj,))]
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In this definition Sy stands for a stratified logic program, which results in the empty set of tuples.
The function ogy, will be defined as:

e as.((D,R),{S(21,....,2n) «— .}) = < e1,...,cn >, where ¢; is part of the domain of z; for all
1<2<n.

o asp((D,R), {S(x1,...;xn) — R(z4y,...,2;,).}) = < c1,...,¢c, >, where ¢;; is part of the
population of R(z;,,...,2;,,) for all 1 < j <m with 1 <{; <n and ¢ is part of the domain
of zp for all k #4; (1 <j<m).

o asr((D,R), {S(x1,....,en) — =(B1).}) = ~(asp((D, R), {S(21, .., xn) — B1.}))

. aSL((D,E),{S(xl,...,xn) — Bi,...Bn.}) = ast((D,R),{S(z1,....,7n) — Bi.}) A ... A
asp((D, R), {S(x1,...,20) — Bm.})

e asr((D, R),{S(x1, ,_l‘n) — Oy S(@1, oy 2n) = Cp}) = as (D, R), {S(x1, ..., #p) —
01}) V..V OzSL((D, R), {S(l‘l, ey xn) — Cm})

In this definition every term B; stands for an atomic formula and C; stands for a sequence of zero
or more atomic formulas.

4.2.2 LISA-D compared with stratified logic programs

In this part, we will show that LISA-D with macros is more expressive than the class of stratified
logic programs. To do this, we will first describe how a general stratified logic program can
be translated to a number of LISA-D macros and we will prove that the information descriptor
consisting of a call of the macro with the same name as the root of the stratified logic program,
results in the same tuples as the stratified logic program itself. After that, it is easy to show that
LISA-D (with macros) is at least as expressive as this class of queries. As both classes of queries
prove not to be equally expressive, LISA-D with macros is even more expressive than the stratified
logic programs.

In the following definition, we describe a relation between clauses in a stratified logic program and
the call of a macro:

Definition 4.4 We will define a macro for every clause S; «— By, ..., Bg. in the stratified logic
program. This macro s defined as:

LET M; BE E

where B = W' (p). ¢ is the formula in first order logic that is formed by the premises of the clause
and h' is the function described in theorem 3.4.

Such a formula ¢ exists, because these sequences of premises form a subset of first order logic
(with only A, = and 3). Tt is quite clear that this is correct, because the premises can be seen as
relations (with or without negation) separated by conjunctions. The variables in the conclusion
of the clause will be handled as free variables. The others are considered to be bound by an
existential quantifier. If nonterminal atomic formulas occur amongst the premises; they can be
replaced by the calls of their macros, so they are in fact handled in the same way as the terminal
atomic formulas.

Definition 4.5 To translate a general stratified logic program to a LISA-D query, we define the
following function:

h:QLsr — QLry
h(P)= M,y

where P is a stratified logic program. My is the call of the macro which is the translation of the
premises of those clauses with Sy as a conclusion. Sy is supposed to be the root of P.
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Example 4.2 The stratified logic program of example 4.1 will be translated to the following
Macros:

LET My BE E,
LET My BE Ey
LET M, BE Ey
LET M, BE E4

where By is the translation of the premisses of clause (i) (1 < i <4). Sy is the root of the stratified
logic program, so h(P) = My.

Before we can prove that this translation function is valid, we have to prove the following lemma:
Lemma 4.1 asp(e2.(P)) = arm (€} (h(P))) for alln > 0.
Proof: This proof will be given, using induction on n.

e If n = 0, they both result in §.
e Suppose the equation holds for a certain n.

ozSL(GTSHL'l(P)) = (definition of €sr)
ast (VI CilS (2, oy 25,) = €2, (S (2, ..., 25,))]) = (induction step, defini-
tion of macros and UNTION)
OzLM(UNIONM(wD X1 w1 ... Xn wn)lM(WO X1 Wi ... Xn wn)[XZ = Pi]?:l
[o Y1 1 ... Yy b i= €23, (00 Y1 ¢1 ... Vi ¥ )] = (definition of eppr)
arm(€py (h(P)))
By using induction, we can conclude that the lemma holds.

Remark: We would have liked to give an example of a stratified logic program and its translation
to LISA-D and how they both will be evaluated to the same result, but the translation of
a stratified logic program of any reasonable size will be too big to make this process any
clearer (due to the result of lemma 3.12). In fact, after a few steps of the erpr-function, the
resulting LISA-D query could hardly be written on one page.

After this lemma, we can easily prove that LISA-D (with macros) is at least as expressive as the
class of stratified logic programs:

Theorem 4.1 QLSL(ISSL) Sf,g QLLM(ISLM)

Proof: We define the following functions:

e [:DBSs; — DBSiu

F(R(z1,...,2,)) = R.
o g :range(agr) — range(apy)

g((z1, oy n)) = (1, .oy 20), (21, .0y 20))
e h will be defined as in definition 4.5

The following equation must hold:

Viav,g)eass 9(asc(db, q)) = arm(f(db), h(q)).

The correctness of this equation follows from the result of lemma 4.1. This lemma implies
that the tuples in the result of A(P) are the same tuples as in the result of P after n evaluation
steps.

The only problem that can arise 1s that one of the evaluations may stop, while the other one
continues. The evaluation process of h(P) stops if the result after a step m is equal to the
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result after step m+ 1. This also holds for the evaluation of P. So both evaluation processes
will stop after the same step.

This means directly that the equation holds.
Due to definition 3.3, the theorem holds.

The next condition, to prove that LISA-D with macros is more expressive than the stratified
logic programs, is that LISA-D with macros and the stratified logic programs must not be equally
expressive. This is stated in the following theorem, but to be able to prove this theorem, we need
the following macro:

LET EVEN n BE
IF (n=0) OR (n = 1)
THEN n
ELSE EVEN (n - 2)

It is quite obvious that this macro results in 0 if n is even and in 1 if n is odd.
With this macro, we can prove the following theorem:

Theorem 4.2 QLSL(ISSL) ;éfyg QLLM(ISLM)

Proof: Suppose the opposite holds (QLsr(ISsr) =¢4 Q@Lra(IStar)).
Then QLrp(ISpm) <gxg-1 QLsr(1Ss1) (see definition 3.4).
Then a function h¥ : QLT — QL7,,, as in definition 3.4 exists (remark 2).

This function is bijective, so a function A¥~! : QLF,, — QL%; exists. This leads to the
existence of an element ¢ € QL% for which the following equation holds:

R~ (EVEN NUMBER(R)) = q,

where the macro EVEN n 1s the macro described before this theorem.

But this query (called Even (see [SW91])) is not expressible in a stratified logic program (for
a proof see [CH82]).

Contradiction!

So the theorem is correct.

After we have proved the previous two theorems, we can prove the main theorem of this subsection
(LISA-D with macros is more expressive than the class of stratified logic programs):

Theorem 4.3 QLSL(ISSL) <f,g QLLM(ISLM)

Proof: This follows directly from theorems 4.1 and 4.2 and from definition 3.5.

4.3 Fixed-point queries

In this subsection, we will show that LISA-D with macros is more expressive than the class of
fixed-point queries.

In the first part we will define what we mean by a fixed-point and a fixed-point operation.
After that we will define the information system of fixed-point queries.

In the next part we will show that every fixed-point query can be translated to a corresponding
LISA-D query. This will be shown by proving that a recursive macro can be used to calculate the
least fixed-point of a first order formula.
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4.3.1 Definition of the information system

In this part, we will define the information system of the class of fixed-point queries (see e.g.

[CH82], [GS86]). We will first define the operation F:

Fp) = U2 ()

Such an operation will be called a fized-point operation.
We define n to be a fized-point, if the following equation holds:

U?:l(%”)i = U?:-I—ll(@)i

The operation F' has a fixed-point, if the sequence (¢)!, (¢)?, ... is monotone. A fixed-point  is
defined to be the least fized-point if (1)  is a fixed-points and (2) for all fixed-points y holds that
x < y.

We will continue with a definition of the information system of fixed-point queries. Informally, we
can say that the fixed-point queries are those queries that can be formed by using the queries in
first order logic, together with the fixed-point operation F'. The exact definition of the information
system of fixed-point queries will be:

Definition 4.6 Let ISpp := < DBSpp,QLpp, ASrp,arpp >, where the four components of this
structure have the following definitions:

e DBSpp has the same definition as DBSpo in definition 2.6.
e QLpp consists of all fired-point formulas, which are defined as:

— R(x1,...,2y) is a fized-point formula.
— If 1 and @s are fized-point formulas, then ©1 A o is a fized-point formula.
— If ¢ is a fized-point formula, then —p, 3,[p] and V.[p] are fized-point formulas.

— If ¢ is a first order formula, then F(p) is a fived-point formula, where F is defined
as described before.

Remark: In [GS86] it is shown that it is no restriction to allow only one occurrence of a
fized-point operation in the formula (possibly followed by some first order operations),
so the last rule in this definition is well-defined.

In the last rule, ¢ has to be monotone (as mentioned before). This is true, iff F(p) ap-
pears positive (under an even number of negations) in the complete fized-point formula.

o ASpp is defined as ASpo in definition 3.7.

e app is a partial function, that assigns an answer a € ASpp to every instance db € DBSFp
and ¢ € QLpp. This answer consists of all tuples < e1,...,¢cp >, (where all ¢; are part of
the domain of x; for all 1 < i < n) for which the formula results in true. The variables
X1, ..., %y are all free variables in the formula. The bound vartables do not appear in the
answer.

4.3.2 LISA-D compared with fixed-point queries
We define the following function that will be used to translate fixed-point queries to LISA-D:

h:QLrp — QLrym
h(e) = h'(¢)
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where h’ is the function defined in theorem 3.4, except that the occurrence of F(¢) has to be
translated with a call of the macro F'P that will be defined as:

LET FP BE E FP
where F is defined to be A'(¢).

To prove that the results of ¢ and A(p) are equivalent, we only have to prove that the macro
F P results in the least fixed-point of .

Lemma 4.2 The macro F'P as defined before results in the least fized-point of the formula .

Proof: According to theorem 3.4, the expression E will be a translation of ¢.

It is quite obvious that the execution of the procedure EvaluateMacro (defined in the first
part of this section) applied to this macro F'P (which is recursive) results in E”, where n is
the least number for which E™ = E"t1. As E will be monotone (because ¢ is monotone),
this is the least fixed-point of £ and therefore of .

So the lemma holds.
An example of this translation will be:

Example 4.3 We have the following fized-point query:

Yy, 3y [Rawr, 91) A F(Vy, [Ro(w2, y2, y3)]) A ~Rs(22, y2)]
The fized-point part of this query F(¥,,[Ra(x2, y2,y3)]) can be translated to:
LET FP BE F FP

where E is the translation of the (first order) formula ¥y, [Ro(22, Y2, y3)], according to theorem 3.4.
According to lemma 4.2, this results in the fized-point of E and also of the first order formula.
The resulting formula (with the result of the fized-point operation seen as an ordinary relation),
can be translated according to theorem 3.4, because it 1s a normal first order formula now.
So both the fized-point formula and its translation result in the same tuples.

Remark: We have chosen not to write out the translation according to theorem 3.4 and therefore
we did not work with explicit populations of the relations, because the translations of the
first order formulas would be too complex to make 1t any clearer.

At this time, we can easily prove that LISA-D (with macros) is at least as expressive as the class
of fixed-point queries:

Theorem 4.4 QLFP(ISFP) Sf,g QLLM(ISLM)
Proof: We define the following functions:

L 4 f . DBSFP — DBSLM
F(R(z1,...,2,)) = R.

o g :range(app) — range(arar)
g((z1, oy n)) = (1, .oy 20), (21, .0y 20))

e h will be defined as in the beginning of this part.

The following equation must hold:

Yiabgyearp9(arp(db,q)) = arar(f(db), h(g)).

This follows directly from theorem 3.4 and lemma 4.2, because the result of the macro F'P
can be seen as a relation in a normal first order formula. So the formula ¢ can be seen as a
ordinary first order formula.

This implies that the tuples in the result of h(p) contains the same tuples as the result of .
This means directly that the equation holds.
Due to definition 3.3, the theorem holds.
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The next condition, to prove that LISA-D with macros is more expressive than the class of fixed-
point queries, is that LISA-D with macros and the fixed-point queries must not be equally expres-
sive. This is stated in the following theorem:

Theorem 4.5 QLFP(ISFP) ;éfyg QLLM(ISLM)
Proof: Suppose the opposite holds (QLrp(ISrp) =f4 QLrar(ISLar)).
Then QLrar(1Spar) <« 4-1 QLrp(ISFp) (see definition 3.4).
Then a function h® : QLFp — QL7T,;,, as in definition 3.4 exists (remark 2).

This function is bijective, so a function h®~! : QL%F,, — QL% exists. This leads to the
existence of an element ¢ € QL% for which the following equation holds:

R¥~HEVEN NUMBER(R)) = q,

where the macro EV EN n is the macro described in the previous subsection.

But this query (called Even (see [SW91])) is not expressible in a fixed-point query (for a
proof see [CH82]).

Contradiction!

So the theorem is correct.

After we have proved the previous two theorems, we can prove the main theorem of this subsection
(LISA-D with macros is more expressive than the class of fixed-point queries):

Theorem 4.6 QLFP(ISFP) <f,g QLLM(ISLM)

Proof: This follows directly from theorems 4.4 and 4.5 and from definition 3.5.
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5 Conclusion

In this thesis, we have examined the expressive power of LISA-D. The two aspects of LISA-D
(constraint-language and query-language) proved to have the same expressive power, compared
with the hierarchy of classes of constraints or queries we used. We have seen that LISA-D can
express all constraints and queries in first order logic, but not all constraints and queries in the
class of the Horn clause programs.

As we mentioned in the introduction, the variables in the answers to the queries, were difficult
to deal with, but it was not impossible. So the position of LISA-D in the hierarchy of classes
would not change if we eliminated the operations on constraints (AND; OR, NO, FOR_EACH),
but the resulting constraints would be less easy to formulate and understand. The same holds for
the confluention operation on queries. We have not used it in our thesis, but in practice, it could
lead to more readable queries.

Another conclusion can be that the operations that are part of LISA-D have some differences
with the meaning they seem to have, according to their names. For example the operations
AND_ALSO or INTERSECTION cannot be used as general as the A operation in first order logic,
because the variables in the front and the back of the involved information descriptors need to be
of the same types (by using AND_ALSO only the fronts have to be of the same type). That does
not hold for the A operation in first order logic. A formula like Ry(#1,22) A Ra(wa, #3,24) is a
well-formed first order formula.

The use of macros does increase the expressive power of LISA-D quite a lot. As we have shown,
LISA-D with these macros is more expressive than the class of fixed-point queries. Because we
did not use the confluention operation to prove this, it also holds for constraints.

We did not compare the expressive power of LISA-D with macros with the class of queries
computable in polynomial time (the class QPTIM E mentioned in the introduction). So this is
a point for further research in the future and perhaps (if LISA-D with macros even proves to be
more expressive than this class) even bigger classes have to be examined (classes like QPSPACE
(see [CH82]) or bounded-loop queries or while-queries (see [C88]).

Because we do not know the exact expressive power of LISA-D with macros, it is difficult to
say if 1t 1s necessary to add operations to LISA-D to improve its expressive power. It has proved
to be good (from the point of the expressive power) to add some sort of macro-mechanism to the
standard-operations of LISA-D.
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