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Abstract

In this thesis we study Church’s Problem in the framework of infinite games
between player I (input) and player O (output), and present algorithms for
solving the problem of whether finite-delay solutions for player O in infinite
games exist. Even and Meyer provided an algorithm to determine solutions
with finite delay for sequential Boolean equations with safety winning con-
dition. In our work we introduce special game graphs, in which winning
strategies with a fixed delay and corresponding winning regions for both
players can be constructed. Using this approach, solutions with a fixed delay
for player O in infinite games are built up. Furthermore we present algo-
rithms for solving the problem of whether player O has winning strategies
with bounded delay in arbitrary regular infinite games. As a consequence, we
obtain a new proof for the result of Hosch and Landweber that the existence
of the solution of Church’s Problem by a strategy with a bounded delay is
decidable.
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Chapter 1

Introduction

1.1 History

A central task in computer science is synthesis, which builds from a
specification a program which realizes it. An instance of the synthesis
problem is the description of a desired condition for an input sequence from
the environment and an output sequence from the computer. Given such a
condition we construct a program, which generates an output sequence to
guarantee that the condition is fulfilled.

Church’s Problem. In 1957 a master problem was raised by Church regard-
ing the infinite behavior of automata and the use of automata as transducers.
Church’s Problem concerns the synthesis of automata that realizes functions
over infinite words [5] :

Given a requirement which a circuit is to satisfy, we may suppose
the requirement expressed in some suitable logistic system which
is an extension of restricted recursive arithmetic. The synthesis
problem is to find recursion equivalences representing a circuit
that satisfies the given requirement, or to determine that there is
no such circuit alternatively.

Church’s Problem asks for a finite-state automaton which realizes the
transformation of an infinite sequence « into another infinite sequence J,
such that a requirement on (v, 3), which is expressed in certain logic formula,
is satisfied. Therefore to solve Church’s Problem, we determine whether the
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transformations of infinite words specified in a system of arithmetic are com-
putable by finite automata. There are classes of specifications for which
algorithmic synthesis is possible. The proof of the expressive equivalence
between finite automata and weak monadic second-order arithmetic over the
natural number ordering, was established by Biichi and Elgot [1], and also
by Trakhtenbrot [19] in 1958. This result is considered as a breakthrough
on the relation between automata and logic. A few years later Biichi [4]
extended the Biichi-Elgot-Trakhtenbrot Theorem to the expressive equiva-
lence between the full monadic second-order theory of the natural number
ordering and finite automata over infinite sequences. Based on a result on the
determinization of Biichi automata from McNaughton [11], Church’s problem
was solved in 1967 by Biichi and Landweber [3] for specifications in monadic
second-order logic (MSO logic) over (N, <).

1.2 Background

To study Church’s Problem we work with transducers in the format of
deterministic Mealy automata, which is introduced in [12]. In the theory of
computation, a Mealy machine is a finite state transducer that generates an
output bit based on its current state and input bit.

Mealy automata. A Mealy automaton has the format Ay =
(5,3, 1, 80,0, 7) where S is the finite set of states, 3 and I' are the input al-
phabet and output alphabet, respectively, sq is the initial state, § : Sx¥ — S
is the transition function and 7: S x ¥ — I' is the output function. A tran-
sition from p € S to d (p,a) € S where a € ¥ is labeled by a/7 (p,a) where
7 (p,a) € I'. We present the way to specify languages and the task of syn-
thesis in the system of monadic second-order logic (MSO) over the successor
structure (N, 41, <). It is also called sequential calculus or S1S (second-order
theory of one successor). Church’s Problem can be expressed as follows [17]:

Given a specification ¢ stated in sequential calculus, decide
whether a Mealy automaton exists that transforms each input
sequence « € {0,1}* into an output sequence 3 € {0,1}" such
that (N, +1, <) = ¢ (a, ), and if this is the case, construct such
an automaton.

Example 1.2.1. Let o; be the ¢t + 1st bit of an infinite input sequence
a € {0,1}”, and let B; be the ¢t + 1st bit of an infinite output sequence
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B € {0,1}* for some ¢ > 0. We show a finite automaton from [I7] which
transforms « into 3, such that the following conditions are satisfied:

1.Vt (q=1 — B, =1);

2. —dt By = By = 0;

3. F¥tay=0 — I B, =0.

To fulfill these three conditions we require the following procedure:
1. For input bit 1 produce output bit 1;

2. For input 0 produce:

e output bit 1 if last output bit was 0,
e output bit 0 if last output bit was 1.

This procedure can be executed by a Mealy automaton A, as follows:

0/1,1/1 1/1

(2

-
0/0

Figure 1.1: A Mealy automaton A,

If input bit is 1, the Mealy automaton A, produces output bit 1 at each
moment t. If 0 occurs in input sequence, output bit is chosen between 0 and
1 alternately.

Remark 1.2.2. Trakhtenbrot clarified in [I8] two relevant aspects of
Church’s Problem. The first aspect is the computability of the transfor-
mation by a finite-state automaton, such as the Mealy automaton mentioned
above. The other aspect concerns whether the transformation is nonantici-
patory (i.e., causal); in other words, whether an output f; is determined by
the prefix agay . ..oz of an input a.

In this thesis we are interested in anticipatory transformations from input
sequence « into output sequence 3. Therefore we give some examples of
anticipatory transformations to understand this aspect of Church’s Problem.
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Example 1.2.3. For «, 5 € {0,1}*, an anticipatory transformation can be

/615 = (3¢,

i.e., the output sequence [ consists of every third letter of the input sequence
«. This transformation requires response with an unbounded delay to fulfill
the condition of the input sequence o and the output sequence f.

An instance of anticipatory transformations with a bounded delay can be

ﬁt = Oy 2,

whose transformation requires a bounded delay 3 to generate the output
sequence to fulfill the certain condition.

In this thesis we do not concern anticipatory transformations with un-
bounded delay, but anticipatory transformations with bounded delay.

1.3 Motivation

In the context of reactive systems, we view finite automata with output
as finite-state controllers. They are supposed to behave correctly for any
behavior of the environment represented by input sequences. This amounts
to solutions of infinite two-player games with winning conditions given by w-
regular languages. Based on the work of Gale and Stewart [7], McNaughton
introduced the treatment of Church’s Problem in the framework of infinite
games in [10]. Infinite games of descriptive set theory are put therefore into
an algorithmic framework, and the algorithmic theory of infinite games is in
a very active research area.

In our work we deal with Church’s Problem in the framework of infinite
games. An infinite game describes the interaction between a controller and
the environment, together with a specification as a winning condition. Tt
is more convenient to understand, therefore we consider it advantageous to
transform automaton graphs into game graphs when modeling reactive sys-
tems. A specification ¢ as a winning condition for player O defines an infinite
two-player game between player I ("I" denotes "Input") and player O ("O"
denotes "Output"). The two players contribute respectively the input- and
output-bits in turn.

In applications there are situations in which a perfect synchronized re-
sponse by a controller is not possible. Hence, it is necessary to consider
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possibilities with some tolerance bound, i.e., bounded delay. We search for
solutions with bounded delay which fulfills conditions between two infinite
sequences (i.e., binary relation). In the framework of infinite games, we ask
whether or not player O wins an infinite game over the corresponding finite
game graph with a bounded delay, i.e., whether player O wins an infinite
game with delay d for some 0 < d < 400. The result of the work from Even
and Meyer [6] provided an algorithm of solving sequential Boolean equations
with a finite delay over Even-Meyer automaton graphs. In other words they
solve the problem of determining finite-delay solutions in safety games. Based
on this result, Hosch and Landweber [8] proved that the existence of the so-
lution of Church’s Problem with delay is decidable. We deal with Church’s
Problem in framework of infinite games with finite delay and provide algo-
rithms over game graphs to find solutions with fixed delay in corresponding
infinite games. The essential problem is how to determine the existence of
finite-delay solutions for player O in arbitrary infinite games. Our goal is
to find the break condition for searching a finite-delay solution for player O
in regular infinite games, therefore to prove that that the existence of the
solution of Church’s Problem by a strategy with finite delay is decidable.

1.4 Outline

We start with a preliminary chapter in which we recall basic definitions rele-
vant to our work. The idea of winning strategies with delay in infinite games
will be presented as a bridge to the following chapters. The algorithm of
Even and Meyer [6] is presented in Chapter 3. This algorithm provide a
possibility to determine finite-delay solutions for sequential Boolean equa-
tions with safety winning condition. Furthermore we study how to construct
winning strategies with a fixed delay in arbitrary infinite games over to cor-
responding d-delay game graphs in Chapter 4. The major question is how
to determine the existence of solutions with finite delay in infinite game, i.e.,
it asks whether one of the players has a winning strategy with finite delay
in an infinite game. The algorithms for solving this problem are presented
in Chapter 5. Hosch and Landweber [§] proved that the problem whether
Church’s Problem with conditions stated in sequential calculus are solvable
with delay is decidable. The conclusion of our work is that the existence
of the solution of Church’s Problem by a strategy with a bounded delay is
decidable.



Chapter 2

Preliminaries

In this chapter we introduce basic definitions which are referred to in the
following chapters. The terms of regular languages, infinite games and oper-
ators will be recalled, which are followed by the definition of solutions with
finite delay.

2.1 Languages

Computers operate on texts consisting of sequences of symbols over a given
alphabet. Every program transforms input texts into output texts. There-
fore the basic terms are alphabets, words and languages which specify the
fundamental notions of computer science. Hence, we recall in this section
the definitions of regular language and w-regular language.

Definition 2.1.1. An alphabet is a finite set consisting of elements called
symbols, it is denoted by X. Let X* be the set of all finite words over ¥
and X“ be the set of infinite words over 3. A word with length n over an
alphabet X is a finite sequence of letters agaias . ..a,—1 € X* with a; € X for
0 <7< n-—1; an w-word is an infinite sequence of letters agaias ... € 3¢
with a; € X for ¢ > o.

Length of a finite word w is denoted by |w| where w € ¥*. In this thesis
we refer to regular languages defined by standard regular expression [9] with
the operators +, -.*.

Definition 2.1.2. An w-regular language is a finite union of w-languages
U - V¥ with regular languages U,V C ¥*.

9
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Let ¥; = {0,1} be an input alphabet and 3o = {0,1} be an output
alphabet. Church’s Problem concerns transformations of an infinite word
a = oy ... € {0,1}* into an infinite word 5 = SByf; ... € {0, 1}, fulfilling a
certain condition C' (X, Y") where X and Y are variables for infinite sequences,
ie., C(a,p) holds. Since a condition C' (X,Y) can be described by an w-
language L, Church’s Problem asks whether a x 8 := a1 61 ... € L where
L C {0,1}*. In our work we define conditions C' (X,Y) in the framework of
sequential calculus.

Definition 2.1.3. Sequential calculus is the class of conditions which can be
expressed in a formalism which consists of:

e first order variables x,y, z, . .. interpreted as elements of the set of nat-
ural numbers N;

e monadic second order predicate variables X, Y, Z, ... interpreted as sub-
sets of natural numbers N;

e the usual logical connectives A, V,—, .. ;

e equality =;

e quantifiers over both first and second order variables V, ;
e the function symbol ’ for the successor;

e the constant symbol 0 for the natural number zero.

Sequential calculus is the monadic second order theory of the natural
numbers with the function successor (i.e., S1S). Church’s Problem is solved
by Biichi and Landweber [3] with an algorithm, which decides whether con-
ditions stated in the framework of sequential calculus admit finite automata
solutions, and produces such finite automata, if they exist.

2.2 Infinite games

Compared with automata graphs, game graphs offer a more intuitive view.
Therefore it is useful to study Church’s Problem in the framework of infinite
games. Gale and Stewart [7] introduce a form of infinite games in 1953, which
represents Church’s Problem for any w-language L C {0,1}".
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Definition 2.2.1. In a Gale-Stewart game, player I and player O choose
symbols from an alphabet ¥ = {0, 1} alternately and create an infinite se-
quence agfBoaify ... € {0,1}*, where «; denotes an input bit from player T
and (; denotes an output bit from player O for ¢ > 0.

Player O wins the Gale-Stewart game if a x § = «agfpa1f1... € L C
{0,1}*, the infinite language L describes the winning condition C' (X,Y) in
the infinite game where X and Y are variables for infinite sequences.

Biichi and Landweber show in [3] that a condition C' (X,Y) stated in
sequential calculus is computable by a finite automaton. An automaton can
be transformed into a game graph by distinguishing the contribution of bits,
which are chosen by player I and player O. As shown in Figure [2.1] we in-
troduce intermediate states between two steps from one step in automaton
graphs, processing a single bit. Hence Gale-Stewart games with winning con-
ditions defined in sequential calculus can be considered as two-player infinite
games with finite-state game graphs.

(% . )
O/ON -

Figure 2.1: Transformation from an automaton to a game graph

We define now general game graphs with finite states for solving Church’s
Problem with conditions stated in sequential calculus.

Definition 2.2.2. A general game graph is a tuple G = (Q, ) with a vertex
set Q = Q;UQo where Q; denotes the set of vertices for player I, Qo denotes
the set of vertices for player O, and

pi=A{Qr x X = Qo U{Qo x o — Qr}

is the function determining moves. The corresponding edge relation £ C
p

{Qr x Qo} U {Qo x Qr} is defined as (¢,p) € E if and only if pu(q,u) =
for some u € ;U Xp.
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Note that all outgoing edges are connected only with vertices of the op-
ponent. The vertices in the set (); are depicted by boxes and the vertices
in the set Qo by circles in game graphs. The set () will always be finite,
therefore we also speak of finite-state game graphs.

Definition 2.2.3. A play is an infinite sequence p = p (0) p (1) p(2) ... with
(p(i),p(i+1)) € E for i > 0. The set of vertices which occur in the play p
is denoted by Occ (p):

Occ(p) =={q€Q|Jip(i)=q}.
Inf (p) denotes the set of vertices which occur in the play p infinitely often:

Inf(p) :={q€ Q|3 p(i) =q}.

If a vertex p € @) is reached by an outgoing edge from a vertex ¢ € () in a
game graph G, we say that ¢ is a predecessor of p, and p is a successor of q.

Definition 2.2.4. An infinite game for solving Church’s Problem is a tuple
(G, qo, p) consisting of a game graph G = (@, i), an initial vertex ¢ € @
and a winning condition ¢ for player O. The size of an infinite game is the
number of vertices in the corresponding game graph G, denoted by |Q)].

For solving Church’s Problem with conditions in sequential calculus an
appropriate model of automaton is introduced by Muller [13]. The Biichi-
Elgot-Trakhtenbrot Theorem shows that any MSO formula ¢ can be trans-
formed into an equivalent Muller automaton. The results in [4] and [I1]
allow to convert an MSO formula into an equivalent non-deterministic Biichi
automaton, and hence into an equivalent deterministic Muller automaton.
Thus, we recall the definition of a Muller game which is transformed from
Muller automaton.

Definition 2.2.5. A Muller game is an infinite game (G, g, F) with a game
graph G = (Q, ), an initial vertex gy € () and a winning condition for
player O given by a collection F C 29. Player O wins a play p if and only if

Inf (p) € F.

A weak Muller game is an infinite game (G, g, F) with a game graph
G = (Q, ), an initial vertex gy € @ and a winning condition for player O
given by a collection F C 29. Player O wins a play p if

Occ (p) € F.
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Definition 2.2.6. A strategy for player O in an infinite game is a function
f:(Qr-Qo)" — Xo, ie., it determines output bits on an infinite word
a x B = agfaifr... € {0,1}" of even length; analogously a function g :
(Qr - Qo)™ -Qr — X is a strategy for player I which determines input bits on
an infinite word a x 8 = apfpa1 i ... € {0,1}* of odd length. A positional
strategy f : Qo — {0, 1} for player O can be described by a subset of the set
of edges E:

{(¢.p) € E|q€Qo,f(q) =pe€Q} CE;

analogously for a positional strategy g : Q; — {0, 1} for player I.

A play p = p(0)p(1)p(2)... started in p(0) is consistent with f if for
every p(i) € Qo, p(i+1) = i (p (i), f (p(0) .. p (1)) holds.

A strategy f is a winning strategy from ¢ € @ for player O in a game
graph G = (Q, ) if each play from ¢ consistent with f fulfills the winning
condition , analogously for a winning strategy ¢ for player I. Let Win C Q¥
be the set of the plays won by player O, in a game graph G a winning region
of player O is defined as follows:

Wo :={q € Q | player O has a winning strategy from ¢} .

A winning region of player I denoted by W7 is defined analogously.

In our work we concern Church’s Problem, thus we are interested in the
problem of deciding whether player O has a winning strategy from the initial
vertex go in a game graph G' = (Q, ), i.e., whether gy € Wo.

Definition 2.2.7. A game is determined if each vertex of the game graph is
either in Wy or in Wy, i.e., W; U Wy = @Q holds.

Biichi and Landweber show in [3] that every infinite game with winning
condition definable in sequential calculus, is determined. Hereby we recall
definitions of determined infinite games with different winning conditions for
player O.

e A reachability game (G, qo, ) is an infinite game together with a game
graph G = (@, i), an initial vertex gy € @ and a set F' C () defining a
reachability winning condition as follows:

peWin:& Ji:p(i) € F.

Reachability games are a special case of weak Muller games.
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A safety game (G, qo, ) is an infinite game together with a game graph
G = (Q, ), an initial vertex ¢op € @ and a set F' C ) defining a safety
winning condition as follows:

peWin:& Vi:p(i) e F.

An infinite game (G, qo, ) given by a game graph G = (Q, ), an
initial vertex qo € Q and F' C @ is called a Biichi game if the winning
condition of player O is given by:

p € Win :& Inf (p) N F # 0.

The dual co-Biichi winning condition of player O is:
p € Win :& Inf (p) C F,

an infinite game with such a winning condition is called a co-Biichi
game.

Let G = (Q, 1) be a game graph and ¢ be a coloring function ¢ : Q —
{0,1,...,k} for some k € N. A play p = p(0)p(1)p(2)... delivers
a sequence of colors ¢(p) = c(p(0))c(p(1))c(p(2))... A weak parity
game is an infinite game (G, qo, @), a game graph G = (Q, p) with a
coloring function ¢ : @ — {0,1,...,k} for some k € N, an initial vertex
qo € @ and a weak parity condition defining the set of plays p won by
player O:
p € Win :< max (Occ (¢(p))) is even.

Given a game graph G = (@, ) with a coloring function ¢ : Q —
{0,1,...,k} for some k € N, and an initial vertex ¢y € Q. A parity
game is an infinite game (G, qo, ) with a parity winning condition
defining the set of plays p won by player O:

p € Win :& max (Inf (¢ (p))) is even.

The parity winning condition is the most fundamental one of all win-
ning conditions for infinite two-player games. FEvery other winning
condition can be reduced to the parity condition.
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2.3 Operators

Definition 2.3.1. Given two finite sets, ¥; as an input alphabet and Yo
as an output alphabet, 3¢ and X¢ denote the sets of infinite words over X;
and Yo respectively. Let X be a variable for infinite sequences in ¥4 and Y
be a variable for infinite sequences in X¥. Let C'(X,Y’) be a binary relation
between X and Y, and op be an operator mapping X% into X§. We say that
an operator op : XY — X is a solution for a condition C (X,Y) for Y if

{(a,op(a)) @€ Bf} CC(X,Y).
An operator op’ : ¥¢ — XY is a solution for a condition —-C (X,Y) for X
if
{(op" (B),B) | BE X5} C-C(X,Y).

Definition 2.3.2. An operator op for infinite words is called nonanticipatory
or causal, if for any infinite words

. ;o /
o = opof...qp... and

o= apaf.af

for t > 0, the corresponding outputs

op(d) = B =p68...6 ... and

op(a") = B =BuBl... ...

fulfill the following condition:

/ " / 1 / ! / ! / /! / ! .
)y =00, 00 =0, ..., 0 =0,,...=> B,=05,0,=01,---, B, =08,..3
i.e., the output f; at time t is uniquely determined by the input sequence
o, A, - - ., 0y, and is independent of the input sequence oy, @10, ... in the
future. Otherwise an operator op for infinite words is an anticipatory opera-
tor.
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Trakhtenbrot and Barzdin introduce in [15] a type of operators with delay
as solutions to fulfill conditions C' (X, Y’) between infinite words.

Definition 2.3.3. An operator op : 3¢ — X% is continuous if for each a €
¥ each bit 5 of op () depends only on a finite prefix of a for 0 < ¢ < 4o0.

Hence, every nonanticipatory operator is continuous.
Example 2.3.4. The following operator op; is causal:

() 1, if apgaq ...y contains more ones than zeros;
op1 \O¢) = .
P 0, otherwise.

A continuous operator op, for some k with 0 < k < +o00 is shown as
follows:

ops (o) 1, if agaq... ..., contains more ones than zeros;
t — .
0, otherwise.

And the following operator ops is a typical non-continuous one:

ops (au) 1, if apay ... ... contains infinitely many ones;
P3\Qe) = 0, otherwise.

We are interested in the class of continuous operators op mapping 3 into
¢ for which

ﬁt =9 (060041 c. (lf(t))
holds, where §; is the (¢ 4 1)st element of the sequence (5, f is a function

f N = N, and 4 maps ¥} into ¥p where ¥} denotes a set of all finite
sequences over .

Definition 2.3.5. A continuous operator op is called deterministic if f (t) <
t, i.e., if for 0 < d < 400 it can be given in the form

Br =08 (pay ... yiq) -

Definition 2.3.6. A deterministic operator is a d-shift operator for some
d>0if f(t) =t—dfort > d, otherwise f (t) = 0, i.e., a d-shift operator
produces (; according to the sequence «g...q;_ 4. An operator is a d-delay
operator for some d > 0 if f (t) =t + d — 1, which means a d-delay operator
will not generate [5; until a finite sequence «y ...z g1 is seen.
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Example 2.3.7. We have following examples for d-shift operator and d-delay
operator:
1. 3-shift operator generates

B, = 1, if apay ... ay_3 contains even many ones;
¢ 0, otherwise.

In other words player O has to produce the output bit 5; depending only on
the input sequence up to time ¢t — 3.

t 001 2345
Player I/ |0_.1.0.1 1 0 ---

Player O \\‘\

00 0°1°070 -

2. 3-delay operator generates

B, = 1, if apgay ...y o contains even many ones;
K 0, otherwise.

In other words player O can wait until the sequence of input bits from player [
till time ¢ 4 2 is seen.

t o123 45
Player 7 |0 0_1_0_ 1 1 ---

Player O S

0O 1 1 0O ~----cv--

Definition 2.3.8. A condition C' (X,Y) is determined if and only if there
exists either a 1-delay solution 8 = op («) of the condition C' (X,Y) for Y or
a 1-shift solution op’ of the condition ~C (X,Y) for X.

Biichi and Landweber |3] give a synthesis algorithm for sequential calcu-
lus with respect to deterministic operators by showing that every condition
C (X,Y) of sequential calculus is determined.

Let X be a variable for infinite sequences, we write X (¢) for the ¢ 4 1st
position in the corresponding sequence, analogously for infinite words Y and
Z.
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Remark 2.3.9. A condition C (X,Y) stated in sequential calculus has a
d-delay solution for Y if and only if the condition defined by the formula

Cy(X,Y):=3Z(C(ZY)AVE(Z(t) < Y (t+d— 1))

has a 1-delay solution for Y. Tt is equivalent to C'(X,Y) having a d-delay
solution for Y. A condition =C'(X,Y") in sequential calculus has a d-shift
solution for X if and only if the condition defined by the formula

Oy (X,Y) =VZ(H(ZH) =Y (t+d— 1)) = ~C(Z,Y))

has a 1-shift solution for X. It is equivalent to =C (X,Y’) having a d-shift
solution for X.

For any fixed d the existence of a d-delay solution is determined accord-
ing to the Biichi-Landweber algorithm [3]. Because conditions in sequential
calculus are determined, Cy(X,Y) does not have a 1-delay solution for
if and only if =C, (X,Y) has a 1-shift solution for X. It also means that
for every condition C'(X,Y) which is defined in sequential calculus and for
every fixed d, either C' (X,Y) has a d-delay solution for Y or =C (X,Y’) has
a d-shift solution for X [§].

Remark 2.3.10. If C' (X,Y) has a d-delay solution for Y for some d > 0, it
also has d’-delay solutions for Y for all d’ > d; and if =C' (X,Y") has a d-shift
solution for X, it also has d’-shift solutions for all 0 < d’ < d.

2.4 Winning strategies with delay

An operator op for solving a condition C' (X,Y") can be considered as a win-
ning strategy for player O in an infinite game, which is specified by the
w-language described by C' (X,Y). We consider a certain infinite game spec-
ified by the condition C' (X,Y’). Player I selects an element «; of an input
alphabet 3; at time ¢, and then player O makes a move by selecting an ele-
ment 3, of an output alphabet >Xo. Both players have complete information
about all previous moves of their opponent, i.e., player I knows the output
sequence [y ... [H:—1 when making a move at time ¢, and player O replies
with the input sequence aga; ... ap. A play («, 3) of the game creates an in-
finite sequence agByaf; . .. consisting of all moves of each player. Player O
wins the game if C'(X,Y) is satisfied by a play («, 3), otherwise player I
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wins. Hence in the framework of infinite games, a strategy for player [ is a
deterministic 1-shift operator n : 3¢ — 3¢ and a strategy for player O is a
deterministic 1-delay operator ¢ : XY — X§.

Remark 2.4.1. A condition C' (X,Y) is determined if and only if one of
the players has a winning strategy in the infinite game with the winning
condition C' (X,Y), i.e., player I has a d-shift operator or player O has a
d-delay operator, with which they can beat all strategies of their opponent.

An operator § : XY — 2§ is a d-delay winning strategy for player O
in an infinite game defined by a condition C'(X,Y), if and only if it is a
deterministic d-delay solution of C'(X,Y) for Y. As mentioned in the pre-
vious section, player O therefore has winning strategies with all delay d’ for
d' > d. Analogously for player I, an operator 7 is a d-shift winning strategy
for player I in an infinite game described by a condition C'(X,Y), if and
only if it is a deterministic d-shift solution of C'(X,Y’) for X. Player O has
no d-delay winning strategy in this infinite game and player I has winning
strategies with all shift d’' for 0 < d’ < d.

Example 2.4.2. We consider the operator ops in Example It shows
us that player O wins the game only with an infinite delay, i.e., player O
produces a sequence 3 € X¢ according to an entire input sequence a € X¢
of player I. Tt is clear that no finite delay suffices for player O to win.
Because if player O chooses output bits with a delay d, which means a bit
B¢ is determined after the choice of ayayiq...ar1q-1 by player I, player [
may decide the continuing sequence oy igi1... € 0¥ for fq1 = 1, or
Qi qQyrgrt --- € 19 for Byrqg—1 = 0 respectively. In another aspect, player [
has a winning strategy with an arbitrary finite shift d, or player I loses the
game with an infinite shift.

In fact there are infinite games in which player / wins with an infinite
shift, i.e., player O does not have a winning strategy even with an infinite
delay in these infinite games, see the operator ops in Example Our
main purpose in this thesis is to determine whether a condition C (X,Y)
stated in sequential calculus has a solution with a finite delay for Y or an
infinite delay, or =C (X, Y’) has a solution with an infinite shift for X. In
other words we look for winning strategies with delay for player O in an
infinite game specified by a winning condition C (X,Y") for player O. There
are three situations:
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1. Player O wins an infinite game with a finite delay d (i.e., a bounded
delay), therefore player O wins also with delay d' for all ' > d; i.e.,
player I has winning strategies with shift d” for all d” < d in the game;

2. Player O has no winning strategy with delay in an infinite game, i.e.,
player I wins an infinite game with an arbitrary shift, and also with an
infinite shift;

3. Player O wins an infinite game, but only with an infinite delay, i.e.,
player I has an arbitrary finite shift winning strategy in the game.

Since we are interested only in continuous operators, we do not consider
the third case. We study in the following chapters the algorithms to dis-
tinguish the first two situations in different infinite games, and focus on the
problem of deciding whether a finite delay solution for player O exists in an
infinite game.



Chapter 3

Finite-Delay Solutions for
Sequential Boolean Equations

In this chapter we present an algorithm of Even and Meyer which determines
finite delay solutions for sequential Boolean equations.

3.1 Sequential Boolean equations

Even and Meyer [6] solve the finite delay problem for a fragment of sequential
calculus called sequential Boolean equations. They show that the problem
to decide whether such an equation has a solution with a finite delay can
be reduced to the problem of deciding whether a given finite automaton
graph is solvable with a finite delay. For a finite Even-Meyer automaton
graph, they provide an algorithm determining whether or not a sequential
Boolean equation has a finite-delay solution. Because of the equivalence
between solving sequential Boolean equations and solving problem for finite
automaton graphs, the problem whether a corresponding sequential Boolean
equation has a solution with a finite delay is solvable.

Definition 3.1.1. Let F'(X,Y,dY) be a quantifier free formula of sequential
calculus without constants, where X is a vector (zg, 1, ..., Zmn_1) consisting
of independent Boolean variables, Y is a vector (yo, y1,...,Yn_1) consisting
of dependent binary variables and dY = (dyo, dy, . .., dy,_1). F is a Boolean
expression with:

e Boolean addition '+;

21
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e Boolean multiplication ’-’;

e Complementation '~ ’;
e dz(t) = z(t + 1) is the value of z one time unit later under the condition
that time is discrete.

A sequential Boolean equation is written in the form

F(X,Y,dY) = 0.

Definition 3.1.2. The equation F' (X,Y,dY’) = 0 has a solution if and only
if for every finite sequence of values for X = X (0),X (1),..., X (T) there
exists a sequence of values of Y = Y (0),Y (1),...,Y(T),Y (T + 1) such
that the equation will hold for every t =0,1,...,T.

Definition 3.1.3. The equation has a solution with o finite delay d if the
knowledge of X (0),X (1),...,X (d —1) is sufficient to determine a value
for Y (0); the knowledge of Y (¢t — 1), X (t —1),X (t),..., X (t+d—1) for
every t > 0 is sufficient to determine a value for Y (¢) such that the deter-
mined part of the sequence of Y is part of a solution for the given sequence
of X.

An alternative statement is that there exists operators op; and ops, such
that for any 7" > d and any sequence X (0), X (1),..., X (T) the sequence
Y (0),Y(1),...,Y (T — d) which is given by

Y(0) = opi (X (0),X(1),...,X(d—1))
Y(t+1) = op(Y(#), X (1), X(t+1),.... X (t+d)

for t = 0,1,...,7 — d, can be augmented by some values for
Y(T—-d+1),...,Y(T) to satisfy the equation F (X,Y,dY’) = 0 for every
t=0,1,...,T.

In the following example, we show that equations of the form
F(X,Y,dY) = 0 are enough to represent even more general equation of
the form F' (X,dX,Y,dY) = 0.
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Example 3.1.4. Given the following equation with an independent variable
x and a dependent variable y:

xydy + rydy + xydr + xydz = 0.
We can replace dx with dz and form the simultaneous equations as follows:
{ xydy + xydy + Tjdz + Tydz = 0;
T =z
These two simultaneous equations are equivalent, because
er=0andy=0&z2+y=0;
e r =y ay+ay=0.
The resulting equation in the form F'(z,y, z,dy,dz) = 0 is
xydy + rydy + 2ydz + rydz + 22+ 22 =0

where x is an independent variable, y and z are both dependent variables.

3.2 Representing sequential Boolean equations
by graphs

Definition 3.2.1. A directed graph G over a finite alphabet % is a system
(V, Vo, E) where V is the finite set of vertices, Vj C V is the set of initial
vertices and £ C V x X x V is the set of labeled directed edges. We can
extend F to edges labeled by finite words from >* as follows:

E (vi,e,v;) © v;=v;
with € denotes empty word and
E (vi,ua,v;) < Jug (E (v;, u,v) A E (vg, a,v;))

with v € X* and a € X for all 0 < 4,5,k < |V|. A path in
G with labels lply... 1,1 € ¥* is a sequence of edges of the form

(UO, l(), ’Ul) s ('Ul, ll, U2> gy (Unfl, lnfl, Un)-
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Let G be a directed graph with n vertices V' = {wvg, v1,...,v,_1} and each
edge labeled with [ € . The only restriction on G is that there exists at
most one edge from v; to v; with label [ € X for 0 < 4,j < n, i.e., on each
path there is a unique word consisting of labels which appear on the path.

Let U C V be any set of vertices and u € ¥* be a finite word, A (U, u)
is the set of all vertices which are reachable from vertices in U through all
paths labeled with u

A(Uu)={veV|ve E(w,u,v) withweU}.

The representation of equations by graphs is best shown by means of an
example.

Example 3.2.2. We consider the equation from Example 3.1.4
xydy + rydy + rydz + vydz + vz + 72 = 0.

We first show how to expand the left side on y, 2z, dy and dz. For each
possible value of y, 2z, dy and dz we build a term, for instance yzdydz when
Y, z,dy and dz are all 1. The value of the term yzdydz in brackets is deter-
mined by the above equation as follows:

0+2+0+04+2=1,

thus the value in bracket for the term yzdydz is 1. Furthermore we obtain
the result of the expansion on the left side of this equation:

yzdydz (1) + yzdydz (1) + yzdydz(z) + yzdydz(z) —+
yzdydz (v) + yzdydz (1) + yzdydz(x) + yzdydz(1l) +
yzdydz (z) + yzdydzZ(z) + gzdydz(1l) + gyzdydz (1) +
yzdydz (1) + yzdydz(z) + yzdydz(l) + yzdydz(x) = 0.

This equation can be represented as a graph. Consider the term
yzdydz (T) for instance, it means that yzdydz = 1 or in other words that
the state yz = 1 may be followed by the state dydz = 1 if and only if z =0
or z = 1. (y,z) has 4 possible values (0,0), (0,1), (1,0) and (1,1), hence a
graph with 4 vertices can be constructed to represent these 4 states. The ver-
tex (y, ) is connected to the vertex (dy, dz) with an edge labeled by x if and
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only if the left side of the equation becomes zero. For the term yzdydz (Z),
vertex (1,1) is connected to (0,1) with an edge labeled by 1. The resulting
graph is shown in Figure [3.1]and the table representing the graph G is shown
in Table

Figure 3.1: Graph G,

0 1
00 [ 00,10 —
01| — 10,11
001,11  —
11| — 00,01

Table 3.1: Table of graph G,

For any graph we can choose codes for vertices of the graph arbitrarily
as long as the code of each vertex is unique. We require codes with length
k with 28 > n for a graph with n vertices. By 2* > n, the codes which
is not assigned to vertices are considered as assigned to the vertices which
are not connected by any edges. As those isolated vertices never appear in
a sequence of values for Y, we can just ignore them. When 2*¥ = n we can
assign each code to a vertex.

Example 3.2.3. Let G5 in Figure be a given graph, the graph is repre-
sented in Table with the chosen codes for vertices of the graph G.

a: 00
b: 01
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Figure 3.2: Given graph Gy

c: 10
d: 11
0 1
00 — 01
01 11 00,01, 10
10 | 00,01 —
11 10 01

Table 3.2: Table of graph G,

We can construct a corresponding equation from the table of the graph G,
in Figure [3.2 which is equivalent to the equation in the form F (X,Y,y) = 0.

yzdydz (1) + wyzdydz(x) + yzdydz(x) + yzdydz (1) +
yzdydz (1) + yzdydz (1) + yzdydz(z) + yzdydz(z) +
yzdydz (x) + yzdydz () + yzdydz(T) + yzdydz(z) +
yzdydz (1) + yzdydz (1) + yzdydz(z) + yzdydz(l) = 0.

A directed graph representing an equation in the form F (X,Y,dY) =0
has 2" vertices and 2™ edges, where X = (Xo, X1,...,X;_1) and Y =
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(Yo, Y1,...,Y, 1) are second order variables. With a sequence of X, namely
X(0),X(1),...,X (T —1),asequence of Y, namely Y (0),Y (1),...,Y (T)
is determined such that the equation holds for t = 0,1,...,7 — 1. We want
to find a path of length T in the graph with the same labeled word as a
given one. In such a path, a sequence of vertices will specify a sequence of
values of Y which satisfies the requirement and vice versa. Thus we say that
the problem of deciding whether an equation has a solution is equivalent to
the problem of deciding whether the corresponding graph is solvable. With
a graph G and label-alphabet ¥ we can construct a corresponding equation
which has a solution if and only if the graph is solvable.

3.3 Solvable graphs of sequential Boolean
equations

The problem of deciding whether a given graph is solvable is equivalent to
the problem of deciding whether the corresponding finite-state automaton
accepts all words.

Definition 3.3.1. An automaton A corresponding to a graph G with labels
from ¥ is defined as follows:

1. The set of states is V;
2. The input alphabet is X;

3. The set of next states from the state v; with an input letter [; is

0 ({vi}, li);
4. The set of initial states is V;

5. The set of final states is V.

If a word is accepted by an automaton A, then there exists a path labeled
with this word in G. We show how to find a path in G with a given word
loll . lT—l S Szgma*

1. Let V be V the set of all vertices of G;

2. Let Vi=A(Viq,liq) forevery t =1,2,...,T — 1;
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3. The result is a sequence Vi, Vi, ..., Vr_y, Vp such that all vertices in V;
are reachable by a path labeled with [yl ... 1[;_1;

4. Choose any v; from V; and find a v;,_; € V;_; such that there is an edge
labeled with [;_; from v;_; to vy for every t =1,2,...,T — 1,

5. The sequence vgv; ... v;_10; is one of the solution.

The following example illustrates the procedure of the above-mentioned
construction.

Example 3.3.2. Given a directed graph G, in Figure [3.2] the transition
table of this graph is shown in Table |3.3|

0 1
a| — b
b| d a,bc
clab —
d| c b

Table 3.3: Table 15 of G,
The paths on A labeled with the word 1010 are:
{a,b,c,d} = {a,b,c} > {a,b,d} > {a,b,c} > {a,b,d}.

Therefore we find one of the solutions with the sequence bcabd from the
construction.

Definition 3.3.3. A graph G is solvable with respect to X, if and only if for
every finite word in X* there exists a path in G whose sequence of labels is
a given word, i.e.,

G is solvable with respect to ¥ < A (V,u) # 0 for all u € X,

This means a graph is not solvable if and only if an empty set is generated
during the construction. Even and Meyer show that the problem of solving
such an equation can be reduced to the problem of deciding whether a given
graph is solvable with respect to some alphabet . The problem of deciding
whether G is solvable is reduced to the problem of deciding whether A accepts
all words over Y. A graph G has a solution without delay if and only if there
exists a nonempty set of vertices V' C V such that A ({v},l) NV’ #£ 0 for
allve V' and [ € 3.
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Example 3.3.4. Let’s consider a graph given in Figure [3.2] Table [3.3| repre-
sents this graph. We eliminate states a and ¢ since a has no transition with
label 0 and ¢ has no outgoing edge with label 1, then d has no transition with
label 0 and b is therefore eliminated. Hence G has no solution with delay 0.

0 1
b|d b
dl— b

Table 3.4: Eliminated table T3 of G

Table 3.5: Eliminated table T3 of Gy

3.4 Solvable graphs of sequential Boolean
equations with delay d

Definition 3.4.1. A graph G is solvable with a finite delay d with respect
to X if the knowledge of first d labels of a word [yl; .. .14 is sufficient to de-
termine the initial vertex vg, and for every ¢ the knowledge of vy, l;l;11 ... l;1q
is sufficient to determine a vertex v, 1, such that the determined part of the
sequence of vertices is a part of the path with the given word of labels.

Definition 3.4.2. For a solution with a finite delay d in G the set of graphs
G? for d > 0 is defined as follows:

1. G'=G;

2. The vertices of G¢ are (d + 1)-tuples (v,lo,l1,...,lq_1) where v € V
and lo, ll, . ;ld—l S E,

3. The vertex (v,ly,ly,...,lq_1) is joined to vertex (v',ly,ls,... l4_1,1)
with the label [ if and only if v € § ({v},lp);
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4. There are no other edges in G

Each vertex in G contains information of the next d letters. A transition
in G4 is equal to transitions of d + 1 letters in G. To decide whether G has a
solution with delay d is equivalent to decide whether G has a solution with
delay 1.

Example 3.4.3. We construct G' from Table and represent the result
in Table We start with eliminating states a0 and cl, because they both
have no outgoing edge with neither label 0 nor label 1. Through the same
procedure all the states on Table|3.6|are eliminated, which means GG does not
have a solution with delay 1 either. G? is constructed in Table All states
in G? are also eliminated. The same happens to G® in Table Hence G
has a solution neither with delay 2 nor with delay 3.

0 1
a0 — —
al b0 bl
b0 d0 dl

bl | a0,b0,c0 a0, b0, cO
c0 a0, b0 al, bl

cl — —
d0 c0 cl
dl b0 bl

Table 3.6: Table of G!

Hereto an algorithm for deciding whether or not a sequential Boolean
equation has solution with delay d is provided. Unfortunately we are not
willing to go through the same procedure with any given delay d, but seek
an efficient method for finding the upper bound of a finite-delay solution. In
the following section, we introduce a method to determine the existence of a
finite-delay solution for a sequential Boolean equation.
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0 1

a00 — —

a0l — —

al0 b00 b01

all b10 b1l

b00 d00 d01

b01 d10 dll

b10 | a00, 00,00 a01,b01, 01
b11 | al0,010,c10 all,b11,cll
c00 a00, b00 a01, b01
c01 al0, 010 all, b1l
c10 — —

cll — —

d00 00 c01

d01 cl10 cll
d10 b00 b01

dll b10 b11

3.5 Solvable graphs
equations with finite delay

Table 3.7: Table of G?

of sequential Boolean

In the previous section we introduced a method to decide whether an automa-
ton graph is solvable with a given delay d. Now we raise another problem
of deciding whether an automaton graph is solvable with a finite delay. We
look for an upper bound of a finite-delay solution in a graph G. In order to
solve the problem we define a d-merge graph G.

Definition 3.5.1. Let G = (V,V;, E) be a graph with labels from X, a
d-merge of G, denoted by Gy, is defined as follows:

1. The vertices of G4 are V' from the graph G;

2. X% denotes the set of all label sequences of 3 with length d;

3. Between v; € V and v; € V there is an edge in G with label [pl; ... 154
for lo,l1,...,l4-1 € X, if and only if a path from v; to v; in G exists
with the same label sequence.
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0 1
a000 — —
a001 — —
a010 — —
a011 — —
al00 b000 b001
al01 b010 b011
all0 b100 b101
alll b110 b111
b000 d000 d001
b001 d010 d011
b010 d100 d101
b011 d110 dl11
6100 | a000, 5000, c000 a001, 6001, c001
b101 | a010,56010,c010 a011,06011, 011
b110 | @100, 5100, 100 a101,b101, 101
b111 | @110,6110,¢110 all1,b111,c111
000 a000, b000 a001, b001
001 a010,b010 a011,b011
010 a100, 5100 al01,b101
c011 al10,b110 alll,blll
c100 — —
c101 — —
c110 — —
cl11 - —
d000 000 001
d001 010 c011
d010 100 c101
d011 c110 cl11
d100 b000 b001
d101 b010 b011
d110 5100 b101
dll1 b110 b111

Table 3.8: Table of G3
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Even and Meyer declare that there exists an algorithm for deciding
whether a given graph with n vertices is solvable with a finite delay. It
is proved by the following lemmata [6]:

Lemma 3.5.2. If G s solvable with delay d then Gy is solvable with delay 1.

Since a label-alphabet on G}, denoted by £ is the set of all label sequences
of ¥ with length £, it is obvious that d transitions in G is equal to a transition
in Gk

Lemma 3.5.3. If G is solvable with delay 1 then G is solvable with de-
lay 2d — 1.

Each d-merge graph G; which is solvable with delay 1 guarantees 2 transi-
tions with each label sequence of length d in G. Therefore the corresponding
graph G is solvable with delay 2d — 1.

Definition 3.5.4. Two graphs G’ and G” are similar if they have the same
set of vertices, i.e., V/ = V”; and for every letter I’ € ', with ¥’ denoting
the set of labels of G'; there exists a letter [” € X" with ¥ denotes the set
of labels of G”, such that for every v € V, A’ ({v},l') = A" ({v},I"), and

for every I” € X" there exists an " € 3’ for which the same condition holds.

Notice that the number of letters in >’ is not necessarily the same as the
number of letters in X"

Lemma 3.5.5. If G’ and G" are similar and G’ is solvable with delay d, then
G" is solvable with delay d.

Proof. We define a relation between letters of ¥’ and letters of X" for I’ € '
and [ € ¥ as follows:

Vol sYoeV A ({o},l) = A" ({v},1").

This means for every I’ € Y there exists an [” € X, and for every [” € X"
there exists an I’ € ¥/, such that " «~ [".

We assume that a word [(l{...1"_, is given, G” is solvable with delay 1
is demonstrated in the following steps:

1. Let the initial vertex be one of the initial vertices which is chosen in
G, if the first label on the word is [{, where [, «~ [jj. Let vy be the initial
vertex.
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Table 3.9: Table of GG

2. Let I} be any letter of ¥ which satisfies I} «~ [!. Forall 1 <i<n —1
choose v; as the next vertex in GG', when the present vertex is v;_; and
the first two letters are I;_; and [.

Because of the similarity, a safe transition for G’ implies a safe transition for
G". This lemma can be generalized to any delay d. O

Lemma 3.5.6. If G; is similar to G then, for every k > 0, G4y, is similar
to Gj+k

Proof. Let A ({v},loly ...lj1n—1) be the set of vertices connected to v with
a path labeled Il ...l 4n—1 in Gjyp, therefore

A ({U} s l()ll e lj+h—1) =A (A ({U} s loll e lj—l) ,ljlj+1 . lj—i—h—l) .

Since G; is similar to G there exists a word [(l} ...l;_; such that for allv € V

A ({U} s loll ce lj—l) =A ({’U} s lglll ce l;fl) .

Thus,

A ({U} s loll Ce lj+}L—1) = A (A ({U} ,l{)l,l C l;il) 7ljlj+1 Ce lj—l—h—l)
A ({U} s Z6ZI1 c. l;—lljljJrl . ljJrh,l) .

The same argument may be repeated with the roles of ¢ and j reversed. [J

Example 3.5.7. Let G be a graph given in the Table [3.9

With eliminating of label 3 we obtain a graph G’ represented in Table
According to the above-mentioned definition, GG is not solvable.

Table represents a 2-merge graph G. G5 is obtained by elimination
of the labels 00, 01, 02 and 11, 20, and represented in Table [3.12]



CHAPTER 3. FINITE-DELAY SOLUTIONS FOR SEQUENTIAL BOOLEAN

EQUATIONS
[0 1 2
a|ac a,c bc
b| ¢ - =
cl| a - a,b
Table 3.10: Table of G’
00 01 02| 10 11 12 [20 21 22
a|ac — ab|abc ac abc|ac — ab
b| a — ab| -— — — - - =
c|bec ac bec — — — b,c a,c b,c
Table 3.11: Table of G5
| 01 | 11 | 22
a| — |a,c|a,b
bl — | — | —
a,c| — | bc
Table 3.12: Table of G},
\ 010 011 012 \ 110 111 112 ‘220 221 222
a — — — a,b,c a,c a,b,c| bc a,c b,c
cl|abc a,c abc — — - a,c — a,b

Table 3.13: Table of G5

| 011 | 111 | 222
a,c | b,c

a J—

clac| — |ab

Table 3.14: Table of G}
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| 0110 0111 0112 | 1110 1111 1112 | 2220 2221 2222
a — — — a,b,c a,c a,b,c| a,c — a,b

clabc ac a,bc — — — b,c a,c b,c

Table 3.15: Table of G4

| 0111 | 1111 | 2222
a| — a,c | a,b

a,c — b, c
Table 3.16: Table of G

G has no solution with delay 1. Therefore we construct G with the
words of length 3 consisting a label of G and a label of G’ as shown in
Table 3.13

010, 012, 110, 112, 220 and 221 are eliminated, therefore we obtain Ta-
ble representing the 3-merge graph Gj.

We continue with the construction of 4-merge graph G4, Table rep-
resents (G4 which is constructed from the labels of G and G'.

The eliminated 4-merge graph G is represented in Table

Since () is similar to G and G, has no solution with delay 1, k-merge
graph has no solution with delay 1 for all £ > 4. Hence, G has no solution
with finite delay.

The algorithm of Even and Meyer provides algorithms solving not only the
problem of deciding whether there exist solutions with finite delay for sequen-
tial Boolean equations, but also the problem of deciding whether player O
has finite-delay winning strategies in safety games. In Even-Meyer automa-
ton graphs, we consider player I choosing labels in a path as an input word,
and player O determining the corresponding output word by making moves
according to the input bits from player I. A safety condition is fulfilled if
there is always a safe transition in the automaton graph according to a input
sequence from player I. Based on the result from Even and Meyer, Hosch
and Landweber [8] proved that the problem whether Church’s Problem with
conditions stated in sequential calculus are solvable with delay is decidable.



Chapter 4

Solutions with a Fixed Delay in
Infinite Games

We recalled in the previous chapter the algorithms from Even and Meyer
[6] for solving sequential Boolean equations. In the Even-Meyer automaton
graphs, player I chooses input bits and player O decides a path labeled with
this input sequence. An automaton graph is solvable if and only if player O
always has a choice according to the input bits of player I. Therefore the
Even-Meyer algorithm solves the problem of whether player O has winning
strategies with finite delay in safety games. We now consider whether there
exists a d-delay solution for player O in an arbitrary infinite game defined
by a winning conditions C' (X,Y), i.e., whether the condition C'(X,Y") has
a solution with a fixed delay d. In this chapter we develop algorithms over
d-delay game graphs in arbitrary regular infinite games.

4.1 Game graphs with a fixed delay d

With the algorithm for solving sequential Boolean equations from Even
and Meyer, Hosch and Landweber solved the problem of deciding whether
Church’s Problem with a condition C' (X, Y") stated in sequential calculus ad-
mits a finite automaton solution, and to provide the solution when it exists.
Since game graphs offer more intuitive views, it’s useful to study Church’s
Problem in the framework of infinite games. In order to solve Church’s
Problem with finite delay, we study algorithm solving the problem of decid-
ing whether player O has a finite-delay winning strategy in an infinite game
specified by a condition ¢ stated in sequential calculus.

37
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To solve Church’s Problem in the framework of infinite games, we dis-
tinguish the contribution of input bits from the set ¥; = {0, 1} by player
and output bits from the set Yo = {0,1} player O. A specification ¢ as
the winning condition for player O defines an infinite two-persons game. In
this thesis, we consider a general game graph G = (Q, ) as a 1-delay game
graph, denoted by G; = (Q1, it1), where Q1 = Qr, U Qo,. A transformation
from an automaton graph G4 into a 1-delay game graph is shown in Fig-
ure [£.1] Let |Q.4| denote the size of automaton graph G4 = (Qa,p4) and
let n = |Q.4/, the size of corresponding game graph Gy = (Q1, 1) is equal to
3n, i.e., |Q1| = 3n.

(o @ 1)
SN

Figure 4.1: Transformation from automaton graph G 4 to 1-delay game graph
Gi

Definition 4.1.1. Let G; = (Q1, 1) be a 1-delay game graph and I; C
{0,1} be the set of input sequences with length d. A d-delay game graph is

a tuple Gy = (Qu, pta) with Q4 = Q1, U Qo,, where Q;, = I;_1 X @1 denotes
the set of vertices for player I in G4, Qo, = I5x ()1 denotes the set of vertices
for player O in G4, and

p=1{Qr, x X1 = Qo,} U{Qo, x o — Qr,}

is the function determining the moves. The corresponding edge relation

Eqs C {Qr, x Qo,} U{Qo, x Qr,} is defined as (¢,p) € E4 if and only if
w(q,u) = p for some u € {0,1}.

Note that all outgoing edges are connected only with vertices of the op-
ponent. The vertices in the set ()7, are depicted by boxes and the vertices in
the set Qo, by circles in d-delay game graphs.
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Definition 4.1.2. A play in G4 is a sequence
p="(lo-14-2,9) (io---%a-1,q0) (i1 -Pq-1,q1) (i1 .- -1a,q1) - - -
with
o (G- ijra-2,95), (65 jra-1,45)) € Ea;
o ((4j.. ijra-1,45), (Tja1 - Gjra—1,q+1)) € Ea.

Let I, C {0, 1}d be the set of input sequences with length d. For d > 0
and ¢, € Q1, the edges in G; = (Qq, j1q) are labeled by input bits i1
from vertices in I;_; x {qx} for player I, and output bits o) from vertices in
I3 x {qx} for player O respectively.

Tjg1eljpd—1s tjtd

951

Figure 4.2: Subgraph of a d-delay game graph G4

All vertices in 1,1 x {qx} for player I and in I;x {qy} for player O are final
vertices in d-delay game graph Gy if g, is a final state in the corresponding
automaton graph G 4.

Definition 4.1.3. An infinite game with delay d is a tuple
(Ga, Is—1 x {qo} ,¢) consisting of a game graph Gy = (Qu,pa), the set
of initial vertices I;_1 X {qo} with ¢ is the initial state in the corresponding
automaton graph, and a winning condition ¢ for player O. Player O wins a
play pif p € QY fulfills ¢.

A d-delay strategy for player O starting from a vertex in I;_; X {g} in
a d-delay game graph G, is defined analogously as in a general game graph
G, ie., it is a function f; : Q4 — {0,1}. Let Win C @4 be the set of the
plays won by player O, a d-delay strategy fq for player O from a vertex in
I;1 x {qo} is called a d-delay winning strategy from an initial vertex if and
only if every play p consistent with f; is in Win.

Lemma 4.1.4. Player O has a d-delay winning strateqy from vertex q, € Q1
in an infinite game if and only if player O has a winning strategy from all
vertices in Iy_1 X {qxr} in the corresponding d-delay game graph G,.
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For solving Church’s Problem, player O wins an infinite game with delay d
if and only if player O has a winning strategy from each initial vertex in

[d—l X {QO} in Gd.

4.2 Strategies with a fixed delay in reachability
games

In this section we study the algorithm for determining a solution with a fixed
delay d in a reachability game. In the corresponding d-delay reachability
game graph we construct an attractor winning strategy and the winning
region of player O, such that we determine whether or not player O has a
d-delay winning strategy in the reachability game.

Definition 4.2.1. Let G = (Q, i) be a game graph and F' C @, the reacha-
bility winning condition is

p€ Win:& Ji:p(i) e F.
In reachability games, the winning regions W of player I and Wy of
player O can be computed in polynomial time as well as corresponding posi-

tional winning strategies - attractor strategies. For i = 0,1,2,... construct
the sets Attry, (F) where

Attrl, (F) = {q € Q | from ¢ player O can force a visit to F in < i moves} .

Inductive construction of Attrl, (F) over i is shown as follows:

Attrd (F) = F;
Attt (F) = Attrl, (F)
U {g€Qo|3(q,p) € E:pe Attr}, (F)}
U {¢€Qr|VpeQ, (¢.p) € E—pe Attr, (F)}.

Obviously Attr® (F) C Attr, (F) C Attrd (F) C ... C Attld/(F) =
Attr) (F) holds.

Definition 4.2.2. The attractor strategy of player O is defined as follows:
from a vertex in Attrif! (F) \Attry, (F) go to a vertex in Attr}, (F).
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With the following algorithm we can determine the winning regions W
of player I and Wy of player O in a given reachability game G = (@, 1) and
FCQ:

1. Compute outgoing edges out (q) for each vertex ¢ € Qr;
2. Set n(q) := out (q) for each q € Qr;

3. Perform breadth-first search backwards from F' as follows:

e Mark all g € F,
e Mark g € Qo if q reaches marked vertex with an outgoing edge,

e For ¢ € @y reached backwards from marked vertex set n(q) :=
n(q) — 1, and mark g € Q; when n (q) =0,

e The marked vertices are in Attr'OQ‘ (F).

For the reachability condition, if the state g, in GG 4 is a final state, then
the vertex g for player I and all vertices in {0,1} x {qx} for player O are
the final vertices in G;.

Figure 4.3: Transformation of a final state in G4 into final vertices in G,

Definition 4.2.3. A d-delay attractor strategy in a reachability game is de-
fined by an attractor strategy which is constructed in the corresponding
d-delay reachability game graph G.

Let F,; be the set of the final vertices in G4, a d-delay attractor strategy
for player O starting at a vertex in the set of I;—1 X o is defined as follows:
from a vertex in Attri! (Fy) \Attr), (Fy) go to a vertex in Attrl, (Fy).

Lemma 4.2.4. Player O has a d-delay attractor strategy from qq in a 1-delay
reachability game graph Gy if and only if there exists an attractor winning
strategqy for player O from all vertices in I;_1 X {qo} in Gy.
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In other words, player O wins a reachability game with delay d if and
only if each vertex in I; 1 x {q} belongs to Attr'égd‘ (Fy) in d-delay game

graph Gg.

Example 4.2.5. We consider the following reachability game with a simple
regular winning condition for player O: the output bit of player O at time 0
is equal to the input bit of player I at time 1; afterwards player I can decide
input bits arbitrarily, and analogously for player O to decide output bits, i.e.,

)G

The symbol * denotes an arbitrary letter from {0, 1}. We construct in Fig-
ure the automaton graph G 4 according to the above-mentioned winning
condition for player O.

2> 40

Figure 4.4: An automaton graph G4 with reachability condition

The 1-delay reachability game graph G, is constructed from the automa-
ton graph G4 in Figure [4.5| with Fy = {g3,{0,1} x {g3}}-

An attractor strategy for player O is denoted by '—’ in G;. We construct
the winning region Wy of player O in G;. Player O does not win the reach-
ability game with 1-delay attractor strategy since ¢y ¢ Attr‘OQ1| (F1). Hence,
we continue with the construction of the 2-delay game graph Gs.

In Figurethe vertices in Attr|OQ2| (Fy) are gray. Since all initial vertices
are in Wy, player O has an attractor strategy from each vertex in {0, 1} x{qo}
in GG5. This means player O has a 2-delay attractor winning strategy in the
reachability game.
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Figure 4.6: 2-delay game graph G of a reachability game

Definition 4.2.6. Let G = (Q, ) be a game graph, the safety winning
condilion is
peWineVip(i) e F.
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We consider a reachability game over G with the winning condition p €
Win' < Jip (1) € Q\F. Since reachability games and safety games are dual,
the winning region W7j of player I is the winning region Wy of player O in
the safety game.

4.3 Strategies with a fixed delay in weak parity
games

In this section we study the algorithm for determining determining a solution
with a fixed delay d in a weak parity game. Reachability games are considered
as a special case of weak parity games.

Definition 4.3.1. A Staiger- Wagner game is also called obligation game,
for F ={F\, F5,..., F,} with F; C @ its winning condition is

p € Win :& Occe (p) € F.

Weak parity games is a special case of Staiger-Wagner games.

Definition 4.3.2. Let G = (Q, i) be a game graph and ¢ be a coloring func-
tion c: Q@ — {0,...,k}, aplay p=p(0)p(1)p(2)... delivers a sequence of
colors ¢ (p) = c(p(0)c(p(1))c(p(2))... The weak parity condition defines
the set of plays won by player O by

p € Win :< max (Occ (¢ (p))) is even;

i.e., the maximal color occurring in p is even. An infinite game with such a
weak parity condition is called weak parity game.

Theorem 4.3.3 ([16]). In weak parity games the winning regions Wy and
Wo with W UWpo = Q can be computed, and the corresponding positional
winning strategies can be determined.

Let G = (Q, ), a coloring function ¢ : @ — {0, 1,..., k} where k is even,
set C;:={q € Q| c(q) =1i}. We calculate the sets Ay, Ap_1,..., Ao

Ak = Attro (Ck),

{ Attro (Cz\ (AZ'+1 Uu...u Ak)) if 4 even

Attrr (C\ (Ajq U U A)) if iodd Orésk—1
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Each vertex is in one of the sets Ay, ..., Ay, therefore

W[: UAZ-andWo: U Ai;

i odd i even

i.e., the union of the associated attractor strategies are positional winning
strategies for player I on W; and player O on Wy respectively.

A reachability game over G with p € Win < 3i p (i) € F can be described
as a special weak parity game over G with coloring

[ 2, for qeF
C<q>_{17 for ¢ ¢ F

A safety game over G with p € Win < Vi p (i) € F can be described as
a special weak parity game over G with coloring

|0, for g€ F
C(Q)_{l, for ¢¢ F

We construct a d-delay game graph for a weak parity game. Let Gy =
(@1, ;1) be a 1-delay weak parity game graph, which is constructed from an
automaton graph G 4. The corresponding d-delay game graph G, = (Qq, tq)
for d > 0 consists of a set of vertices in ¢(qx) X Iy_1 X {q,} for player I,
from which the outgoing edges are labeled by input bits i;.4_1; and a set of
vertices in ¢ (qx) X 14 X {qx} for player O, from which the outgoing edges are
labeled by output bits o,. The vertices for player I are depicted by boxes
and the vertices for player O are denoted by circles in d-delay game graphs.
With the algorithm for positional winning strategies in weak parity games
recalled above, we can construct winning regions W; and Wy, of player I and
player O respectively in weak parity game graph G4, and the corresponding
d-delay winning strategies for both players in their winning regions.

(aj41) ijtd
Tj1-tjtd—1
q5+1

0j-1 c(ay)
iy pdz
q;

Figure 4.7: Subgraph of a d-delay game graph G, of a weak parity game

The next lemma follows from the construction presented above.
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Lemma 4.3.4. Player O has a d-delay positional winning strategy from the
nitial vertexr qo in a weak parity game if and only if there exists a positional
winning strategy for player O from each initial vertex in I;_1 x {q} in Gy.

Example 4.3.5. We color the vertices in the game graph from Example[5.2.1
in Figure [4.7] With the above-mentioned algorithm we can construct the
positional winning strategy and the winning region Wy of player O in the
d-delay game graph of this weak parity game.

Figure 4.8: 1-delay game graph G; of the weak parity game from Exam-
ple

4.4 Strategies with a fixed delay in Biichi
games

Definition 4.4.1. Let G = (Q, u) be a graph with Q;UQp = Q and F' C Q,
a game (G, qo, p) with an initial vertex go and the winning conditions ¢ for
player O

@ :p€ Win:& Inf (pNF #£ ()

is called a Biichi game, i.e., player O wins a play rho in a Biichi game if and
only if the play p visits F' infinitely often.

Let Recurl, (F) for @ > 1 denotes the set of vertices ¢ € F from which
player O can force at least ¢ revisits to F, i.e.,
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Recurd (F) := F;
Recurly (F) = FnN Attr'éz‘ (Recur(, " (F)) ;
Recurg (F) = ﬂ Recury, (F).

i>0

Thus F 2 Recur}, (F) 2 Recur? (F) 2 ... holds. The winning region of
player O is constructed by Wp = Attr'é2 | (Recuro (F)). The positional win-
ning strategy with delay d and the corresponding winning region of player O
in a Biichi game can be determined in a d-delay game graph G for the Biichi
game according to the above-mentioned algorithm. If all initial vertices in
I;1 x {qo} in a d-delay Biichi game graph G, belong to Wo, player O wins
the Biichi game with delay d, which leads to the following lemma.

Lemma 4.4.2. Player O has a d-delay winning strategqy from the initial
vertex qo in a Buichi game if and only if there exists a winning strategy for
player O from each initial vertex in I, 1 X {qo} in Gq.

4.5 Strategies with a fixed delay in parity
games

Definition 4.5.1. Given a game graph G = (Q, p), a parity game with
a coloring function ¢ : @ — {0,1,...,k} where k is even, and C; :=
{q € Q| c(q) =i}, is defined by the winning condition

¢ : p € Win & max (Inf (¢ (p))) even.

Theorem 4.5.2. Let G = (Q, p) be a game graph with a coloring function
c:Q —{0,1,...,k} and parity winning condition, then

1. Every vertex in ) belongs to either Wi or Wo, i.e., parity games are
determined;

2. If G is finite, the winning regions Wi and Wo with Q1UQo = Q and the
corresponding positional winning strategies for player I and player O
can be determined.
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The positional winning strategy with delay d for player O in a parity game
can be determined in a d-delay parity game graph G; analogously, according
to the algorithms mentioned in the previous sections. If all initial vertices
I;-1 X {qo} of a d-delay parity game graph belong to Wy, player O wins the
parity game with delay d, as formulated in the following lemma.

Lemma 4.5.3. Player O has a d-delay positional winning strategy from the
initial vertex qo in a parity game if and only if there exists a winning strategy
for player O from each initial vertex in I;_1 X {qo} in Gyg.



Chapter 5

Solutions with Bounded Delay in
Infinite Games

In the previous chapter we have shown how to determine whether there exists
a winning strategy with a fixed delay d for player O in an infinite game. We
constructed finite-state d-delay game graphs G for an infinite game for d > 0.
In these infinite games we compute positional winning strategies with delay
and defined the winning regions of player O. Now we consider the problem
whether or not player O has a winning strategy with a bounded delay in an
infinite game; and if not, how can we confirm the assumption and when shall
we stop the construction of Gy (i.e., the breaking condition). We present
algorithms for solving this problem in the following sections.

5.1 Absorbed game graphs

The function representing the size of the winning region of player O in a
certain game depending on the delay d is monotone, but not necessarily
strictly monotone. We illustrate this fact by constructing absorbed game
graphs, which build a bridge between the game graph G; and the d-delay
game graph G, It allows to compare the winning regions of player O in
game graphs with different finite delay.

Definition 5.1.1. Given a 1-delay game graph G; = (Q1, 1), a d-delay
absorbed game graph G¢ = (Qy, uu1,1) consists of the same vertices and the
same edges as in Gy, and a labeling function [ : @ — {1,...,d,00}. A
1-delay absorbed game graph G' is initialized by marking all vertices by oo.

49



CHAPTER 5. SOLUTIONS WITH BOUNDED DELAY IN INFINITE GAMES 50

A d-delay absorbed game graph G is constructed based on the d — 1-delay
absorbed game graph G?~! for d > 0 as follows:

e A vertex in ¢ € Qp, for player O is marked by d if and only if the
vertex in ¢ in G?7! is marked by oo, and all vertices in I; x {q} are in
Wo in Gy, i.e., each vertex in I; x {¢q} has a successor which belongs
to Wo in Gg;

o A vertex q € Q, for player I is marked by d if and only if ¢ in G471 is
marked by oo, and all vertices in I, 1 x {q} are in Wy in Gy, i.e., all
successors of each vertex in I; 1 x {q} belong to Wy in Gyg;

e The rest of vertices retain the same label as in G411,

Notice that the vertices marked by a element from N in G9! will not be
re-marked in G?. Since player O wins an infinite game from a vertex ¢ € Q;
with delay d' for all d’ > d, if the vertex ¢ is marked in a d-delay absorbed
game graph G? with d. The winning region W3 of player O in G? consists of
the vertices marked by n for 0 < n < d. Therefore the winning region W¢ of
player I in G? consists of the vertices marked by oo.

Obviously WA C W2 C W3 C ... holds. According to the construction
of absorbed game graphs from d-delay game graphs, we construct the cor-
responding d-delay absorbed game graph for the reachability game in the
example from the previous chapter.

Example 5.1.2. Let us look backwards at Example The correspond-
ing 1-delay absorbed game graph G' is shown in Figure and 2-delay
absorbed game graph G2 is shown in Figure

In this reachability game we have W} C W3 = W3 = ..., since player O
wins the reachability game from the initial vertex gy with delay 2.

Lemma 5.1.3. Player O wins an infinite game with a finite delay d from

verter q € Q if and only if vertex q in the corresponding absorbed game graph
G< is labeled by d.

We know that the winning region W of player O in G? for d > 0 increases
monotonically with the increase of d, i.e., W5 C W3 C W3 C ..., but
Example for another reachability game shows us that the increase of
Wo is not strict.
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Figure 5.2: 2-delay absorbed game graph G*

Example 5.1.4. We consider the following reachability game with a regular
winning condition for player O: if the input of player I at time 0 is equal
to 0, then the output of player O at time 0 have to be same as the input of
player I in 1 time unit later; and if the input at time 0 is 1, the output of
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player O at time 0 should be equal to the output of player O at time 3, i.e.,

LG )+ () Gl
) )G CONE)

The symbol * denotes an arbitrary letter from {0, 1}. The corresponding au-
tomaton graph G 4 is constructed in Figure It is obvious that player O
wins the reachability game with a 4-delay attractor strategy. The corre-
sponding 4-delay absorbed game graph G* is constructed in Figure [5.4]

(%)

g4 qs

Figure 5.3: Automaton graph G4 with reachability condition
In this reachability game we have W C W3 =W Cc Wi =W3 =....

Definition 5.1.5. Player O wins an infinite game from the initial vertex
qo € Q1 over G1 = (Q1, p1) with bounded delay, if there exists a d for d > 0
such that player O wins the infinite game from ¢ with delay d.

In the following sections we study how to solve the problem of whether a
bounded-delay solution in an infinite game exists.
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Figure 5.4: 4-delay absorbed game graph G*

5.2 Winning strategies with bounded delay in
reachability games

Since the winning region of player O in the absorbed game graphs G¢ for
d > 0 increases monotonically with the increase of delay d, but not strictly
monotonically, a problem to decide the breaking condition of the construction
of d-delay game graph G is raised. In this section we introduce an algorithm
to determine a breaking condition of the construction of d-delay game graph,
i.e., to determine the existence of a winning strategy with a bounded delay
for player O in an infinite game.

The following example shows a reachability game which is not solvable
with a finite delay.

Example 5.2.1. We now consider a reachability game with a regular winning
condition for player O: the equality between the output of player O at time
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t and the input of player I at time ¢ + 1 is required, but only when the input
of player I at time ¢ is 1, i.e.,

ON T LN(O0Y, (1! 1 )"
* 0 * 1 * * '
We construct the corresponding automaton graph G4 in Figure [5.5

()

0y, () A
f§)<°> v
(})qz—*wp;

Figure 5.5: Automaton graph G4 with reachability condition

We construct the 1-delay game graph G, of the reachability game from
the automaton graph G 4 in Figure 5.6] with Fy = {q3,{0,1} x {g3}}.

Figure 5.6: 1-delay game graph G,

An attractor strategy for player O denoted by =’ in 1, and the vertices
in the winning region Wy = Attr‘gl‘ (Fy) of player O are colored in gray in
Figure Figure [5.6l But player O has no attractor winning strategy from the
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initial vertex qo to reach F'in the 1-delay game graph G;, we continue with
the construction of game graph G5, which is represented in Figure

Figure 5.7: 2-delay game graph G5

Since W5 = W3 = W2 = ... holds in this reachability game, player O has
no attractor winning strategy with any finite delay. The vertex (Odfl, qo) 7

Attrlgd| (Fy) for all d > 0. We need to decide the breaking condition for the
construction of d-delay game graphs G4 for d > 0 in the general case. For this
goal we need to decide whether there exists an attractor winning strategy for
player O with a bounded delay d.

Since d-delay game graphs for an infinite game grow exponentially with
the increase of delay d for d > 0, we can hardly find a simple way to determine
a breaking condition in such d-delay game graphs. Thus we turn now to
another aspect of understanding a d-delay game graph, and consider the
problem in the aspect of unfolding trees consisting of all plays in an infinite
game.
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Remark 5.2.2. The plays in a game graph G; with delay d from vertex
q € 1 can be seen as a binary tree from root ¢ with depth 2d, we call it the
d-delay tree from q and denote by Tj.

Definition 5.2.3. We reconstruct T, into d-delay directed acyclic graphs
from g € Q1 denoted by DAG, by merging all doubling vertices on the same
level of tree T} as follows:

1. On each level of the d-delay tree all doubling vertices are merged, hence
in the corresponding DAG, all levels contain only identifiable vertices
which first occur on each level in Ty, e.g. uppermost on our picture;

2. All incoming edges from the predecessors of merged vertices are there-
fore connected to the same vertex on the same level in DAG,.

Since the game graph G is finite, the width of DAG, are eventually
limited by the size of game graph |Q1].

2d | 2d

Figure 5.8: Transformation from d-delay tree T, into DAG,; with root ¢; € ()

Definition 5.2.4. An I;-determined subgraph T, from q € ()1 is a subgraph
of a d-delay tree T, with root ¢ in which the next d moves of player I are
determined, i.e., each vertex for player / on the same odd level in 77, has
only one outgoing edge with the same label as shown in Figure [5.9

Definition 5.2.5. An [;-determined directed acyclic graph from q € Q4
DAG];, is a subgraph of DAG, from root ¢ in which the next d moves of
player [ are determined, i.e., each vertex for player I on the same odd level
in DAG], has only one outgoing edge with the same label.
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2d

Figure 5.9: I;-determined subgraph 77, with I; = igiyia...i4-1 € {0, 1}d

Now we introduce an algorithm for solving the problem of whether
player O has a winning strategy with a bounded delay in a reachability
games. Let n = |@Q1| be the size of a game graph G;. By the pigeonhole
principle, the set of vertices on level 2"*! is repeated on another level in
each DAG/,, as shown in Figure . Player O has no winning strategy
with a bounded delay in a reachability game, if and only if there is an Ion-
determined directed acyclic graph DAG,, containing no path that intersects
with F'. In such case player I can therefore force all plays in DAG, from
q; with an arbitrary shift d > 0 to avoid any vertex in F' by choosing the
same sequence of input bits between two repeated levels in DAG/,. In other
words, player O has no winning strategy with a finite delay if and only if
player O can not force a play from g; to reach F' in each DAGy,,.

2n+1_1 2n+1
[ ] e —> e

. o — o

on+1 |

Figure 5.10: Iyn-determined directed acyclic graph D AG5. with root ¢; € Oy

Lemma 5.2.6. Player I wins a reachability game with an arbitrary shift
from vertex q € Q)1 if and only if there is one Ion-determined directed acyclic
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graph DAG/,, with root ¢ and n = |Q1| containing no path that intersects
with F. In other words, player O does not win a reachability game with a
bounded delay if and only player O has no winning strategy with delay d for
all 0 < d < 2" in the reachability game.

Player O does not win a reachability game with an arbitrary delay if and
only if player O has no attractor winning strategy from all vertices in 5 X qq
in G4 for all d with 0 < d < 2".

Example 5.2.7. We obtain a directed acyclic graph DAG3 from the reach-
ability game from which is represented in Figure |4.3

Figure 5.11: 3-delay directed acyclic graph DAG3 with length 6

An I3-determined directed acyclic graph of the same reachability game
DAG]Y, is shown in Figure Since this DAG/, consists of all paths not
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0,1 0,1 0,1
-0 )0 )

Figure 5.12: I3-determined directed acyclic graph DAG], with length 6

intersecting with F', and the set of vertices is repeated on different levels
for player I in this DAGY,. Player I can prevent reaching vertices in F' by
repeating the same moves, i.e., player I chooses 0 continuously as input bits
infinitely often. It follows that player O has no winning strategy with finite
delay in this reachability game.

Obviously, there exist repeated levels in each I3»-determined directed
acyclic graph DAG],, of this reachability game.

5.3 Winning strategies with bounded delay in
weak parity games

As for reachability games, in weak parity games the winning region Wy of
player O increases monotonically with the increase of finite delay d, but
not strictly monotonically either. Thus we need to consider the breaking
condition for the construction of d-delay weak parity game graph Gj.

Player O wins a weak parity game with delay d from vertex ¢ € @y, if
and only if on each I;-determined directed acyclic graph DAG;, with depth
2d there is at least one path from root ¢ on which the maximal color of the
vertices is even. In other words, player [ has a winning strategy with delay d
in the weak parity game if and only if there is one I;-determined directed
acyclic graph DAG|, with depth 2d containing a path from ¢; on which the
maximal color of the vertices is odd. Player O does not win a weak parity
game with bounded delay if and only if player O has no positional strategy
to win from all vertices in Iy X gy in G4 for all d with 0 < d < 2", where
n = |@Q1] denotes the size of the weak parity game graph G;. Hence, player [
wins a weak parity game G with an arbitrary delay.

Lemma 5.3.1. Player I wins a weak parity game with an arbitrary shift
from vertex q € Q1 if and only if there is one Iyn-determined directed acyclic
graph DAGon with root q and n = |Q1] containing only paths consisting of
vertices whose maximal color is odd. In other words, player O does not win a
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weak parity game with bounded delay if and only if player O has no winning
strategy with delay d for all d with 0 < d < 2" in the weak parity game.

5.4 Winning strategies with bounded delay in
parity games

In order to introduce the algorithm which solves the problem whether a
solution with a bounded delay in a parity game exists, we recall first the
algorithmic solution of parity games in [17], which proves that parity games
are positionally determined, as shown in Theorem [£.5.2] This proof is built
up inductively over n := |@Q| for a general parity game graph G = (Q, ) with
a coloring function ¢: @ — {0,1,...,k}:

Proof. The algorithm is defined inductively over n := |Q)].

1. n = 2: If the maximal color is even then Wy = @), and if the maximal
color is odd then W; = @, since the game graph is of the form:

0,1

0

0,1

Figure 5.13: General parity game graph G = (Q, 1) with |Q| = 2

2. n+ 1: We assume that the maximal color k£ which occurs in the game
graph is even. In the other case (the maximal color is odd) the induc-
tion step is analogous, with swapped roles of the two players. We pick
a ¢ € () with the maximal even color in G. Notice that Q\Attr‘g' ({q})
gives a game graph with less than n vertices. The induction hypoth-
esis provides a partition of Q\Attr?' ({¢}) into winning regions U; of
player I and Up of player O respectively, and corresponding positional

winning strategies for both players.

e (Case 1: Player O can guarantee that a transition from ¢ to Up U
Attr'ég‘ ({q}) is taken, which means:
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(a) ¢ € Qo and Jq (¢,p) € F with p € Up U Attr'OQ‘ ({q}); or
(b) ¢ € Q; and Vq (¢, p) € E with p € Up U Attrl! ({q}).

Uo

At

Figure 5.14: Parity game with G = (Q, ) with |@Q| =n + 1 in Case 1.

Hence we obtain:

(a)

(b)

Uo U Attr‘OQ| ({q}) € Wo: Because a play from Attr‘OQ| ({q})
either remains in Up, i.e., player O wins by induction hypoth-
esis; or passes through ¢ infinitely often, i.e., player O wins
as the maximal color ¢ (q) in the play is even.

U; C W;: Because player I can guarantee that a play from
vertices in Uy remains in U;. From vertices for player I there is
at least one edge leading to Uy, and from vertices for player O
all edges lead to Uj.

Because Up U Uy U Attr‘OQ| ({q}) = @, we have Wy = Up U
Attr'OQ‘ ({q}) and W; = Uj.

The positional strategies for player O on Up U AttI“OQ| ({q}) and
for player I on U; are:

(a)

Player O plays on Up according to the positional strategy

given by the induction hypothesis;

Player O plays on Attr‘o("?| ({¢}) according to the attractor

strategy;

From ¢, player O can guarantee a move back to Up U

Attrd ({a});

Player I has a positional strategy on U; given by the induction
hypothesis.
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e (Case 2: Player I can guarantee that a transition from ¢ to U is
taken, which means:
(a) ¢ € Qo and Yq (¢q,p) € E with p € Uy; or
(b) ¢ € Q; and Jq (¢,p) € E with p € Uj.

Figure 5.15: Parity game with G = (Q, u) with |@Q| = n + 1 in Case 2.

Hence, ¢ € AttrllQ‘ (Ur). The induction hypothesis gives winning

regions V7 of player I and V of player O respectively in the game
graph Q\Attr‘IQ| (Ur) with less than n vertices, and the correspond-
ing positional strategies. We obtain:

(a) Vo € Wp for the given positional winning strategy.

(b) VU Attr‘fg' (Ur) € Wip: This holds because player I can move

from p € Attr'ﬁ' (Ur) to Uy and guarantees the play to remain

in U;. From p € V; player I can either move back to V; or
move to Attr‘ﬁ' (Ur). Thus, player I wins in both cases.

Since V; U Vp U Attr'IQ‘ (Ur) = @, we have Wy = Vp and W) =
VU Astrl (o).

]

To show that the problem whether a parity games has a solution with a
bounded delay, we follow the idea of this algorithm and proceed inductively
over n := |Q| for a parity game with the 1-delay game graph G; = (Q1, u1)
with a coloring function ¢ : @y — {0,1,...,k}. We use d-delay game graphs
(G4, which were introduced in the previous chapter, and d-delay absorbed
game graphs G defined in this chapter.
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1. First we consider a parity game with the 1-delay game graph G; =
(Q1, 1) where |Q1| = 2. The d-delay game graph Gy contains 27!
subgraphs of the following form:

0,1

0,1

Figure 5.16: Subgraph of G, for a parity game with G; where |Q;] = 2

If the maximal color in G4 is even then W& = @4, and if the maximal
color in Gy is odd then W¢ = Qg in the d-delay absorbed game graph.

For all G; = (Q1, 111) with |Q1] = n, we claim that for all d with d > 2™:

Wi=W?F and Wg = W3

2. Now we construct winning strategies with finite delay for player I and
player O, in a parity game with G; = (Q1, 1) with |@Q1] =n+1, and a
coloring function ¢ : @; — {0,1,...,k}. We assume that the maximal
color k£ which occurs in the parity game graph G is even. In the other
case (the maximal color is odd) the induction step is analogous, with
swapped roles of the two players. We pick a ¢ € ()7, with the maximal
even color in Gy. Let Fy be the set 1,1 X {¢}, the induction hypothesis
provides a partition of Qd\Attr|OQd‘ (Fy) into the winning regions Uy,
of player I and Up, of player O respectively, and the corresponding
positional winning strategies with delay d.

e Case 1: Player O can guarantee that a transition from ¢ € F; to
Uo, U Attlr‘OQ”’| (Fy) is taken, which means:

(a) ¢ € FaNQo, and 3¢’ (¢',p') € Eqwith p' € UodUAttr‘OQd| (Fy);
or

(b) ¢ € FynQr, and V¢ (¢',p') € E4 with p’ € UOdUAttr‘OC’?d| (Ey).

Hence, we obtain in the d-delay absorbed game graph G¢ of the
parity game:
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(a)

Uo, U Attr'OQd‘ (Fy) defines Wg, because a play from
Attr'ézdl (Fy) either remains in Up,, i.e., player O will win by
induction hypothesis; or passes through Fj infinitely often,
i.e., player O wins as vertices in F' have the maximal even
color.

U;, defines W¢, because player I can guarantee that a play
from vertices in U, remains in U;,. From the vertices of
player [ there is at least on edge leading to U;,, and from the
vertices for player O all edges lead to Uy,.

According to the definition of d-delay absorbed game graph we
have W U WS = Q.

The positional strategies for player O on Up, U Attr'égd' (Fy) and
for player I on Uy, are:

(a)

Player O plays on Up, according to the positional strategy
given by the induction hypothesis;

Player O plays on Attr‘gd| (Fy) according to the attractor
strategy;

From ¢ player O can guarantee a move back to Up, U
Attr'ég‘i' (Fy);

Player I has the positional strategy on U;, given by the in-
duction hypothesis.

construct the d-delay absorbed game graph G’ = (Q1, i}, 1)

from Qd\Attr‘IQd| (Fy). Let n' = |Q1|, obviously n’ < n+ 1. For
all d where d > 2", the induction hypothesis gives W¢ = W*"

Figure 5.17: d-delay game graph G, of a parity game in Case 1.
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and W4 = W(’)Qn/ in the d-delay absorbed game graphs G'@. Due
to the result of reachability games, we have

Attr’]an+l| (F2n+1) = Attr’IQ2n+1+l| (F2n+1+1) = ...y and

Attr’OQ2n+1‘ (F2n+1) — Attr’OQ2n+1+1’ (F2n+1+1) —

2n+1

where |Q| = n+ 1. Hence, W¢ = W?""" and W& = W2 hold
for all d where d > 2"+,

e Case 2: Player [ can guarantee that a transition from ¢’ € Fj to

Ui, is taken, which means:

(a) ¢ € FanNQo, and V¢ (¢',p') € E4 with p’ € Uy,; or
(b) ¢ € F;NQyq, and 3¢ (¢',p') € Eq with p’ € Uy,.

Figure 5.18: d-delay game graph G, of a parity game in Case 2.

Hence, ¢ € Attrlle‘ (Ur,). The induction hypothesis gives the

winning regions V7, of player I and Vp, of player O respectively in
a game graph Q\Attr‘;‘g"’| (Ur,), and the corresponding positional
strategies for both players. We obtain in the d-delay absorbed

game graph G¢:
(a) Vo, defines W for the given positional winning strategy.

(b) VIdUAttrBQd' (Ur,) defines W¢, because player I can move from

|Qal

p € Attr;*" (Uy,) to Uy, and guarantees the play to remain
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in Uy,. From a vertex p’ € V, player I can either move back
to Vj, or move to Attr'IQd‘ (Ur,). Thus, player I wins in both
cases.
According to the definition of d-delay absorbed game graph we
have We UWE = Q.
We the d-delay absorbed game graph G = (Q},u;,l) from
Qd\Attr‘IQd‘ (Ur,). Let n' = |Q}], obviously n’ < n+ 1. For all
d where d > 2", the induction hypothesis gives W/ = WI’QTL/ and

Wi = Wg"/ in the d-delay absorbed game graphs G’. Due to the
result of reachability games, we have

Qon Qon

Attr’l | (Unyr) = Attr|1 i (U12n+1+1> = ..., and
Qont1 Qon+1

Attrl® ‘(U]Wl) — Agtr/2eeal (U,Wlﬂ) _

for |Q,| = n + 1. Hence, W = W?"" and W& = W2""" hold for
all d where d > 2"t

This algorithmic solution for parity games leads the following lemma.

Lemma 5.4.1. Player I wins a parity game with an arbitrary shift from
verter q € Q1 if and only if player O has no winning strategy with delay d
for all d with 0 < d < 2™ where n = |Q1|. In other words, player O does not
win a parity game with bounded delay if and only player O has no winning
strategy with delay d for all d with 0 < d < 2" in the parity game.

Biichi games are a special case of parity games. For a Biichi game with a
game graph G = (Q, i), where Q = Q; U Qo and F' C @Q, the Biichi winning
condition of player O for a play p is

p € Win :& Inf (p) N F # 0.

This game can be described as a special parity game over GG with coloring

| 2, for g€ F
C(Q)_{l, for ¢¢ F °

This implies the following lemma for Biichi games.
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Lemma 5.4.2. Player I wins a Biichi game with an arbitrary shift from
verter q € Q1 if and only if player O has no winning strategy with delay d
for all d with 0 < d < 2™ where n = |Q1|. In other words, player O does not
win a Bichi game with bounded delay if and only player O has no winning
strategy with delay d for all d with 0 < d < 2" in the Biichi game.

Theorem 5.4.3. Given a game graph G = (Q, ) of a parity game with a
coloring function ¢ : @ — {0,1,...,k}, the problem whether player O wins
the parity game from a vertexr q € () with bounded delay is decidable.

Proof. We have shown in this section that a consideration of a solution with
delay 2" is sufficient to determine whether player O has a solution with
bounded delay in an infinite game, where n denotes the size of the corre-
sponding game graph. O

As a consequence, we obtain a new proof for the result of Hosch and
Landweber that the existence of the solution of Church’s Problem by a strat-
egy with a bounded delay is decidable.

5.5 Alternative approaches for finding solu-
tions with bounded delay

We sketch an alternative approach without further details, towards a solution
of the problem whether a solution with a bounded delay in a Biichi game
exists. We consider w-regular languages in the form of U -V for some regular
languages U,V € ¥*, which are Biichi recognizable.

Definition 5.5.1. Let G; = (Q1, 1) be a 1-delay graph for a Biichi game.
We define the syntactic equivalence relation in Biichi games over infinite
words, denoted by ~: u ~ v if and only if, for all p,q € Q1

u, v
ep—q & p—qand
u, v,
®p—=rq < p—F(,

where p = ¢ denotes a run of Gy from p via u to ¢, and p —p ¢ denotes a
run of G from p via u to ¢ that passes through some states in F.
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Finite-state game graphs of infinite games contain only a finite number
of such equivalence classes. Let wq, wo, ..., w; be some representatives of the
equivalence classes. Ramsey type Lemma shows a certain periodicity of each
w-word with respect to a finite partition of »*.

Lemma 5.5.2 ([16]). Fach w-regular language o € ¥ is decomposable as
o = UgUiVs ... such that all v; for i > 0 are in the same equivalence class
denoted by V.

We restrict ourselves to sets V' with the property V -V C V.

Definition 5.5.3. We call tuples of equivalence classes of the equivalence
relation ~ over finite words building blocks. A building block (U, V) is bad,
if for representatives u € U and v € V, player O can not find output bits to
fulfill the Biichi condition according to the input sequence uvvv... € 3.

Definition 5.5.4. A w-determined directed acyclic graph DAG (w) where
w € X7 denotes a finite word, is a subgraph of |w|-delay directed acyclic
graph DAG),|, in which the input sequence is determined by w.

Player I wins the Biichi game with an arbitrary shift if and only if there
exists a bad tuple (U, V). Player O wins the Biichi game if and only if for
all building blocks (U, V') of finitely many equivalence classes where u is a
representative of equivalence class U, and v is a representative of equivalence
class V, each u - v-determined directed acyclic graph DAG (u - v) contains at
least one path intersecting with F' between level 2 |v| 4+ 1 and level 2 |u - v|.

Lemma 5.5.5. Let | be the maximal length of the representations
of the equivalence classes in a Biichi game wy,ws,..., W, t.e, | =
max {|wq]|,|ws|, ..., |wk|}. Player I wins the Biichi game with an arbitrary
shift if and only if there is an Iy-determined directed acyclic graph DAGy,,
with length 41 containing no path reaching F between level 21 + 1 and level
4l. In other words, player O does not win a Biichi game with bounded delay
if and only if player O has no winning strategy with delay d for 0 < d < 2l
in the Bichi game.

ROl [14] provides an algorithm for determining the maximal length of
representatives of equivalence classes in Biichi games.

We also sketch an alternative approach without further details, towards a
solution of the problem whether a solution with a bounded delay in a parity
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game exists. At first we define syntactic equivalence relation in parity games
refer to [2].

Definition 5.5.6. Let G; = (@1, 1) be a 1-delay graph for a parity game
with a coloring function ¢ — {0,1,... k} where k is even. We define the
syntactic equivalence relation in parity games over infinite words, denoted by
~;: u ~; v if and only if; for all p,q € Q4

Piq S PG

where p =, ¢ denotes a run of G; from p via u to ¢ containing the maximal
color i € {0,1,...,k} on the path over u in the corresponding game graph,

e, i=max{c(p(u))}.

As we previously mentioned, each w-regular language o € > is decom-
posable as a = vgv1vs . ... such that all v; for ¢ > 0 are in the same equiva-
lence class denoted by V. We restrict ourselves to sets V' with the property
V.V CV.

Lemma 5.5.7. Let | be the maximal length of the representatives of
the equivalence classes wn this parity game wy,ws,..., Wy, te., | =
max {|ws], |ws|, ..., |wk|}. Player I wins the parity game with an arbitrary
shift if and only if there is an Iy-determined directed acyclic graph DAGy,,
with length 4l containing the maximal odd color on the path odd between level
2041 and level 41. In other words, player O does not win a parity game with
bounded delay if and only if player O has no winning strategy with delay d
for 0 < d < 21 in the parity game.



Chapter 6

Conclusion

We study Church’s Problem in the framework of infinite games in this the-
sis. Church’s Problem was raised in [5] by Church and is considered as a
master problem in computer science. Our main purpose is to determine
solutions with delay for conditions in sequential calculus, i.e., to solve the
problem of deciding whether Church’s Problem with conditions stated in se-
quential calculus is solvable with delay. Even and Meyer solved the finite
delay problem for sequential Boolean equations, which provides a solution to
determine finite-delay solutions in safety games. Based on their work, Hosch
and Landweber [§] solved the problem of the existence of solutions with finite
delay for Church’s Problem. In this thesis, we concentrate furthermore on
finding finite delay solutions in arbitrary infinite games:

1. Whether a winning strategy with a fixed delay for player O in an infinite
game exists, and how to construct the corresponding winning strategy
and winning region of player O7

2. How to solve the problem of whether player O has winning strategy
with a finite delay in an infinite game; in other words, does player [
win the infinite game with a finite shift?

To solve the first question we introduce d-delay game graphs Gy, which
are constructed from 1-delay game graphs G = (Q1, 1) (i-e., general game
graphs in this thesis). In d-delay reachability game graphs G4, we can con-
struct attractor winning strategies for player O in reachability games, we
call them d-delay attractor strategies. Therefore corresponding winning re-
gions can be determined in G4. To determine solutions with a fixed delay in

70
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Biichi games or parity games, we construct positional winning strategies for
player O in d-delay Biichi game graph G, and d-delay parity game graph Gy
respectively.

For the second question, we present algorithms to determine the existence
of solutions with bounded delay for player O. In arbitrary infinite regular
games, player O has winning strategies with bounded delay in an infinite
game, if and only if player O has a d-delay winning strategy for some d with
0 < d < 2191, Player I has a winning strategy with an arbitrary shift (even
an infinite shift) in a infinite game, if and only if player I has d-shift winning
strategies for all d with 0 < d < 2!91l. As a consequence, we obtain a new
proof for the result of Hosch and Landweber that the existence of the solution
of Church’s Problem by a strategy with q bounded delay is decidable.
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game graph, reachability game,
d-delay, reachability winning condition,
absorbed, safety game,
has a solution sequential Boolean equation,
sequential Boolean equation, sequential calculus,
has a solution with a finite delay similar,

sequential Boolean equation, size, [12]
Staiger-Wagner game,
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strategy, [13]
d-delay,
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winning,
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syntactic equivalence,
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d-delay,
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finite, [9]
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