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In homotopy type theory, a set is a type A such that for each x,y : A and p,q : z =y
we have p = ¢ [9]. In other words, equality of A is proof-irrelevant. A setoid is a type A
together with an equivalence relation on A. From a set A we can construct a setoid, namely
A with the relation Azy.x = y. Conversely, from a setoid we can construct a set with quotient
types. For a type A and an equivalence relation R : A — A — HPROP, the set quotient A/R
can be constructed as a higher inductive type with a point constructor ¢l : A — A/R, a path
constructor eqcl : Hx,y:A Rz y— clx=cly, and one saying that A/R is a set [7].

Now let us go to dimension 1. A 1-type is a type A such that for each z,y : A the typex =y
is a set. The 1-dimensional version of setoids is groupoids. A groupoid on A consists of a family
G: A — A — HSET, an identity e : [],., G z x, and operations ()~* : [[.yaGrzy—Gyu
and (1) : ][, ,..aG 2y — Gyz— Gz satisfying the usual laws for associativity, neutrality,
and inverses. We write grpd A for the type of groupoids on A.

Every 1-type A gives rise to a path groupoid P A on A defined by Azy.x = y. However,
can we go the other direction? More precisely, given a groupoid G on a type A, our goal is to
construct a 1-type gquot A G together with a map gcl : A — gquot A G such that for each
x,y : A the types gcl x = gcl y and G z y are equivalent. To do so, we use the following higher
inductive type, which we call the groupoid quotient.

Higher Inductive Type gquot (A : TYPE) (G : grpd A) :=

lgel: A — gquot A G

\gcleq:]_[xvy:Any%gcl x=gcly

|ge : [],.48cleq z (e x) =refl

lginy : [T, yoa [gcaygclea y @ (971) = (gcleq z y g)~
|geoncat : [, allycuyllyncy-8clea z (g1-92) = gcleqz y g1 @ geleq y 2 go

‘ gtrunc : Hw,y:gqu()t AG Hp,q:x:y HT',s:p:q r=s

To derive the elimination and computation rules of this type, we use the method by Dybjer
and Moenclaey [4]. The equations ge, ginv, and gconcat show that gcleq is a homomorphism
of groupoids. The constructor gtrunc guarantees that gquot A G is a 1-type.

For quotients, the types cl © = cl y and R x y are equivalent [7]. For gquot A G, we have a
similar statement.
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Proposition. For every x,y : A the types gcl x = gcl y and G x y are equivalent.

Each equivalence relation induces a groupoid. The quotient of such an induced groupoid
coincides with the set quotient.

Proposition. If A is a type and R is an equivalence relation on A, then A/R ~ gquot A R
where R is the groupoid induced by R.

In addition, every 1-type is the groupoid quotient of its path groupoid.
Proposition. For all 1-types A, we have A ~ gquot A (P A) with P A the path groupoid on A.

The category of groupoids has products and coproducts. More precisely, for groupoids
Gy : grpd A and Gy : grpd B, we define G1 x Gy : grpd (A x B) where the elements are pairs of
G; and G2 and the operations are defined pointwise. Similarly, we define G1+Gs : grpd (A+B).
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Proposition. The gquot construction commutes with sums and products. More precisely,
gquot (A x B) (G1 x Gs) ~ gquot A G1 X gquot B G,
gquot (A + B) (Gy + G2) ~ gquot A Gy + gquot B Ga.

The proofs of these propositions have been formalized in Coq using the HoTT library [2]
and they are available at https://github.com/nmvdw/groupoids.

Conclusion and Further Work. Groupoids form a model of type theory [5, 8]. Since 1-
types are preserved under dependent products, sums, and identity types [9], they also form a
model. This work gives a partial internal comparison between these models.

Dybjer and Moenclaey give an interpretation of higher inductive types in the groupoid model
[4]. Internalizing their construction and applying gquot gives an interpretation of 1-HITs as
1-types. The first proposition then characterizes ||z = y||o for this interpretation of higher
inductive types.

Another interesting generalization would be using higher groupoids instead of plain groupoids.
One can develop a theory of higher groupoids in HoTT similar to the theory of higher groups
[3]. This could give a comparison between n-types and n-groupoids. In addition, a full version
would be a comparison between w-groupoids and types [1, 6].
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