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tStru
tural information theory (SIT) dealswith the per
eptual organization, often 
alledthe `gestalt' stru
ture, of visual patterns.Based on a set of empiri
ally validated stru
-tural regularities, the per
eived organizationof a visual pattern is 
laimed to be the mostregular (simplest) stru
ture of the pattern.The problem of �nding the per
eptual orga-nization of visual patterns has relevant ap-pli
ations in multi-media systems, roboti
sand automati
 data visualization. This pa-per shows that geneti
 programming (GP) isa suitable approa
h for solving this problem.1 Introdu
tionIn prin
iple, a visual pattern 
an be des
ribed inmany di�erent ways; however, in most 
ases it willbe per
eived as having a 
ertain des
ription. Forexample, the visual pattern illustrated in Figure1-A may have, among others, two des
riptions asthey are illustrated in Figure 1-B and 1-C. Hu-man per
eivers prefer usually the des
ription thatis illustrated in Figure 1-B. An empiri
ally sup-ported theory of visual per
eption is the Stru
turalInformation Theory (SIT) [Leeuwenberg, 1971,Van der Helm and Leeuwenberg, 1991,Van der Helm, 1994℄. SIT proposes a set of empiri-
ally validated and per
eptually relevant stru
turalregularities and 
laims that the preferred des
riptionof a visual pattern is based on the stru
ture that
overs most regularities in that pattern. Using theformalization of the notions of per
eptually relevantstru
ture and simpli
ity given by SIT, the problemof �nding the simplest stru
ture of a visual pattern(SPS problem) 
an be formulated mathemati
ally asa 
onstrained optimization problem.
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B CFigure 1: Visual pattern A has two potential stru
turesB and C.The SPS problem has relevant appli
ations. For ex-ample, multimedia systems and image databases needto analyze, 
lassify, and des
ribe images in terms of
onstitutive obje
ts that human users per
eives inthose images [Zhu, 1999℄. Furthermore, autonomousrobots need to analyze their visual inputs and 
on-stru
t hypotheses about possibly present obje
ts intheir environments [Kang and Ikeu
hi, 1993℄. Also, inthe �elds of information visualization the goal is togenerate images that represent information su
h thathuman viewers extra
t that information by lookingat the images [Bertin, 1981℄. In all these appli
a-tions, a model of gestalt per
eption is indispensable[Ma
kinlay, 1986, Marks and Reiter, 1990℄. We fo
uson a simple domain of visual patterns and 
laim thatan appropriate model of gestalt per
eption for this do-main is an essential step towards a model of gestaltper
eption for more 
omplex visual patterns that areused in the above mentioned real-world appli
ations[Dastani, 1998℄.Sin
e the sear
h spa
e of possible stru
tures growsexponentially with the 
omplexity of the visual pat-tern, heuristi
 algorithms have to be used for solv-ing the SPS problem eÆ
iently. The only algo-rithm for SPS we are aware of is developed by[Van der Helm and Leeuwenberg, 1986℄. This algo-



rithm ignores the important sour
e of 
omputational
omplexity of the problem and 
overs only a sub
lassof per
eptually relevant stru
tures. The 
entral part ofthis partial algorithm 
onsists of translating the sear
hfor a simplest stru
ture into a shortest route problem.The algorithm is shown to have O(N4) 
omputational
omplexity, where N denotes the length of the inputpattern. To 
over all per
eptually relevant stru
turesfor not only the domain of visual line patterns, butalso for more 
omplex domains of visual patterns, itis argued in [Dastani, 1998℄ that the 
omputational
omplexity grows exponentially with the length of theinput patterns.This paper shows that geneti
 programming[Koza, 1992℄ provides a natural paradigm for solvingthe SPS problem using SIT. A novel evolutionaryalgorithm is introdu
ed whose main features are theuse of SIT operators for generating the initial popula-tion of 
andidate stru
tures, and the use of knowledgebased geneti
 operators in the evolutionary pro
ess.The use of GP is motivated by the SIT formalization:stru
tures 
an be easily des
ribed using the standardGP-tree representation. However, the GP sear
his 
onstrained by the fa
t that stru
tures have to
hara
terize the same input pattern. In order tosatisfy this 
onstraint, knowledge based operators areused in the evolutionary pro
ess.The paper is organized as follows. In the next se
tion,we brie
y dis
uss the problem of visual per
eption andexplain how SIT predi
ts the per
eived stru
ture of vi-sual line patterns. In Se
tion 3, SIT is used to give aformalization of the SPS problem for visual line pat-terns. Se
tion 4 des
ribes how the formalization 
an beused in an automati
 pro
edure for generating stru
-tures. Se
tion 5 introdu
es the GP algorithm for SPS.Se
tion 6 des
ribes implementation aspe
ts of the al-gorithm and reports some results of experiments. Thepaper 
on
ludes with a summary of the 
ontributionsand future resear
h dire
tions.2 SIT: A Theory of Visual Per
eptionA

ording to the stru
tural information theory, thehuman per
eptual system is sensitive to 
ertainkinds of stru
tural regularities within sensory pat-terns. They are 
alled per
eptually relevant stru
-tural regularities, whi
h are spe
i�ed by means ofISA operators: Iteration, Symmetry and Alternations[Van der Helm and Leeuwenberg, 1991℄. Examples ofstring patterns that 
an be spe
i�ed by these operatorsare abab, ab
ba, and abgabpz, respe
tively. A visualpattern 
an be des
ribed in di�erent ways by applyingdi�erent ISA operators. In order to disambiguate the

set of des
riptions and to de
ide on the per
eived or-ganization of the pattern, a simpli
ity measure, 
alledinformation load, is introdu
ed. The information loadmeasures the amount of per
eptually relevant regu-larities 
overed by pattern des
riptions. It is 
laimedthat the des
ription of a visual pattern with the mini-mum information load re
e
ts its per
eived organiza-tion [Van der Helm, 1994℄.In this paper, we fo
us on the domain of linear line pat-terns whi
h are turtle-graphi
s, like line drawings forwhi
h the turtle starts somewhere and moves in su
ha way that the line segments are 
onne
ted and do not
ross ea
h other. A linear line pattern is en
oded asa letter string for whi
h it 
an be shown that its sim-plest des
ription represents the per
eived organizationof the en
oded linear line pattern [Leeuwenberg, 1971℄.The en
oding pro
ess 
onsists of two steps. In the �rststep, the su

essive line segments and their relative an-gles in the pattern are tra
ed from the starting pointof the pattern and identi
al letter symbols are assignedto identi
al line segments (equal length) as well as toidenti
al angles (relative to the tra
e movement). Inthe se
ond step, the letter symbols that are assignedto line segments and angles are 
on
atenated in the or-der they have been visited during the tra
e of the �rststep. This results in a letter string that represents thepattern. An example of su
h an en
oding is illustratedin Figure 2.
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axaybxbybxbFigure 2: En
oding of a line pattern into a string.Note that letter strings are themselves per
eptual pat-terns that 
an be des
ribed in many di�erent ways,one of whi
h is usually the per
eived des
ription. Thedetermination of the per
eived des
ription of stringpatterns is the essential fo
us of Hofstadter's Copy
atproje
t [Hofstadter, 1984℄.3 The SPS ProblemIn this se
tion, we formally de�ne the 
lass of string de-s
riptions that represent possible per
eptually relevantorganizations of linear line patterns. Also, a 
omplex-ity fun
tion is de�ned that measures the informationload of those des
riptions. In this way, we 
an en-




ode a linear line pattern into a string, generate theper
eptually relevant des
riptions of the string, anddetermine the per
eived organization of the line pat-tern by 
hoosing the string des
ription whi
h has theminimum information load.The 
lass of des
riptions that represent possible per-
eptual organizations for Linear Line Patterns LLP isde�ned over the set E = fa; : : : ; zg as follows.1. For all t 2 E; t 2 LLP2. If t 2 LLP and n is a natural number, theniter(t; n) 2 LLP3. If t 2 LLP , then symeven(t) 2 LLP4. If t1; t2 2 LLP , then symodd(t1; t2) 2 LLP5. If t; t1; : : : ; tn 2 LLP , thenaltleft(t; < t1; : : : ; tn >) 2 LLP andaltright(t; < t1; : : : ; tn >) 2 LLP6. If t1; : : : ; tn 2 LLP , then 
on(t1; : : : ; tn) 2 LLPThe meaning of LLP expressions 
an be de�ned by thedenotational semanti
s j[ j℄, whi
h involves string 
on-
atenation (�) and string re
e
tion (refle
t(ab
de) =ed
ba) operators.1. If t 2 E, then j[tj℄ = t2. j[iter(t; n)j℄ = j[tj℄ � : : : � j[tj℄ (n times)3. j[symeven(t)j℄ = j[tj℄ � refle
t(j[tj℄)4. j[symodd(t1; t2)j℄ = j[t1j℄ � j[t2j℄ � refle
t(j[t1j℄)5. j[altleft(t; < t1; : : : ; tn >)j℄ =j[tj℄ � j[t1j℄ � : : : � j[tj℄ � j[tnj℄6. j[altright(t; < t1; : : : ; tn >)j℄ =j[t1j℄ � j[tj℄ � : : : � j[tnj℄ � j[tj℄7. j[
on(t1; : : : ; tn)j℄ = j[t1j℄ � : : : � j[tnj℄The 
omplexity fun
tion C on LLP expressions,measures the 
omplexity of an expression as thenumber of individual letters t o

urring in it, i.e.C(t) = 1C(f(T1; : : : ; Tn)) =Pni=1 C(Ti)During the last 20 years, Leeuwenberg and his
o-workers have reported on a number of exper-iments that tested predi
tions based on the sim-pli
ity prin
iple. These experiments were 
on-


erned with the disambiguation of ambiguous pat-terns. The predi
tions of the simpli
ity prin
i-ple were, on the whole, 
on�rmed by these experi-ments [Bu�art et al., 1981, Van Leeuwen et al., 1988,Boselie and Wouterlood, 1989℄.The following LLP expressions des
ribe, among oth-ers, four di�erent per
eptual organizations of the pat-tern axaybxbybxb:- 
on(a; x; a; y; b; x; b; y; b; x; b),- 
on(symodd(a; x); y; symodd(b; x); y; symodd(b; x))- 
on(symodd(a; x); iter(
on(y; b; x; b); 2))- 
on(symodd(a; x); iter(altright(b;< y; x >); 2))Note that these des
riptions re
e
t four di�erent per-
eptual organizations of the line pattern that is illus-trated in Figure 2. The information load of these fourdes
riptions are 11; 8; 6; and 5, respe
tively. This im-plies that the last des
ription re
e
ts the per
eivedorganization of the line pattern illustrated in Figure 2.The SPS problem 
an now be de�ned as follows. Givena pattern p, �nd a LLP expression t su
h that� j[tj℄ = p and� C(t) = minfC(s) j s 2 LLP and j[sj℄ = pg:As mentioned in the introdu
tion, the only (partial)algorithm for solving SPS problem is proposed by Vander Helm [Van der Helm and Leeuwenberg, 1986℄.This algorithm �nds only a sub
lass of per
eptuallyrelevant stru
tures of string patterns by �rst 
on-stru
ting a dire
ted a
y
li
 graph for the given stringpattern. If we pla
e an index after ea
h element inthe string pattern, starting from the leftmost element,then ea
h node in the graph would 
orrespond to anindex, and ea
h link in the graph from node i to j
orresponds to a gestalt for the subpattern startingat position i and ending at position j. Given thisgraph, the SPS problem is translated to a shortestroute problem. Note that this algorithm is designedfor one-dimensional string patterns and it is not 
learhow this algorithm 
an be applied to other domainsof per
eptual patterns. Instead, our formalizationof the SPS problem 
an be easily applied to more
omplex visual patterns by extending the LLPwith domain dependent operators su
h as Eu
lideantransformations for two-dimensional visual patterns[Dastani, 1998℄.



4 Generating LLP ExpressionsIn order to solve the SPS problem using geneti
 pro-gramming, a probabilisti
 pro
edure for generatingLLP expressions, 
alled BUILD-STRUCT, is used.This pro
edure takes as input a string, and generatesa (tree stru
ture of a) LLP expression for that string.The pro
edure is based on a set of probabilisti
 pro-du
tion rules.The produ
tion rules are derived from the SITde�nition of expressions, and are of the form� t1 : : : tn � �! � P (t1 : : : tn) �where � and � are (possibly empty) LLP expressions,t1; : : : ; tn are LLP expressions, and P is an ISA oper-ator (of arity n). The triple (�; t1 : : : tn; �) is 
alledsplitting of the sequen
e.A snapshot of the set of produ
tion rules used inBUILD-STRUCT is given below.� t t � �! � iter(t; 2) �� t iter(t; n) � �! � iter(t; n+ 1) �� iter(t; n) t � �! � iter(t; n+ 1) �� t1 t2 � �! � 
on(t1; t2) �� 
on(t1; ::; tn) t � �! � 
on(t1; ::; tn; t) �� t 
on(t1; ::; tn) � �! � 
on(t; t1; ::; tn) �A produ
tion rule transforms a sequen
e of LLP ex-pressions into a shorter one. In this way, the repeatedappli
ation of produ
tion rules terminates after a �-nite number of steps and produ
es one LLP expres-sion. There are two forms of non-determinism in thealgorithm:1. the 
hoi
e of whi
h rule to apply when more thanone produ
tion rule is appli
able,2. the 
hoi
e of a splitting of the sequen
e when moresplittings are possible.In BUILD-STRUCT both 
hoi
es are performed ran-domly. BUILD-STRUCT employs a spe
i�
 datastru
ture whi
h results in a more eÆ
ient implemen-tation of the above des
ribed non-determinism. TheBUILD-STRUCT pro
edure is used in the initializa-tion of the geneti
 algorithm and in the mutation op-erator.We 
on
lude this se
tion with an example illustratingthe appli
ation of the produ
tion rules system. TheLLP expression iter(
on(a; b; a); 2) 
an be obtainedusing the above produ
tion rules starting from thepattern abaaba as follows, where an underlined sub-

string indi
ates that an ISA operator will be appliedto that substring:aba aba �! 
on(a; b; a)aba
on(a; b; a) aba �! 
on(a; b; a)
on(a; b; a)
on(a; b; a)
on(a; b; a) �! iter(
on(a; b; a); 2)Note in this example that the iter operator isapplied to two stru
turally identi
al LLP expressions(i.e. 
on(a; b; a)
on(a; b; a) �! iter(
on(a; b; a); 2)).In general, the ISA operators are not applied on thebasis of stru
tural identity of LLP expressions, buton the basis of their semanti
s, i.e. on the basis of thepatterns that are denoted by the LLP expressions (i.e.symodd(a; b)
on(a; b; a) �! iter(symodd(a; b); 2)).5 A GP for the SPS ProblemThis se
tion introdu
es a novel evolutionary algorithmfor the SPS problem, 
alled GPSPS (Geneti
 Pro-gramming for the SPS problem), whi
h applies GPto SIT. A population of LLP expressions is evolved,using knowledge based mutation and 
rossover op-erators to generate new expressions, and using theSIT 
omplexity measure as �tness fun
tion. GPSPSis an instan
e of the generational s
heme, 
f. e.g.[Mi
halewi
z, 1996℄, illustrated below, where P (t) de-notes the population at iteration t and jP (t)j its size.PROCEDURE GPSPSt <- 0initialize P(t)evaluate P(t)WHILE (NOT termination 
ondition) DOBEGINt <- t+1WHILE (|P(t)|<|P(t-1)|) DOBEGINsele
t two elements from P(t-1)apply 
rossoverapply mutationinsert in P(t)ENDENDENDWe have used the Roulettewheel me
hanism to sele
tthe elements for the next generation. Therefore the
han
e that an element of the original pool is sele
tedis proportional to its �tness. Sin
e we apply our sys-tem to a minimization problem, the �tness fun
tionhas to be transformed. This is done with the fun
tionnewF (element) = maxF (pool) � F (element). Thisensures that the element with the lowest �tness will



have the highest probability of being sele
ted. Wehave also made our GP elitist to guarantee that thebest element found so far will be in the a
tual popu-lation.The main features of GPSPS are des
ribed in the restof this se
tion.5.1 Representation and FitnessGPSPS a
ts on LLP expressions des
ribing the samestring. A LLP expression is represented by means of atree in the style used in Geneti
 Programming, whereleaves are primitive elements while internal nodes areISA operators. The �tness fun
tion is the 
omplexitymeasure C as it is introdu
ed in Se
tion 3.Thus, the goal of GPSPS is to �nd a 
hromosome(representing a stru
ture of the a given string) whi
hminimizes C. Given a string, a spe
i�
 pro
edure isused to ensure that the initial population 
ontains only
hromosomes des
ribing the same pattern. Moreover,novel geneti
 operators are designed whi
h preservethe semanti
s of 
hromosomes.5.2 InitializationGiven a string, 
hromosomes of the intial populationare generated using the pro
edure BUILD-STRUCT.In this way, the initial population 
ontains randomlysele
ted (representations of) LLP expressions of thepattern.5.3 MutationWhen the mutation operator is applied to a 
hromo-some T , an internal node n of T is randomly sele
tedand the pro
edure BUILD-STRUCT is applied to the(string represented by the) subtree of T starting at n.Figure 3 illustrates an appli
ation of the mutation op-erator to an internal node. Observe that ea
h node(ex
ept the terminals) has the same 
han
e of beingsele
ted. In this way smaller subtrees have a larger
han
e of being modi�ed.It is interesting to investigate the e�e
tiveness of theheuristi
 implemented in BUILD-STRUCT when in-
orporated into an iterated lo
al sear
h algorithm.Therefore we have implemented an algorithm that mu-tates one single element for a large number of iterationsand returns the best element that has been found overall iterations. Although some regularities are dis
ov-ered by this algorithm, its performan
e is rather s
ar
eif 
ompared with GPSPS, even when the number of it-erations is set to be bigger than the size of the popula-tion times the number of generations used by GPSPS.
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rossover operator 
annot simply swap subtreesbetween two parents, like in standard GP, due to thesemanti
 
onstraint on 
hromosomes (e.g. 
hromo-somes have to denote the same string). Therefore, the
rossover is designed in su
h a way that it swaps onlysubtrees that denote the same string. This is realizedby asso
iating with ea
h internal node of the tree thestring that is denoted by the subtree starting at thatinternal node. Then, two nodes of the parents withequal asso
iated strings are randomly sele
ted and the
orresponding subtrees are swapped. An example of
rossover is illustrated in Figure 4.
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When a 
rossover-pair 
an not be found, no 
rossovertakes pla
e. Fortunately this happens only for a smallportion of the 
rossovers. Usually there are more thanone pair to 
hoose from. This issue is further dis
ussedin the next se
tion.5.5 OptimizationAs dis
ussed above, the mutation and 
rossover oper-ators transform subtrees. When these operators areapplied, the resulting subtrees may exhibit stru
turesof a form suitable for optimization. For instan
e, sup-pose a subtree of the form 
on(iter(b; 2); a; 
on(b; b))is transformed by one of the operators in the sub-tree 
on(iter(b; 2); a; iter(b; 2)). This improves the
omplexity of the subtree. Unfortunately, basedon this new subtree the expe
ted LLP expressionsymodd(iter(b; 2); a) 
annot be obtained.The 
rossover operator is only helpful for this problemif there is already a subtree that en
odes that spe
i�
substring with an symodd stru
ture. This problem
ould in fa
t be solved by applying the mutation op-erator to the 
on stru
ture. However, the probabilitythat the appli
ation of the mutation operator will gen-erate the symodd stru
ture is small.In order to solve this problem, a simple optimizationpro
edure is 
alled after ea
h appli
ation of the mu-tation and 
rossover operators. This pro
edure usessimple heuristi
s to optimize the 
on stru
ture. First,the pro
edure 
he
ks if the (entire) 
on stru
ture issymmetri
al and 
hanges it into a symodd or symevenstru
ture if possible. If this is not the 
ase, the pro-
edure 
he
ks if neighboring stru
tures that are sim-ilar 
an be 
ombined. For example, a stru
ture ofthe form 
on(
; iter(b; 2); iter(b; 3)) 
an be optimizedto 
on(
; iter(b; 5)). This kind of optimization is alsoapplied to altleft and altright stru
tures.6 ExperimentsIn this se
tion we dis
uss some preliminary experi-ments. The example strings we 
onsider are short andare designed to illustrate what type of stru
tures areinteresting for this domain. The 
hoi
e of the values ofthe GP parameters used in the experiments is deter-mined by the 
onsidered type of strings. Be
ause thestrings are short, a small pool size of 50 individualsis used. Making the size of the pool very large wouldmake the GP perform better, but when the pool is ini-tialized, it would probably already 
ontain the mostpreferred stru
ture. The number of iterations is alsosmall to avoid generating all possible stru
tures and istherefore set to 150. This allows us to draw prelimi-

nary 
on
lusions about the performan
e of the GP.Two important parameters of the GP are the mutationand 
rossover rates. We have done a few test runs to�nd a setting that produ
ed good results. We haveset the mutation-rate on 0.6 and the 
rossover-rate to0.4. The mutation is deliberately set to a higher rate,be
ause this operator is the most important for dis-
overing stru
tures. The 
rossover operator is used toswap substru
tures between good 
hromosomes.We have 
hosen six di�erent short strings that 
on-tain stru
tures that are of interest to our sear
h prob-lem. Moreover, two longer strings are 
onsidered. Forthe two long strings the mutation and 
rossover ratesabove spe
i�ed are used, but the poolsize and the num-ber of generations are both set to 300. The eightstrings are the 
ode for the linear line patterns illus-trated in Figure 5.
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Figure 5: Line drawings used in experiments.The algorithm is run on ea
h string a number of timesusing di�erent random seeds. The resulting stru
turesare given in Figure 7, where the stru
ture and �tnessesof the two best elements of the �nal population are re-ported. For ea
h string GPSPS is able to �nd the opti-mal stru
ture. The results of runs with di�erent seedsare very similar, indi
ating the (expe
ted) robustnessof the algorithm on these strings.Figure 6 illustrates how the best �tness and the mean�tness of the population vary in a typi
al run of GP-
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Figure 6: Best and Mean Fitness.SPS on the line pattern number 7 of Figure 5. On thispattern, the algorithm is able to �nd a near optimumof rather good quality after about 50 generations, andit spends the other 250 generations to �nd the slighlyimproved stru
ture. In this experiment about 12% ofthe 
rossovers failed. On average there were about2.59 possible '
rossover-pairs' possible (with a stan-dard deviation of 1.38) when the 
rossover operatorwas appli
able.The stru
tures that are found are the most preferredstru
tures as predi
ted by the SIT theory. The systemis thus 
apable of �nding the per
eived organizationsfor these line drawings patterns.7 Con
lusion and Future Resear
hThis paper dis
ussed the problem of human visual per-
eption and introdu
ed a formalization of a theory ofvisual per
eption, 
alled SIT. The 
laim of SIT is topredi
t the per
eived organization of visual patternson the basis of the simpli
ity prin
iple. It is arguedthat a full 
omputational model for SIT is 
ompu-tationally intra
table and that heuristi
 methods areneeded to 
ompute the per
eived organization of visualpatterns.We have applied geneti
 programming te
hniques tothis formal theory of visual per
eption in order to 
om-pute the per
eived organization of visual line patterns.Based on per
eptually relevant operators from SIT, apool of alternative organizations of an input pattern isgenerated. Motivated by SIT, mutation and 
rossoveroperations are de�ned that 
an be applied to these or-ganizations to generate new organizations for the in-put pattern. Finally, a �tness fun
tion is de�ned that
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1 string:aAaAaAaAaAaAaAstru
ture:a) iter(
on(a,A),7)b) 
on(iter(
on(a,A),2),iter(
on(a,A),5))
omplexitya) 2b) 42 string:aAaBbAbBbAbBaAastru
ture:a) symodd(altleft(a,<A,
on(B,symodd(b,A))>),B)b) symodd(
on(symodd(a,A),altright(b,<B,A>)),B)
omplexitya) 6b) 63 string:aAaBaAaBaAaBstru
ture:a) iter(altleft(a,<A,B>),3)b) iter(
on(symodd(a,A),B), 3)
omplexitya) 3b) 34 string:aXaYaXaZbA
B
B
stru
ture:a) altleft(symodd(a,X),<Y,altright(
,<
on(Z,b,A),B,B>))b) altleft(symodd(a,X),<Y,altright(
,<
on(Z,b,A),symodd(B,
)>))
) altleft(symodd(a,X),<Y,
on(Z,b,A,
,iter(
on(B,
),2))>)s
omplexity:a) 9b) 9
) 95 string:aXaYbXbYbXbstru
ture:a) altleft(a,<X,iter(
on(Y,symodd(b,X)),2)>)b) altleft(a,<X,iter(altright(b,<Y,X>),2)>)
omplexity:a) 5b) 56 string:aAaBaCaDaEastru
ture:a) altright(a,<altleft(a,<A,B>),C,D,E>)b) altleft(a,<A,B,C,D,
on(E,a)>)
omplexity:a) 7b) 77 string:axaybxbyaxaybxby
z
ybxbyaxaybxbyaxastru
ture:a) symodd(
on(iter(
on(symodd(a,x),symodd(y,symodd(b,x))),2),
),z)b) symodd(
on(iter(
on(symodd(a,x),symodd(
on(y,b),x)),2),
),z)
omplexity:a) 7b) 78 string:ve
s
t
s
taxaybxbyzbxbyaxaudstru
ture:a) 
on(v,altright(
,<e,s>),
on(symodd(
on(t,
),s),symodd(
on(symodd(a,x),y,symodd(b,x)),z),u,d))b) 
on(v,e,iter(altleft(
,<s,t>),2),symodd(
on(symodd(a,x),y,symodd(b,x)),z),u,d)
omplexity:a) 13b) 13Figure 7: Results of experiments


