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A Predicate Transformer for Uni�cationLivio ColussiDipartimento di Matematica Pura ed ApplicataUniversit�a di Padova, Via Belzoni 7, 35131 Padova, ItalyElena MarchioriCWIP.O. Box 4079, 1009 AB Amsterdam, The NetherlandsandDipartimento di Matematica Pura ed ApplicataUniversit�a di Padova, Via Belzoni 7, 35131 Padova, ItalyAbstractIn this paper we study uni�cation as predicate transformer. Given a uni�cation problemexpressed as a set of sets of terms U and a predicate P , we are interested in the strongestpredicate R (w.r.t. the implication) s.t. if P holds before the uni�cation of U then R holdswhen the uni�cation is performed. We introduce a Dijkstra-style calculus that given P andU computes R. We prove the soundness, completeness and termination of the calculus.The predicate language considered contains monotonic predicates together with some non-monotonic predicates like var, :ground, share and :share. This allows to use the calculusfor the static analysis of run-time properties of Prolog programs.1985 Mathematics Subject Classi�cation: 68Q40, 68Q60, 68T15.CR Categories: F.3.1., F.4.1, I.2.3.Keywords and Phrases: Uni�cation, strongest postcondition, Prolog programs, forward se-mantics.Note: With minor variations, this paper will appear in the Proceedings of the 1992 JointInternational Conference and Symposium on Logic Programming,Washington, D.C., U.S.A.,The MIT Press.1 IntroductionThe standard view of logic programming is declarative, i.e. a program describes some predicateor function without referring to the way it will be computed. Nevertheless computational aspectsbecome fundamental for the study of run-time properties of Prolog programs, like the actualform of the arguments of a goal before and after its call. In Prolog uni�cation is the maincomputational mechanism since it produces the value of the variables during the execution ofa goal in a program. To study its e�ect on the values of variables we study uni�cation bymeans of predicate transformers. The use of predicate transformers for semantic analysis hasbeen studied in the setting of imperative programming: it was advocated by Floyd [5] and byDijkstra [3] for program veri�cation. The use of predicate transformers in the framework oflogic programming is new. Given a uni�cation problem expressed by a set of sets of terms U ,we introduce the predicate transformer sp:U such that sp:U :P is semantically equivalent to the1



strongest predicate R (w.r.t. implication) s.t. if P holds before the uni�cation of U , then R holdswhen the uni�cation is performed. We show that sp:U :P could be computed in one step if P werea monotonic predicate. Since our aim is to infer run-time properties of Prolog programs, then thepredicate language considered contains also non-monotonic predicates like var or share. For thisreason a careful analysis of some intermediate steps of the uni�cation process is necessary. Thisyelds to a non-trivial system of syntactic rules to compute sp:U :P . The soundness, completenessand termination of the system is proved. The calculus can be used to infer run-time properties oflogic programs. In Cousot and Cousot's original paper on abstract interpretation of imperativeprograms [2] everything was couched in terms of predicate transformers. Predicate transformerswere used to de�ne deductive semantics. Deductive semantics was used to design approximateprogram analysis frameworks. To propose a similar approach for logic programs we need thecorrespondent of program point for a logic program. In [7] Nilsson introduced a scheme forinferring run-time properties of logic programs based on a semantic description of logic programsthat uses the concept of program point. We will show that the predicate transformer sp can beeasily cast in such a theory.The rest of the paper is organized as follows. The next section contains some preliminariesand introduces the predicate transformer sp:U . Section 3 introduces the transformation rulesto compute sp:U :P . In section 4 the soundness, completeness and termination of the calculusare proved. In section 5 we illustrate the use of the calculus for de�ning a forward semantics ofProlog programs.2 Uni�cation as Predicate TransformerThe computational meaning of uni�cation in Prolog relies on the concept of substitution. Asubstitution is a mapping from variables to terms such that dom(#) def= fv j v# 6= vg is �nite.The notion of uni�cation can be given w.r.t. a set of sets of terms [4] or w.r.t. a set of equations[6]. We choose the �rst approach. Let U be a �nite set of sets of terms. A uni�er for U is asubstitution # such that every set in U , under the application of #, becomes a singleton, i.e.8S 2 U 8t; t0 2 S (t# = t0#). A most general uni�er for U is a uni�er # such that for every uni�er� there exists a substitution 
 such that #
 = �. The set of idempotent most general uni�ersfor U will be denoted by mgu(U). The operational meaning of U can be described as the partialfunction ��:��, where � is a substitution and � is a �xed mgu in mgu(U�); clearly ��:�� isunde�ned if mgu(U�) = ;. We study uni�cation by means of the predicate transformer sp:U(where sp stands for strongest postcondition [5]) with the following operational meaning.De�nition 2.1 sp:U :P is true in precisely those substitutions �� such that P� is true and� 2 mgu(U�).The choice to represent the uni�cation process as set of sets of terms is motivated by the followingobservations:mgu(fff(t1; : : : ; tn); f(s1; : : : ; sn)gg) = mgu(fft1; s1g; : : : ; ftn; sngg) andmgu(fS1; : : : ; Sng) = mgu(fS1 [ S2; S3; : : : ; Sng) if S1 \ S2 6= ;.These two equalities will be used in our calculus for sp:U and they clearly lead to consider setsof sets of terms. For sake of clarity, we use double square brackets to enclose sets of termsS = [[t1; : : : ; tm]] and braces to enclose sets of sets of terms U = fS1; : : : ; Sng.We call a predicate P monotonic if it is (semantically) invariant under instantia-tion, that is for all substitutions �; � if P� is true then P�� is true. Now let U be2



f[[t11; : : : ; t1n1 ]]; : : : ; [[tm1 ; : : : ; tmnm ]]g: we denote by U the predicate ((t11 = : : : = t1n1) ^ : : : ^ (tm1 =: : : = tmnm)). Then the following lemma holds.Lemma 2.2 Let P be a monotonic predicate. Then P ^ U is equivalent to sp:U :P .Proof. Let � be s.t. P� is true and let � 2 mgu(U�). Then U�� is true and from P monotonicit follows that P�� is true.Viceversa let � be s.t. (P ^ U)� is true. Then P� is true and � 2 mgu(U�). So by De�nition2.1 (sp:U :P )� is true.Lemma 2.2 allows to compute sp:U :P when P is a monotonic predicate.2.1 The LanguageHowever we are interested also in properties that describe the structure of terms, like var or:ground, since we want to use the predicate transformer to infer run-time properties of logicprograms. Thus we introduce the language A de�ned on the alphabet containing the followingclasses of symbols:- a countable set V AR of variables;- a set FUN of functions;- a set PRED = Pred [ ffree; var;:ground; share;:share; instg of predicate symbols wherePred is a �nite set of monotonic predicate symbols s.t. =, ground, :var, �, �, invar are inPred;- the connectives ^ and _;- the existential quanti�er 9;- ( and ) as punctuation symbols.Variables will be normally denoted by the letters u; v; w; x; y; z (possibly subscripted or su-perscripted) and functions will be normally denoted by the letters f; g; h (possibly subscripted).Let TERM be the set of terms built on FUN and V AR. Terms will be normally denoted by theletters r, s, t (possibly subscripted or superscripted). Given a term t, the set vars(t) � V AR de-notes the set of variables that occur in t. We call structured term a term of the form f(t1; : : : ; tm),where m � 1; we call proper subterm of t every subterm of t but t. We assume that sequencesare contained in A. We denote by t a sequence t1; : : : ; tk and we write t(k) or ht1; : : : ; tki ifrespectively the size or the elements of the sequence are relevant. Moreover we indicate with x�the sequence of terms obtained applying the substitution � to every element of the sequence x.We call atom a predicate of the form p(t1; : : : ; tn) where p is a predicate symbol of arity n andt1; : : : ; tn are terms. When ambiguity does not arise we write r(t1; : : : ; tm) as a shorthand forthe predicate r(t1) ^ : : : ^ r(tm), where r is a predicate symbol of arity 1.The truth value of a predicate P 2 A w.r.t. a substitution � s.t. vars(P ) � dom(�) is de�nedinductively on the structure of P , and the meaning of an atom is speci�ed as follows:- :var(t)� is true i� t� 62 V AR;- ground(t)� is true i� vars(t�) = ;;- (t1 = t2)� is true i� t1� = t2� syntactically;- (s � t)� is true i� s� is a subterm of t�;- (s � t)� is true i� s� is a proper subterm of t�;- invar(s; t)� is true i� vars(s�) � vars(t�);- free(x)� is true i� x� 2 V AR and x� 62 vars(y�) for all y 2 dom(�) s.t. y 6= x;3



- var(x)� is true i� x� 2 V AR;- :ground(t)� is true i� vars(t�) 6= ;;- share(s; t)� is true i� vars(s�) \ vars(t�) 6= ;;- :share(s; t)� is true i� vars(s�) \ vars(t�) = ;;- inst(x; r1; r2; y)� is true i� r1� is the sequence hx1; : : : ; xmi, with xi 2 vars(x�) andxi 62 vars(y�) for i 2 [1;m], r2� is the sequence ht1; : : : ; tmi and fx1=t1; : : : ; xm=tmg 2mgu(f[[x�; y�]]g).Notice that x and y in inst(x; r1; r2; y) represent two terms the second of which is an instanceof the �rst. Thus the predicate inst expresses a special case of the uni�cation.Given two predicates P and Q, we write P � Q to indicate that P and Q are semantically equiv-alent. We can assume that the predicates TRUE (the predicate true w.r.t. all substitutions) andFALSE (the predicate false w.r.t. all substitutions) are in A, since TRUE � (var(x)_:var(x))and FALSE � (var(x) ^ :var(x)).Predicates in A are not in general monotonic, since all atoms built on predicate symbols notin Pred are non-monotonic by de�nition. So Lemma 2.2 is not su�cient to characterize sp:U :consider for instance the uni�cation f[[x; a]]g and the predicate var(x). Thus a careful analysisof the e�ect of the uni�cation process on non-monotonic predicates is necessary. The fact thatthe connective : is not in our language guarantees that atoms built on predicate symbols not inPred are the only non-monotonic atoms of the language; this allows a case analysis of the e�ectof uni�cation on non-monotonic predicates.2.2 Some Useful AssumptionsThe following assumptions will be used to (relatively) simplify the form of the rules for sp:Uthat will be introduced in the next section.Assumption 1 Predicates are of the form 9xP where P doesn't contain any quanti�er, it is indisjunctive normal form (i.e. it is a disjunction of conjunctions of atoms) and the equalities thatoccur in each conjunct are denoted by a set of equations in solved form.This assumption is not restrictive, since it is well known that a predicate can be transformed inan equivalent one satisfying the �rst two conditions, while the third condition can be obtainedapplying for instance the algorithm in [6] to compute the solved form of a set of equations,otherwise the predicate is equivalent to FALSE.Assumption 2 Atoms with predicate symbol free, var, :var, ground, :ground, share,:share, invar have variables as arguments.This assumption is not restrictive, since we can transform a predicate of A in an equivalent onesatisfying this property, by repeatedly applying the following equivalences:- free(f(t(m))) � FALSE,- var(f(t(m))) � FALSE,- :var(f(t(m))) � TRUE,- ground(f(t(m))) � (ground(t1) ^ : : : ^ ground(tm)),- :ground(f(t(m))) � (:ground(t1) _ : : : _ :ground(tm)),- share(f(t(m)); t) � (share(t1; t) _ : : : _ share(tm; t)),share(x; f(t(m))) � (share(x; t1) _ : : : _ share(x; tm)),- :share(f(t(m)); t) � (:share(t1; t) ^ : : : ^ :share(tm; t)),:share(x; f(t(m))) � (:share(x; t1) ^ : : : ^ :share(x; tm)),4



- invar(f (t(m)); t) � (invar(t1 ; t) ^ : : : ^ invar(tm ; t)),invar(x ; f (t (m))) � (invar(x ; t1 ) _ : : : _ invar(x ; tm)).Assumption 3 For any formula sp:U :P the predicate P does not contain (existential) quanti-�ers.This assumption is not restrictive as the following lemma shows.Lemma 2.3 If the variable x does not occur in U then sp:U :9xP is equivalent to 9x(sp:U :P )w.r.t. De�nition 2.1.Proof. Since x doesn't occur in U then the truth value of 9x(sp:U :P )� and of (sp:U :9xP )�does not depend on x�. Thus we can assume without loss of generality x 62 dom(�). Then(sp:U :9xP )� is true i� there exist � and � s.t. x 62 dom(�), x 62 dom(�), � 2 mgu(U�),(9xP )� is true and � = �� i� there exist �, � and t s.t. x 62 dom(�), x 62 dom(�), � 2mgu(U�), P (�[fx=tg) is true and � = �� i� there exist �, � and t s.t. � 2 mgu(U(�[fx=tg)),P (� [ fx=tg) is true and (� [ fx=tg) = (� [ fx=tg)� i� (sp:U :P )(� [ fx=tg) is true i�(9xsp:U :P )� is true.3 A Calculus for sp:UThe following conditions on P and U characterize the types of formulas which will specify thescope of applicability of the rules for sp:U :P .(i) P is a conjunction of atoms.(ii) For each equation x = t in P , x does not occur in U .(iii) For every x occurring in U either var(x) or :var(x) occurs in P .(iv) For all distinct variables x occurring in U and y occurring in P either share(x; y) or:share(x; y) occurs in P .(v) U = fS1; : : : ; Sng contains disjoint sets, i.e. Si \ Sj = ; for i 6= j.(vi) Each set in U contains more than one element.(vii) Each set in U contains at most one structured element f(v1; : : : ; vm) and in such a casefree(v1),: : : ; free(vm) occur in P .(viii) Every element x of a set S 2 U is s.t. free(x) occurs in P if x occurs in the structuredelement of another set in U and :var(x) occurs in P otherwise. Moreover, each set that containsa structured element also contains an element y s.t. free(y) occurs in P . (Hence y occurs inthe structured element of another set).We introduce 3 types of formulas sp:U :P as follows.type 1: those which satisfy conditions (i){(iii).type 2: those which satisfy conditions (i){(vii).type 3: those which satisfy conditions (i){(viii).Each type of formula characterizes a simpler form of P and U . The �nal form will be a disjunctionof formulas in the so called reduced form.A formula sp:U :P is in reduced form if P is a conjunction of atoms, for each equation x = tin P x does not occur in U , U contains only disjoint sets of two or more variables, for all xoccurring in U both :var(x) and :ground(x) occur in P and for all x occurring in U and yoccurring in P either share(x; y) or :share(x; y) occurs in P .5



We are now ready to present the rules for sp:U :P . The notation Ext will be used to indicate theformula obtained by replacing the occurrences of x in E with t.- If P = P1 _ : : : _ Pn thensp:U :P � sp:U :P1 _ : : : _ sp:U :Pn OR- If x occurs in U and neither var(x) nor :var(x) occurs in P thensp:U :P � sp:U :(P ^ var(x)) _ sp:U :(P ^ :var(x)) VAR1- If P is a conjunction of atoms and x = t occurs in P then:sp:U :P � sp:Uxt :P EQ- sp:U :FALSE � FALSE FThe following eight rules may be applied only to type 1 formulas.- If x occurs in U and y occurs in P and neither share(x; y) nor :share(x; y) occurs in P thensp:U :P � sp:U :(P ^ share(x; y)) _ sp:U :(P ^ :share(x; y)) SH1- If U = f[[f1(s); f2(t); : : :]]; S2; : : : ; Sng and f1 6= f2, thensp:U :P � FALSE MIS1- If U = f[[x; s; t]]; S2; : : : ; Sng and either x 2 vars(s) or the conjunct x � s occurs in P thensp:U :P � FALSE MIS2- If U = f[[f(s1(k)); : : : ; f(sm(k))]]; S2; : : : ; Sng thensp:U :P � sp:U 0:P STR1where U 0 = f[[s(m)j ]]j2[1;k]; S2; : : : ; Sng- If U = f[[f(s1(k)); : : : ; f(si(k)); xi+1; : : : ; xm]]; S2; : : : ; Sng with i < m and either i � 2 or at leastone sij is not a variable or at least one sij is a variable such that :var(sij) occurs in P , thensp:U :P � 9y(k)(sp:U 0:P 0) STR2where U 0 = f[[f(y(k)); xi+1; : : : ; xm]]; [[yj ; s(i)j ]]j2[1;k]; S2; : : : ; Sng,P 0 = P ^ free(y(k)) and y(k) are fresh variables.- If U = f[[t; t(m)]]; [[t; s(m0)]]; S3; : : : ; Sng thensp:U :P � sp:U 0:P SH2where U 0 = f[[t; t(m); s(m0)]]; S3; : : : ; Sng- If U = f[[t]]; S2; : : : ; Sng thensp:U :P � sp:U 0:P SIwhere U 0 = fS2; : : : ; Sng 6



The following two rules may be applied only to type 2 formulas.- If U = f[[t; x(m)]]; S2; : : : ; Sng where xm does not occur in the structured term of any set of U ,var(xm) and :share(xm; y) occurs in P for all y 2 vars(t), thensp:U :P � 9z0 sp:U 0:R VAR2where U 0 = f[[t; x(m�1)]]; S2; : : : ; Sng,R = (Vz2z inst(z�; hxm�i; hti; z) ^ P 0 ^ xm = t),z = hz 2 vars(P ) j P ) share(z; xm)i, z0 = z� is a variant of z disjoint from P and P 0 = P zz0 .- If U = f[[f(s(k)); x(m)]]; S2; : : : ; Sng and :var(x1),: : :,:var(xm) occur in P thensp:U :P � 9y sp:U 0:(P ^ x1 = f(y1(k)) ^ : : : ^ xm = f(ym(k))) VAR3where U 0 = f[[si; y(m)i ]]i2[1;k]; S2; : : : ; Sng and y is the sequence y1(k); : : : ; ym(k) of fresh variables.The following three rules may be applied only to type 3 formulas.- If there is a set S 2 U that contains a structured term thensp:U :P � FALSE MIS3- If x occurs in U and neither ground(x) nor :ground(x) occurs in P thensp:U :P � sp:U :(P ^ ground(x)) _ sp:U :(P ^ :ground(x)) GR1- If U = f[[x(m)]]; S2; : : : ; Sng and ground(xm) occurs in P thensp:U :P � 9x0; zx; yx sp:U 0:R GR2where U 0 = fS2; : : : ; Sng,x = hx 2 vars(P ) j P ) share(x; xi) for some i 2 [1;m� 1]i, x0 = x� is a variant of x disjointfrom P , zx and yx are the sequences of fresh variables zx and yx with x 2 x, P 0 = P xx0 and R isthe predicateVx2x(inst(x�; zx; yx; x)VijP)share(x;xi) invar(zx ; zxi )Vy2vars(P) :share(zx ; y))^P 0 ^ x1 = : : : = xm.To a formula in reduced form we can apply the following rule.- If sp:U :P is in reduced form, where U = f[[x1(m1)]]; : : : ; [[xn(mn)]]g, thensp:U :P � 9x0; zx; yx (R ^ U) RFwhere U is the predicate (x11 = : : : = x1m1) ^ : : : ^ (xn1 = : : : = xnmn),x = hx 2 vars(P ) j P ) share(x; xji ) for some i 2 [1;mj ]; j 2 [1; n]i, x0 = x� is a variant of xdisjoint from P , zx and yx are the sequences of fresh variables zx and yx with x 2 x, P 0 = P xx0and R = (Vx2x inst(x�; zx; yx; x) ^ P 0).The previous rules are natural abstractions of the relative uni�cation step except rulesMIS3,VAR2, GR2 and RF. Rule MIS3 relies on the condition that the formula is of type 3and U contains at least a set with a structured element. In this case it can be proven that Uhas no uni�er. 7



Rules VAR2, GR2 and RF take into account how sharing among variables can propagate thebindings produced by the considered transformation and how the transformations a�ect thetruth of the non-monotonic atoms. To keep track of the way the predicate is modi�ed suitablevariables are renamed with fresh variables existentially quanti�ed and suitable predicates areintroduced to specify the link among the original variables and the renamed ones.All the rules are syntactic. Thus the set of rules provides a (nondeterministic) algorithm. We willsee in the following section that this algorithm terminates and computes sp:U :P . We concludethis section with some examples.Example 3.1 Let P = free(x; y) and U = f[[f(x); y]]; [[g(y); x]]g. Since sp:U :P is of type 3,then by rule MIS3 it is equivalent to FALSE. In fact an occur check does occur.Example 3.2 Let P = (free(x; y) ^ :share(x; y)) and U = f[[f(y); x]]g. Since sp:U :P is oftype 2, then we can apply rule VAR2. We obtain9x0(sp:f[[f(y)]]g:(P xx0 ^ inst(x0; hx0i; hf(y)i; x) ^ x = f(y))).By rules SI and RF we obtain9x0(P xx0 ^ inst(x0; hx0i; hf(y)i; x) ^ x = f(y)),which is equivalent to (free(y) ^ x = f(y)).Example 3.3 Let P = (ground(y) ^ :var(x) ^ :ground(x) ^ :share(x; y)) and U = f[[x; y]]g.Since sp:U :P is of type 3, then we can apply rule GR2. We obtain9x0; zx; yx(sp:f g: (P xx0^inst(x0; zx; yx; x)^invar(zx; zx)^:share(zx; x)^:share(zx; y)^x = y)).By rule RF we obtain9x0; zx; yx(P xx0 ^ inst(x0; zx; yx; x) ^ invar(zx; zx) ^ :share(zx; x) ^ :share(zx; y) ^ x = y)which is equivalent to (ground(y) ^ :var(y) ^ y = x).Example 3.4 Let P = (:var(x; y) ^ :ground(x; y) ^ share(x; y)) and U = f[[x; y]]g. Sincesp:U :P is in reduced form , then we can apply rule RF. We obtain9x0; y0; zx; yx; zy; yy(P x;yx0;y0 ^ inst(x0; zx; yx; x)^ inst(x0; zx; yx; y)^ inst(y0; zy; yy; y) ^ x = y)),which is equivalent to (x = y ^:var(x; y)), if CON contains at least a function of arity greaterthan one and a constant; otherwise it is equivalent to (x = y ^ :var(x; y) ^ :ground(x; y)).4 Soundness and Completeness of the CalculusWe indicate by Hsp the set of rules but RF. We �rst show that all the rules are equivalences.Then we show that a formula sp:U :P can be reduced in a �nite number of steps to a disjunctionof formulas in reduced form, by applying rules from Hsp. Finally rule RF applied to eachdisjunct will give the desired predicate (of A) relative to sp:U :P .The following properties of most general uni�ers are useful:1) Let U = f[[t(m)]]; S2; : : : Sng. If � 2 mgu(f[[t(i)]]g) and � 2 mgu(U�) then � [ �0 2 mgu(U),where �0 = (��)jdom(�).2) mgu(f[[t]]; S2; : : : Sng) = mgu(fS2; : : : Sng).Theorem 4.1 All rules are equivalences (with respect to De�nition 2.1)8



Proof.OR Because P� is true if and only if Pj� is true for at least one j = 1; : : : ; n.VAR1 Because P� is true if and only if either (P ^ var(x))� is true or (P ^:var(x))� is true.EQ Because, if x = t occurs in P , then x� = t� and so mgu(Uxt �) = mgu(U�).F There is no � that satisfy FALSE.SH1 Because P� is true if and only if either (P ^ share(x; y))� is true or (P ^ :share(x; y))�is true.MIS1,MIS2 There is no � in mgu(U�), for all �.STR1 Because for all �, mgu(f[[f(s1(k)); : : : ; f(sm(k))]]; S2; : : : ; Sng�)is equal to mgu(f[[s(m)j ]]j=1;:::;k; S2; : : : ; Sng�):STR2 LetP 0 = P ^ free(y1) ^ : : : ^ free(yk),U = f[[f(s1(k)); : : : ; f(si(k)); xi+1; : : : ; xm]]; S2; : : : ; Sng,U 0 = f[[f(y(k)); xi+1; : : : ; xm]]; [[yj ; s(i)j ]]j=1;:::;k; S2; : : : ; Sng.Let � be such that P� is true and let � 2 mgu(U�). Let u1; : : : ; uk be fresh variables and let�0, �0 be such that x�0 = ( uj if x = yj for a j 2 [1; k],x� otherwise;v�0 = ( sij�� if v = uj for a j 2 [1; k],v� otherwise:Then P 0�0 is true and �0 2 mgu(U 0�0). Thus (sp:U 0:P 0)�0�0 is true and, since x�0�0 = x�� forall x in vars(P ), then (9y1; : : : ; yksp:U 0:P 0)�� is true.Viceversa, let �0 be such that P 0�0 is true and let �0 2 mgu(U 0�0). Then yi�0 is a free variable,say ui, for all i 2 [1; k]. Let � be equal to �0 with the domain restricted to dom(�0)nfy(k)gand let � be equal to �0 with the domain restricted to dom(�0)nfu(k)g. Then P� is true and� 2 mgu(U�). Thus (sp:U :P )�� is true and, since x�� = x�0�0 for all x in vars(P ), then(sp:U :P )�0�0 is true.SH2 Because for all � mgu(f[[t; t(m); s(m0)]]; S3; : : : ; Sng�)is equal to mgu(f[[t; t(m)]]; [[t; s(m0)]]; S3; : : : ; Sng�):SI Because of property 2). 9



VAR2 Let � be such that P� is true and let � 2 mgu(U�). Let �0 be such thatx�0 = 8><>: t� if x = xm;z� if x = z�;(x�)xm�t� otherwise.Let A0 be an atom in P 0. Then A0 = Azz0 with A atom in P . If A0 is monotonic then A0�0 is aninstance of A�. Otherwise A0�0 = A�. Thus in both cases A0�0 is true. From t�0 = t� it followsthat inst(z�; hxm�i; hti; z)�0 and (xm = t)�0 are both true. Then R�0 is true. Now let �0 be s.t.� = �0[fxm�=t��0g. Then from U 0�0 = (U�)xm�t� it follows by property 1) that �0 2 mgu(U 0�0).Thus (sp:U 0:R)�0�0 is true and, since x�� = x�0�0 for all x in P , then (9z0 sp:U 0:R)�� is true.Viceversa let �0 be such that R�0 is true and let �0 2 mgu(U 0�0). Let � be such thatx� = ( x��0 if x in z;x�0 otherwise.Then P� = P 0�0 is true. Let � = �0 [ fxm�=t��0g. By inst(z�; hxm�i; hti; z)�0 true for all z inz it follows that U 0�0 = (U�)xm�t� . Then by property 1) � 2 mgu(U�). Thus (sp:U :P )�� is trueand, since xm�0�0 = t�0�0 = t��0 = xm��, then (sp:U :P )�0�0 is true.VAR3 LetU = f[[f(s(k)); x2; : : : ; xm]]; S2; : : : ; Sng,U 0 = f[[si; y2i ; : : : ; ymi ]]i2[1;k]; S2; : : : ; Sng,P 0 = P ^ x2 = f(y2(k)) ^ : : : ^ xm = f(ym(k)).Let � be such that P� is true and let � 2 mgu(U�). From P ) :var(xj) it follows that xj� isa structured term of the form f(tj(k)) for suitable terms tj1; : : : ; tjk (otherwise mgu(U�) would beempty).Let �0 be such that x�0 = ( tji if x = yji for j 2 [2;m] and i 2 [1; k],x� otherwiseThen P 0�0 is true and � 2 mgu(U 0�0) by construction. Thus (sp:U 0:P 0)�0� is true and, sincex�0 = x� for all x occurring in P , then (9ysp:U 0:P 0)�� is true.Viceversa, let �0 be such that P 0�0 is true and let �0 2 mgu(U 0�0). Then si�0�0 = y2i �0�0 = : : : =ymi �0�0 for i 2 [1; k].Then P�0 is true and since xj�0�0 = f(y1; : : : ; yk)�0�0 for all j 2 [2;m], then �0 2 mgu(U�).So (sp:U :P )�0�0 is true.MIS3 By hypothesis the formula is of type 3 and U contains at least a set with a structuredelement. Then by condition (vii) each set that contains a structured element f(y1; : : : ; yk) alsocontains at least a variable x that occurs in the structured element of another set. In such asituation we can eventually extract from U a subset fS1; : : : ; Stg of sets such thatS1 = [[f1(: : : ; xt; : : :); x1; : : :]]S2 = [[f2(: : : ; x1; : : :); x2; : : :]]: : :St = [[ft(: : : ; xt�1; : : :); xt; : : :]].Clearly fS1; : : : ; Stg� has no uni�er. 10



GR1 Immediate since P� is true if and only if (P ^ ground(x))� is true or (P ^:ground(x))�is true.GR2 Let � and � be such that P� is true and � 2 mgu(U�), let �i = �jvars(xi�). Fromground(xm)� true it follows that xi�� = xm� for i 2 [1;m� 1]. Let �0 be s.t.w�0 = 8>>>>><>>>>>: x� if w = x� with x in x;xm� if w = xi for i 2 [1;m1];y1 : : : ym�1 if w = zx with x in x;(y1 : : : ym�1)� if w = yx with x in x;(w�)�1 : : : �m�1 otherwise.where yi is the sequence of variables in vars(x�) \ vars(xi�) for i 2 [1;m� 1].Let A0 be an atom of P 0. Then A0 = Axx0 with A atom in P . If A0 is monotonic then A0�0 is aninstance of A�. If A0 is non-monotonic then A0�0 = A�. In both cases A0�0 is true. Moreover(x1 = : : : = xm)�0 is true because xm�0 = xm� = xi�0 for all i 2 [1;m � 1], :share(zx; x)�0is true because all variables in zx�0 occur in xi� for some i 2 [1;m � 1] and x�0 is obtainedreplacing the variables in all xi� with ground terms, inst(x�; zx; yx; x)�0 is true because x��0 =x�, x�0 = (x�)zx�0yx�0 and :share(zx; x)�0 true imply fzx�0=yx�0g 2 mgu(f[[x��0; x�0]]g); �nallyinvar(zx ; hzx1 ; : : : ; zxm�1 i)�0 is true by construction. Thus R�0 is true. Now let �0 = �jvars(U 0�0).We have that �1 : : : �m�1 is in mgu(f[[x1; : : : ; xm]]g�), range(�1 : : : �m�1) = ; because xm� isground, U 0�0 = U 0��1 : : : �m�1. Then � = �0 [ �1 : : : �m�1 and by properties 1) and 2) �0 is inmgu(U 0�0). Then (sp:U 0:R)�0�0 is true and, since x�0�0 = x�� for all x occurring in P , then(9x; zx; yx sp:U :R)�� is true.Viceversa let �0 be such that R�0 is true and let �0 2 mgu(U 0�0). Let � be s.t.x� = ( x��0 if x in x;x�0 otherwise.Then P� = P 0�0 is true. Let � = �0 [ � with � = f(zxi�0=yxi�0)i2[1;m�1]g. Frominst(x�; zx; yx; x)�0, :share(zxj ; x)�0 and invar(zx ; hzx1 ; : : : ; zxm�1 i)�0 true it follows that x�0 =x�� for all x 2 x. If x 62 x then from :share(zy; x)�0 true for all y it follows thatx�0 = (x�0)� = x��. Then x�0 = x�� for all x occurring in P . Then U 0�0 = U 0��. Fromx1�0 = : : : = xm�0 true, xm�0 ground and inst(xi�; zxi; yxi; xi)�0 true for all i 2 [1;m� 1] it fol-lows that � 2 mgu(f[[x1; : : : ; xm]]g�). Then by properties 1) and 2) it follows that � 2 mgu(U�).Thus (sp:U :P )�� is true and, since x�0�0 = (x�)��0 = x�� for all x occurring in P , then(sp:U :P )�0�0 is true.RF Let � and � be such that P� is true, � 2 mgu(U�). Let �0 be s.t.w�0 = 8>>><>>>: x� if w = x� with x in x;w�� if w occurs in P ;y if w = zx with x in x;y� if w = yx with x in x.where y is the sequence of variables occurring in dom(�jvars(x�)). Now U�0 is true becausexji�0 = xji�� for every i 2 [1;mj ], j 2 [1; n]. Let A0 be an atom of P 0. Then A0 = Axx0 withA atom in P . If A0 is monotonic then A0�0 is an instance of A�. If A0 is non-monotonic thenA0�0 = A�. In both cases A0�0 is true. Moreover inst(x�; zx; yx; x)�0 is true because x��0 = x�,x�0 = x�� and the substitution relative to the two sequences zx�0 and yx�0 is equal to �jvars(x�).11



Since � is idempotent by hypothesis, then �jvars(x�) 2 mgu(f[[x�; x��]]g). Then (R ^ U)�0 istrue and, since x�0 = x�� for every x occurring in P , then (9x0; zx; yx(R ^ U))�� is true.Viceversa let �0 be s.t. (R ^ U)�0 is true. Let � be s.t.x� = ( x��0 if x in x;x�0 otherwise.Then P� = P 0�0 is true. Let � be the substitution relative to the sequences zxji�0, yxji�0 for alli 2 [1;mj ], j 2 [1; n]. Then � 2 mgu(U�). Thus (sp:U :P )�� is true and, since x�� = x��0� =x�0 for every x that occurs in P , then (sp:U :P )�0 is true.Theorem 4.2 The system Hsp is terminating.Proof.We show that no proof tree built using Hsp has an in�nite branch. Rules F, MIS1, MIS2and MIS3 have a predicate as right hand side, so they cannot belong to an in�nite branch. Toprove that only �nitely many applications of the remaining rules are allowed, consider the tuple� = (leq; comp; funct; elem; disj; unvar; unshare; unground)of natural numbers with the lexicographic order. A structured term f(t1; : : : ; tn) will be calledcompound if either some ti is not a variable or the variables t1; : : : ; tn are not distinct. Thenleq denotes the number of variables in U that occur as left hand side of an equation in P .comp denotes the number of occurences of compound subterms of terms in U . Thuscomp =Pnj=1Pmji=1 comp(tji )comp(tji ) = ( 0 if tji not compound ;1 +Pmk=1 comp(sk) if tji = f(s1; : : : ; sm) compoundfunctdenotes the number of occurences of function symbols in U . Thusfunct =Pnj=1Pmji=1 funct(tji )funct(tji ) = ( 0 if tji 2 V AR;1 +Pmk=1 funct(sk) if tji = f(s1; : : : ; sm)elem denotes the total number of elements in the sets of U . Thuselem =Pnj=1 jSj jwhere jSj j indicates the cardinality of the set Sj .disj denotes the number of disjuncts in the disjunctive normal form of the precondition P .unvar denotes the number of variables x 2 vars(P ) such that neither P ) var(x) nor P ):var(x).unshare denotes the number of variables x 2 vars(P ) such that neither P ) share(x; y) norP ) :share(x; y) for some distinct variable y 2 vars(U).unground denotes the number of variables x 2 vars(P ) such that neither P ) ground(x) norP ) :ground(x).Let us list the remaing rules to show that their application decreases the value of � .EQ decreases leq.OR decreases disj, does not change leq, comp, funct and elem.12



SH1 decreases unshare, does not change unvar, leq, elem, funct, comp and does notincrease disj (disj may decrease if a disjunct contains :share(x; y) or share(x; y)).VAR1 decreases unvar, does not change leq, elem, funct, comp and does not increase disj(disj may decrease if a disjunct contains :var(x) or var(x)).STR1 decreases funct and does not increase leq, comp ( comp may decrease if some si is astructured term).STR2 decreases comp or does not change leq, comp and decreases funct.SH2 decreases elem, and does not increase leq, comp and funct (funct may decrease if t isa structured term, comp may decrease if t is a compound term).SI decrease elem, and does not increase leq, funct (funct may decrease if t is a structuredterm).VAR2 decreases elem and does not change leq, funct and comp.VAR3 decreases funct and does not change leq and comp.GR1 decreases unground, does not change leq, comp, funct, elem, unshare, unvar anddoes not increase disj (disj may decrease if a disjunct contains :ground(x) or ground(x)).GR2 decreases elem and does not change leq, comp, funct.Theorem 4.3 Rules of Hsp transform sp:U :P in a (semantically unique) disjunction of formu-las in reduced form.Proof.By Theorem 4.1 all transformations are equivalencies (w.r.t. De�nition 2.1). By Theorem4.2 there is a �nal form. Thus the �nal form is semantically unique. By contrapposition supposethat the �nal form is not a disjunction of formulas in reduced form. Then if condition (i) isnot satis�ed then rule OR can be applied; if condition (ii) is not satis�ed then rule EQ canbe applied; if condition (iii) is not satis�ed then rule VAR1 can be applied; if condition (iv) isnot satis�ed then rule SH1 can be applied; if condition (v) is not satis�ed then rule SH2 canbe applied; if condition (vi) is not satis�ed then rule SI can be applied; if one set contains astructured term then either rule STR1 or rule STR2 can be applied or the set contains onlyone structured term that is a 
at term: in such a case if the formula is not of type 3 then ruleVAR2 or rule VAR3 can be applied, otherwise rule MIS3 can be applied. If for a variable xoccurring in U var(x) occurs in P then rule MIS2 or VAR2 can be applied. Finally if, for avariable x occurring in U , ground(x) occurs in P then rule GR1 or GR2 can be applied.Corollary 4.4 sp is a sound and complete calculus for sp:U .5 Applications5.1 A Forward Semantics for Logic ProgramsPredicate transformers are related to the core of abstract interpretation of imperative programs.In [2] predicate transformers are used to de�ne deductive semantics. Deductive semantics isused to design approximate program analysis frameworks. To propose a similar approach in thesetting of logic programming we need the correspondent of program point for a logic program.In [7] Nilsson introduced a scheme for inferring run-time properties of logic programs based ona semantic description of logic programs that uses the concept of program point. The predicatetransformer sp can be easily cast in such a theory. A clause of a logic program P is interpreted asa sequence of procedure calls. To each call A there corresponds a calling point �A and a success13



point A�. The leftmost and rightmost points in the body of a clause C are called respectivelyentry- and exit points of the clause and are indicated respectively by �C and C�. Goals arerepresented as elements of the set Cgoals := (Points � Env)�; where Points denotes the setof program points of P and Env is the set of predicates A. A transition system for P can bede�ned through two state transition schemes that transform elements of Cgoals as follows.hC�;Ri :: y j= y,h�A;Ri :: y j= (h�C�;TRUEi :: hA�;Ri :: y)T ,where A is a body atom, C� is a variant of a clause C of P s.t. vars(h�A;Ri :: y)\vars(C�) = ;,T � sp:f[[A; head(C�)]]g:(R ^ free(vars(C�))) 6� FALSE. We assume that the de�nition of Uin sp is generalized in the obvious way to atoms or terms. The application of a predicate R toa C-goal is de�ned as follows:(nil)R = R,(hx;T i :: y)R = hx;T �Ri :: yR,where T � R is (equivalent to) T 0 ^ R, with T 0 the strongest assertion (w.r.t. implication) s.t.T ! T 0 and (T 0^R) 6� FALSE. Notice that T �R is de�ned when R is consistent. For instanceif T = (x = y ^ var(x)) and R = ground(y) then T �R � (x = y ^ ground(y)).The previous transitions schemes are obtained from those in [7] by taking as enviroment Envpredicates instead of substitutions, by using the predicate transformer sp instead of the mguas operation in the transition and the operation � to model the application of a predicate to aC-goal. From [7], to each program point i is associated a set �i of states which speci�es whenthe program point becomes current. The set of states is de�ned as Cgoals� Cgoals, where the�rst component describes the C-goal that invoked the clause containing point i and the secondcomponent is the C-goal when the point is current. The semantics of P is de�ned as the least�xpoint of the system of equations relative to its program points. Every program point is eitherthe entry point of a clause or the success point of a body atom. Then it is su�cient to de�nethe meaning of entry- and success points. Let A; C indicate that A and a variant of the headof the clause C can be uni�ed. Then:��C = SA;CfhGi;Gi+1i j 9G(hG;Gii 2 ��A ^Gi j=C Gi+1)g,�A� = SA;CfhG; tail(Gj)i j 9Gi(hG;Gii 2 ��A ^ hGi;Gji 2 �C�)g,Example 5.1 Consider the following simple case of concatenation of two lists:C0 : 1 append([a]; [ ]; z)2:C1 : append([HjL1]; L2; [HjL3])  3 append(L1; L2; L3)4:C2 : append([ ]; L; L) 5 :Here the program points are explicitely labelled by integers. The meaning of this program, whenappend([a]; [ ]; z) is called with z free variable, can be given as least �xpoint of the following setof equations, where we use the notation of [7].�1 = fhnil ; h�C0; free(z)i :: nilig,�2 = fhG; tail(Gj)i j 9Gi(hG;Gii 2 �1 ^ (hGi;Gji 2 �4 _ hGi;Gji 2 �5))g,�3 = fhGi;Gi+1i j 9G((hG;Gii 2 �1 _ hG;Gii 2 �3) ^Gi j=C1 Gi+1)g,�4 = fhG; tail(Gj)i j 9Gi(hG;Gii 2 �3 ^ (hGi;Gji 2 �4 _ hGi;Gji 2 �5))g,�5 = fhGi;Gi+1i j 9G((hG;Gii 2 �1 _ hG;Gii 2 �3) ^Gi j=C2 Gi+1)g.Notice that in this case the �xpoint can be computed in �nite time since the programterminates. We �rst calculate �3. We need to compute14



sp:f[[append([a]; [ ]; z); append([HjL1]; L2; [HjL3])]]g:(free(z;H; L1; L2; L3)).By rule STR1, rule VAR2 applied to L2 and z, rules SI, STR1 and rule VAR2 applied to Hand L1 we obtain the predicateT � (H = a ^ L1 = [ ] ^ L2 = [ ] ^ z = [ajL3] ^ free(L3)).Since (free(z) � T ) = T then h�C0; free(z)i :: nil j=C1 h�C1;T i :: hC0�;T i :: nil.By rules STR1 and MIS1sp:f[[append(L1; L2; L3); append([H 0jL10]; L20; [H 0jL30])]]g: (free(H 0; L10; L20; L30) ^ T )is equivalent to FALSE. Hence�3 = fhh�C0; free(z)i :: nil; h�C1;T i :: hC0�;T i :: nilig.Consider now �5. We need to computesp:f[[append([ ]; L; L); append(L1; L2; L3)]]g:(free(L) ^ T ).By rule STR1, rule EQ applied to L1 and L2, rule SI, rule SH2 applied to L and rule VAR2applied to L and L3 we obtain the predicateR � ((H = a ^ L1 = L2 = L3 = L = [ ] ^ z = [a]).Since T �R = R thenh�C1;T i :: hC0�;T i :: nil j=C2 h�C2;Ri :: hC1�;Ri :: hC0�;Ri :: nil.By rules STR1 and MIS1sp:f[[append([a]; [ ]; z); append([ ]; L; L)]]g:(free(L) ^ T )is equivalent to FALSE. Hence�5 = fhh�C1;T i :: hC0�;T i :: nil; h�C2;Ri :: hC1�;Ri :: hC0�;Ri :: nilig.Finally �2 and �4 can be easily calculated.�2 = fhnil; hC0�;Ri :: nilig;�4 = fhh�C0; free(z)i :: nil; hC1�;Ri :: hC0�;Ri :: nilig.Every set �i describes the states associated to the program point i. Thus for instance �3speci�es that the program point 3 becomes current only when the goal append([a]; [ ]; z) invokesC1 with z free variable and in such a case H becomes equal to a, L1 and L2 become equal tothe empty list [ ] and L3 remains a free variable.6 ConclusionsIn this paper we proposed a formal characterization of uni�cation by means of the predicatetransformer sp:U . We introduced a calculus for sp:U and proved its soundness, completness andtermination. The properties considered include some non-monotonic predicates on the structureof terms, like var, share and :ground. Non-monotonic predicates increase the complexity ofthe calculus that otherwise, i.e. in case of monotonic predicates, would consist of one simplerule.The predicate transformer allows to de�ne a forward semantics of logic programs that can beused to design approximate program analysis framework in the style of those proposed by Cousotand Cousot for imperative programs ([2]). 15
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