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Abstract

In this paper the reader will be introduced to type theories (predicative
and impredicative, with and without inductive types) by a short section
giving theoretical background and by another section with exercises about
the calculus of constructions and its fine structure the lambda cube.

1. Background

Mathematics consists of defining, reasoning and computing. Type systems are
designed to represent mathematics in such a way that it can be verified auto-
matically whether the definitions are well-formed, the derivations are correct
and the computations are performed by a simple underlying reduction sys-
tem. This verification method is expected to be useful for the development of
mathematics and the teaching of it. Also for the verification of hardware and
software systems. See Barendregt [1996] and [1997] for a discussion and more
information.

Type systems as presented are based on work of Russell and Whitehead
[1910-13], Church [1940], de Bruijn [1970], Scott [1970], Girard [1972], Martin-
Lof [1984], Coquand and Huet [1988] and Barendregt [1992]. The use of type
theory for proof-checking has been initiated by N.G. de Bruijn [1970], see also
Nederpelt et al. [1994].

Pure Type Systems

A Type Systems (TS) consist of a Pure Type System (PTS) together with
Inductive Types (IT). A PTS is completely determined by its specification and
the allowed notion of reduction R. Usually R = 8. Here § is the well-known
notion of G-reduction

(Az:A.b)a — g blz: = al;
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§-reduction is unfolding defined notions, so if square is defined as Az:Nat.z?,
then
square —5 Az:Nat.z2.

Inductive types come together with axiomatically given terms R for both induc-
tion and primitive recursion over that type. Induction will be given by the type
of R and primitive recursion by the notion of reduction ¢ for terms containing
R. A term P is in R normal form (R-nf) iff for no term @ one has P —gr Q.
If P—»gr @ and @ is in R-nf, then we say that P has Q as R-nf. Here —R is
the transitive reflexive closure of —gR.

PTSs are denoted by Ar2l where 2 is the specification and R is the under-
lying notion of reduction. Usually R is 8§ in which case we write simply AL
for the system. TSs are denoted by AF?2, where usually R is 34:. In this case
we write simply A124( for the system.

Example of a specification of a PTS.

Sorts *, 0

AP | Axioms *:0O
Rules (%, %, %), (*,0,0)

or in a more compact way

S x,0
AP | A x:0
R (*’ *)’ (*’ D)

The way this determines a formal system will be explained now. Pseudo-terms
for PTSs are determined by the following abstract grammar.

T ::=var |const | 7T | Avar:7.T | lvar:T.T

Some of the constants are called sorts and are declared in the specification as
the set S. An axiom is of the form ¢ : s with ¢ a constant and s€S. The set of
axioms is denoted by A. A rule is of the form (s1, s9, s3), with s;€S; the set of
rules is denoted by R.

The rules of PTSs consist of general rules valid for all systems and specific
ones, depending on the choice of specification and notion of reduction. A typing
statement is of the form A : B with A, BET A declaration is a typing statement
z : B, with x a variable. A context is a list of declarations. A statement of a
PTS is of the form

'+A:B,

with I a context. This is pronounced as “I" yields A in B”. If I is empty then
this is written as - A : B.
Now we present the axiom and rules of a PTS specified by 2 = (S, 4, R).



Axiom Fe:s c: SEA;

'A:s
Start _ s€S, x fresh;
Do:AFz: A
''HFA:s THFB:C
Weakening s€S, x fresh;
Iz:AFB: C
PFF:1z:AB T'kFa: A
Application
'k Fa: Blz: = a
F'FA:s; Tyo:AF B : s
Product (s1,82,83)ER;

I'1lz:A.B : s3

. De:AFB:C TFHIx:A.C:s
Abstraction SES;

' z:A.B : lIz:A.C

'-A:B T'+B":
Conversion N B =i B, s€8

r'-A:B

Axiom and rules for Ag®2 with % = (S, 4, R)

Some PTSs are having as sorts S = {*, 0}, as axiom set A = {x : O} and rules
determined by the following table. Here a rule (s1, s2) stands for (s1, s2, s2).

System Rules

A— (%, %)

A2 (x,%) (O, %)

w () 0,0)

Aw (x,%x) (O,%) (O0,0)

AP (*,*) (*7 D)
AP2 (,%) (O,x%) (x,0)
APw (%, %) (0,0) (%,0)
APw=MXC | (x,x) (O,%) (0,0) (x,0)

These systems form in a natural way the so-called A-cube, see figure 1. This
cube is a fine-structure of its strongest system AC, a version of the calculus of
constructions, see Barendregt [1992] for more information.

1.1. EXAMPLE. The system A2 is specified as follows.

S x,0
A2 | A x:0
R (*7 *)7(D7*)

1.2. DEFINITION. In any of the systems of the A-cube we define the following.
Let T" be a context and A€T.



A2 AP2

Aw APw

A — AP

Figure 1: The A-cube.

(i) AisaT-type if T'F A : x.
(i) Aisa D-term iff T F A : B for some BET
(iii) Ais a [-element iff '+ A : B for some I'-type B.
(iv) We say that A is I-provable, notation I' - A, if ' - B : A for some
BEeT.

NOTATION. Write in a system of the \-cube ' A ff '+ p : A for some peT.
1.3. DEFINITION. A function-space is defined by
A—B =1lz:A.B,
with z fresh, i.e. not occurring in B.
NoOTATION. We write
A= Ay— . oA, 1= A, = A= (A= = (A1 Ay).).

1.4. EXERCISE. Show that the following rules about function spaces are deriv-
able from the axioms and rules of a PTS.

L 'HF:A—»B Thta:A
I'kFa:B
5 Fz:AFb:B|T'F A—-B:s
F'FAx:Ab: A—>B




Inductive Types

Inductive types are introduced by a typical (but simple) example. There are
more involved inductive types that will not be treated here.

1.5. ExAMPLE. Nat! is the inductive type
Nat! = (Ind X)(zero: X|suc: X—X).

This means that there are constructors zero : Nat! and suc : Nat’—Nat’. In
intuitive terms Nat! is freely generated as follows

Nat! ::= zero|suc Nat!
Write 0 = zero and n + 1 = suc n, so
Fn: Nat!

for n : IN. This inductive type comes axiomatically with an inhabitant for
induction R = Rp,¢; satisfying

R : IP:Nat!— % .[P zero—(Vz:Nat!.Pz— P(suc ))—Vz:Nat!. Px],
and the reduction rules

RPab zero —, a;
RPab (suc z) —, bzx(RPabx).

The type of R actually exists only in the systems including product rules
(x,0), (O, ¥), therefore in AY— the recursion operator for inductive types have
to be interpreted as ‘parametric’. For R = R(P[z]) one has

R : P[zero]—(Vz:Nat!. P[z]— P[suc z])—Vz:Nat!.P[z]

for parametric P[z] with
z: Nat’ - P[a] : *.

Here P[x] denotes a term in which z may occur.

Without proof we state the following.

1.6. PROPOSITION. Let A be one of the systems of the A-cube, with or without
inductive types. Then the following holds.

(i) Ty P: A = P and A have a B6i-nf.

(i) Thxg P: A& P =5, Q = T'-Q: A



Application of TSs

Type systems are being applied because they can represent mathematics: defini-
tions, reasoning and computations all can be captured by them in an integrated
way. If in informal mathematics one proves a statement A in a situation I', then
this can be translated into [I'] - p : [A] in the appropriate TS. Here p is to be
regarded as the proof of [A]. In fact it is a precise expression isomorphic to a
natural deduction style proof.

Typing statements in a TS can be verified by a simple program. Indeed,

I'FA:B < typep(A) =R B.

Here typep is a simple function so the main expense is in determining the
convertibility typer(A) =r B.

2. Exercises on Type systems

The various systems of the A-cube correspond to various logics. A—, A2 and Aw
correspond to the intuitionistic first-, second- and higher-order propositional
logics. The system Aw is an auxiliary system that is natural from the program-
ming point of view, as it allows constructors building complex types as first
class citizens. (For example Fa = a—a—«.) Actually only the {—} fragment
of these logics can be captured in the type system A—. Using inductive types
also the other connectives can be dealt with. Another possibility is to use the
second-order definition of other connectives in the systems A2, Aw.

The systems AP, AP2 and AC' correspond to first-, second- and higher-order
predicate logic, APw again being an auxiliary system. The correspondence
between ordinary logic and provability in these type systems is not exact: more
statements are valid in the T'Ss. By defining slightly more complicated TSs,
the systems of the so-called logic cube (or L-cube), the correspondence becomes
exact. We only give one example.

S P x5, *f, opr, 0%
A «P . 0OP x5 0%
R (%P, #P), (%5, %P), (x*,0P),
(%5, %5, *f), (%5, sl *f), (0P, xP)

APred2

This system corresponds exactly to second order logic, see Barendregt [1992]
and Fujita and Tonino [1992] (and Geuvers [1993] for a correction).

Remember that all systems A2l have to be read as Ags2l and all systems
AT as AL

2.1. EXERCISE. Find inhabitants.
1. acx 7 a—a

2. a,B:x F 7 a—=pF—a;



3. a, Bk, yix B 7 (a—f—y)—=(a—F)—a—y;
4. a,B:x F 7 (a—a—F)—a—p.

2.2. EXERCISE. Show that for no context I' and types 7 and 77 one has the
following
I'FAx:?xz . 77.

2.3. EXERCISE. For a:x define ~ o = a—y, for some fresh y:x. Show the
following.

L. a, B, y* F (a=0)—(~ f— ~ a);
2. aux,y:x, exfalso : y—a bk ~~ (v a—a).

2.4. EXERCISE. Let for a : * the type Nat® = (ae—«a)—(a—«) be defined. Note
that for ¢§ = A f:(a—a) z:a.f"z the well-known Church numeral one has

azx ey o Nat®.
Construct a term F' such that a: x = F' : Nat®— Nat® and

le} e}
Fcn g Cn343n241-

[Hint. First construct terms Plus and Times representing addition and multi-
plication.]

2.5. EXERCISE. Show that using R = Rp,¢s one can define for every type o
an R? such that
R? : 0—(Nat’ so0—0)—=Nat’ =0

satisfying the reduction properties

R%ab zero —%p, a;
R7ab (suc ) —»g, br(R7abx).

2.6. EXERCISE. Let f be the modified Ackermann function (that is not primi-
tive recursive) defined by

f(oan) = n+l,
flm+1,0) = f(m,1),
fm+1n+1) = f(m,f(m+1,n)).

Find a term F such that - F : Nat’— Nat!— Nat! and
Fnm-»g f(n,m).

Explain why this seems paradoxical but is not really so.



2.7. EXERCISE. Define
Bool’ = (IndX)(true’ : X|false’ : X).
Construct using R = R, terms representing &,V, =, .

2.8. EXERCISE. Define
17 = (Ind X)().

Prove that
a:+xF 1T —>a.

We use the notation Va.A to denote Ila: * . A.
2.9. EXERCISE. Prove + Va.1%2—q. Here 12 =Va.a.

2.10. EXERCISE. Define A = A— 1!, Show that the following types are in-
habited.

(i) Ya.a—=——a.

(ii) Ya.m——a—-a.

(iii) Yo.m=[~—a—al.

2.11. EXERCISE. Prove the following.
1. a,8:x F a&B—0.
2. a,B:* Fa—aVp.

Here

a&ff = Vy.(a—=B—7)—7;
aVp = Vy.(a=y)=(B8—7)—7-

These are different from the operators with the same names in 2.7.
2.12. EXERCISE. Find a term P such that
a, B F P a—f—a&f;
Write [z,y] = Pxy. Hence
r:a,y:f F [z, y] : a&p.

2.13. EXERCISE. Find the right expressions for 7.

1. B F Ax:(Va.(a—=0)).x7z : (Va.(a—0))—0.

2. pixkE Ar:(Va.(a—=0)).x07 : (Va.(a—p))—p.

2.14. EXERCISE. Define ¢,, = Aa: * .cf), where ¢, is defined in exercise 2.4.



1. Construct a type Nat? such that for all n:IN one has - c,, : Nat?.
2. Construct a recursor R such that
R : Va.a—(Nat?—a—a)—Nat?—a
satisfying the reduction properties
Raabcy —g a;

Raabcpi1 —»3 bep(Raabey,).

3. Construct a term F such that - F : Nat?— Nat? and
Fcp —»g cpat.

Here 0-1=0and (n+1)=1=n.

2.15. EXERCISE. Construct F,G with - F : Nat’—Nat? and + G : Nat?— Nat/
such that for all n€IN one has

Fn =B Cn,
G’cn =p, n.

2.16. EXERCISE. Define
Bool? = Va.a—a—sa.

The two canonical elements of this type are

true? = Aa: * e, gz,

false? = Aoz« Az, y:ay.

Find F,G such that - F : Bool!—Bool? and - G : Bool>?—Bool! preserving
the truth values.

We use the notation Vz:A.B to denote just I1z:A.B.
2.17. EXERCISE. Prove A:x, P:A—* FVz:A.Prx—Pxz.
2.18. EXERCISE. Prove that every antisymmetric binary relation is irreflexive.

A, R:A— A—x antisym:Vx, y: A.Rxy——Ryx - Vr:A.—Rxx.



2.19. EXERCISE. Define I'ap group = G:%,1'1, 2, '3, where

' = eq: G—oG—x,
refl : Vo:G.eqrz,
sym: Vz,y:G.eqry—eqy,
trans : Vz,y, z:G.eqry—eqyz—eqz 2.

'y = plus: G=>G—G,
0:@G,
—:G—G,
comm : Vz,y:G.eq (plus z y)(plus y ),
assoc : Vz,y, 2:G.eq (plus (plus z y) z)(plus z (plusy z)),
inv : V2:G.eq (plus z(—x))0,
neutral : Vz:G.eq (plusz 0) z.

'3 = congr:Vz,2":G.eq x2'—Vy:G.eq(plus zy)(plus z’y).

Lab.group - V1:G.eq (—(—1x)) ».

2.20. EXERCISE. Define C;,, = Af: * — % Az: % .f"z. Construct a term F' with
F F: Nat*—Nat* where Nat* = (x—x)—(*—x), such that

FC), —*3 Cn3+3n2+1'

2.21. EXERCISE. Is there a term P such that one of the following hold? [Hint.
Use proposition 1.6 and a case analysis.]

(i) aw, f:x =% axg:fa—a,axg:a—fa bk P:a—=f(fa).

(il) cu*, f:x =%, ax;: fa—a,ax:a—fa kb P f(fa)—a.

2.22. EXERCISE. Is there a term P such that
ak, frx = axVa.fa—a k- P f(fa)—a?
2.23. EXERCISE (Giannini-Ronchi). Define

= A x Ar:o.x;

AQ: * AT, YT

Aa: x .a—ya, in context ik —x;

sk =k Voo ok Ty

Il
<
2

sk =k Ty (Dy);
Dk =k Azi Py z(Dy) z;

= (Az:0.[z(da: x.a)l,z(Aa: x .a—a)K])w.
Here [...,...] is defined in exercise 2.12. Find the type of M
FM:?.

§ g @ W :g x -
Il Il
> >
3 3
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)\Indw

2.24. EXERCISE. Construct F with - F : Nat/—Nat*, such that for all n€IN
one has

Fn =5, C,.

Here C,, is defined as in exercise 2.20. [Assume for this exercise that there is a
recursor Ro = R such that for F & : O one has

F Ro : k—(Nat—k—k)—Nat—k;
Roab0 —, a;
Roab(suc z) —, bz(Rpabz).]

AP2
2.25. EXERCISE. Define in context A:x,z,y:A
eq;ry = VP:A— *x .Pz — Py.

This is Leibniz’s equality (on type A). Usually we will write z =7, y for eq; zy.
Show that =p is an equivalence relation.

2.26. EXERCISE. 1. Express in a group (i.e. in context [ab.group, se€ exercise
2.19) the property to have torsion:

Tx < In:IN.nx =0.

[Hint. One can express a property QQ;y with intended meaning “y belongs
to the smallest set containing x and closed under addition”. Then Tz <

Q:0.]

2. Suppose that T" with [yp group = T : G—* expresses that an element has
torsion. Prove:

Lop.group = Vo:G.plus x x =1, 0 — T'z.
Here =, is Leibniz’s equality on G.
2.27. EXERCISE. Define in context «, B:%
a x = (Ind X)(pair : a—f—X).
1. Define terms fst, snd such that fst : @ x f—a, snd : a X —3 and

fst(pair z y) — z, snd(pair z y) —» y.

2. Prove o, B:* - Vz:ax (3.2 =1, pair(fst z)(snd z).

11



2.28. EXERCISE. 1. Define by primitive recursion on Nat!
e A: Nat/—x by
A0 = «;
A(z+1) = Az—a.
o f: Nat/—Nat! such that fn =2n+ 1.
e B: Nat!—x by B = z:Nat’. A (f z).
[The same recursor R needs to be assumed as in exercise 2.24.]

2. Prove a:x - (Vz:Nat!.B z).

2.29. EXERCISE. Give an example of terms A, P, f with - A : %,
FP:A—x and F f : x—x% such that

FVz:A.f(Px),

F—f(Vz:A.Pzx),
where we use the definition of — as in 2.10. [Hint. Take A = Bool! and
P = \z:A.Bool’ ]
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