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Conversion to continuation-passing style (CPS)

Goal: make explicit the handling of continuations.
Input: a call-by-value functional language with callcc.
Output: a pure functional language (no callcc).

Uses: compilation of callcc, semantics, programming with
continuations in Scheme, Haskell, ...
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lllustration of CPS in Javascript

We need to save the continuation, in case we encounter a callcc
Idea: turn everything into a function from its continuation to its value
function id(x) {

return Xx;

}
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lllustration of CPS in Javascript

We need to save the continuation, in case we encounter a callcc
Idea: turn everything into a function from its continuation to its value

function id(x, cont) {
cont (x) ;

}
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lllustration of CPS in Javascript

function fact(n,cont) {

if (n == 0)
cont (1) ;
else

fact(n-1, function (t0) {
cont(n * t0) }) ;
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lllustration of CPS in Javascript

function fact(n,cont) {
if (n == 0)
cont (1) ;
else
fact(n-1, function (t0) {
cont(n * t0) }) ;
}

fact (5, function (n) {
console.log(n) ;

b
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Now in the lambda calculus
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Now in the lambda calculus

[...] : (A + callcc) — A

If a: 7, then [a] : ([r] — answer) — answer, where:
[7] = 7 for base types
and [r1 — ] =[] = ([r2] — answer) — answer

[N] = Ak. k N
[x] = Ak. k x
[Mx. a] = Ak. k (Ax. [a])
[f a] = k. [f] (Ave. [a] (Ava. ve va K))

[callcc ] = Ak. [f] (Avr. v k k)
[throw a b] = Ak. [a] (Ava. [b] (Ave. va Vb))
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@ callcc conversion duplicates k: one as argument to f and one to
propagate the current continuation.

@ Throw ignores k.

@ Argument of application is always a value, so works for CBV and
CBN.
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Exercise

[f x] =57
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
= Ak. (Mk1. ki F) (Ava. (Moo ko x) (Avp. va vp k))
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
= Ak. (Ak1. ki f) (Ava. (Ak2. ko x) (Avp. va vp k))
—g Ak. (Aki. ki ) (Ava. (Avp. va v k) X)
—g Ak. (Mki. ki ) (Ava. vy x k)
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Exercise

[f x] = Ak. [f] (Ava. [x] (Avp. va vp k))
= Ak. (Ak1. ki f) (Ava. (Ak2. ko x) (Avp. va vp k))
—g Ak. (Aki. ki ) (Ava. (Avp. va v k) X)
—g Ak. (Mki. ki ) (Ava. vy x k)
—3 Ak. (Ava. v x k) f
—pg Ak. f x k

Perform (3 reductions at transformation time to eliminate the
“administrative redexes” introduced by the translation.
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To show the effect of the translation.

[f(f x)] =g Ak. f x (Av. f v k)
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To show the effect of the translation.
[f(f x)] =g Ak. f x (Av. f v k)

[pufact. An. if n = 0 then 1 else n x fact(n—1)]
=5 Ako. ko

pfact. An. Ak. if n =0 then k 1 else fact(n —1)(Av. k (n * v)))
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Still confused?

The types can help.

[N] = Ak. k N

[N
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Still confused?

The types can help.

[N] = Ak. k N

[N] : (nat — answer) — answer
k:
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Still confused?

The types can help.

[N] = Ak. k N

[N] : (nat — answer) — answer

k : nat — answer
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Still confused?

[\x. a] = Mk. k (Ax. [a])

[Ax. a] : ([x — a] — answer) — answer

[a] : ([a] — answer) — answer

Tom Nikken Conversion from callcc to CPS 11 /16



Still confused?

[Ax. a] = Ak. k (Ax. [a])
[Ax. a] : ([x — a] — answer) — answer

[a] : ([a] — answer) — answer
k: [x — a] — answer
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Still confused?

[\x. a] = Mk. k (Ax. [a])

[Ax. a] : ([x — a] — answer) — answer
[a] : ([a] — answer) — answer
k: [x — a] — answer

[x — a] = [x] — ([a] — answer) — answer
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Still confused?

[\x. a] = Mk. k (Ax. [a])

[Ax. a] : ([x — a] — answer) — answer
[a] : ([a] — answer) — answer
k: [x — a] — answer
[x — a] = [x] — ([a] — answer) — answer

Ax. [a] : [x] — ([a] — answer) — answer
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Still confused?

[f a] = Ak. [f] (Avr. [a] (Ava. vr va k))

with f:a—band a: a

[f a] : ([b] — answer) — answer
[f]: ([a — b] — answer) — answer

[a] : ([a] — answer) — answer
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Still confused?

[f a] = Ak. [f] (Avr. [a] (Ava. vr va k))

with f:a—band a: a

[f a] : ([b] — answer) — answer
[f1: (
[al - (

k : [b] — answer

[a — b] — answer) — answer

[a] — answer) — answer
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Still confused?

[f a] = Ak. [f] (Avr. [a] (Ava. vr va k))

with f:a—banda:a
[f a] - (
[f1: (

[a] : ([a] — answer) — answer

[b] — answer) — answer

[a — b] — answer) — answer

k : [b] — answer

ve : [a — b] = [a] — ([b] — answer) — answer
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Still confused?

[f a] = Ak. [f] (Avr. [a] (Ava. vr va k))

with f:a—band a: a

[f a] : ([b] — answer) — answer
[f]: ([a — b] — answer) — answer
[a] : ([a] — answer) — answer
k : [b] — answer
ve : [a — b] = [a] — ([b] — answer) — answer
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Execution of CPS-converted programs

Execute prog by giving it the initial continuation Ax.x:

[prog](Ax.x)

If a —* v, then [a](Ax.x) —* [v].. If a diverges, so does [a](Ax.x)

Where the CPS translation of values v is:

[N], =N  [Ax.a], = Ax.[4]
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Plotkin's proof

A difficult proof based on the following simulation diagram:

one reduction

4 - b
CPS transfurmatiun' 'CF‘S transformation
(no reductions,
[21 k in general ) [6] &
administrative administrative
reductions 6\1{'{1@533"'; reductions

' == '

ak = b:k
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The A-terms produced by the CPS transformation have a very specific
shape, described by the following grammar:

CPS atom: atom ::= x| N | Av. body | Ax.Ak. body

CPS body: body ::= atom | atom; atom; | atom; atom; atoms

[2] is an atom, and [a] (Ax.x) is a body.
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Reduction of CPS terms

CPS atom: atom = x| N | Av. body | Ax.Ak. body
CPS body: body ::= atom | atom; atomy | atom; atom, atoms

Note that all applications (unary or binary) are in tail-position and at
application-time, their arguments are closed atoms, that is, values.

The following reduction rules suffice to evaluate CPS-converted programs:

(Ax.Ak. body) atom; atomy — body[x + atomy, k <+ atoms]
(Av. body) atom — body[v + atom]

These reductions are always applied at the top of the program — there is
no need for reduction under a context!
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