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The systems \%;* 1/11

Let A be a set of symbols: atomic types
Types over A, notation T = T4 :

T = A|T—->T

Type assignment A\ = AU = A& = \_, “Simply typed lambda calculus”
Bases: I' = {x1: A1, - ,2,:A,}
Statements: M : A, with M/ €A and AcT?,

(axiom) T'kFux: A, if (:A)el

'-M:(A—-B) TEFN:A oA M : B

(—E) (—1)
I'-(MN):B ' (M\xe.M): (A— B)

Write = M : Afor Q- M : A
Note that - | : a—«, butalsoF | : A=A, - | : (A—B)—(A—B) for all A, BEA
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Notation for types 2/11

We assume that o€A. We write A—B—C for A—(B—C) (association to the right).
3.1. DEFINITION. (i) The following types in T* are often used.
020, 1200, 2= (0—0)—0, ....

In general
020 and k+ 12 k—0.
(ii) Define A*— B and ny by cases on n
A-»B £ B on 2 o
At £ A ARSB (n+1)k = n—o.

For example

lo = o
1=1; = o0o—o
lo = o0—0—0;
23 = 1—=1—=1—0;
1°-52—0 = (0—0)—(0—0)—((0—0)—0)—o.
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3.2. DEFINITION. Let Me€A
(i) An M-reduction is of the form M = My —s M1 —5 Mz —p - --
(ii) An M-reduction is terminating if it is finite and the last element is in S-nf
(iili) MeWN (M is weakly normalizing) if there is a terminating M-reduction
(iv) MeSN (M is strongly normalizing) if all M-reductions are terminating

Note that trivially one has SN C WN

Note also that ) & SN ¢ WN ¢ A as Q€A — WN, (false 2)e WN — SN, and (11)eSN
The interesting term false €2 (draw its reduction graph) has a subterm ¢ WN

More interesting is (Ax.false(xx))(Az.false(xx)) ¢ SN, with each subterm € WN

Note that Yfalse =3 (A\z.false(xx))(Ax.false(xx))

3.3. THEOREM (Turing, £1952). ' - M : A = M eWN

3.4. THEOREM (Tait, 1967). I' - M : A = MeSN
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Type checking and typability; functional programming 4/11

For AcT" write A* for the result of substituting types for the type variables in A
Note that if ' M : A, then T - M : A*

3.5. THEOREM (Hindley; Milner). There is (after coding) a computable function pp
such that pp(M) = (I'; A) or pp(M) = fail such that for all MeA
(i) If pp(M) = (', A), then ' M : A and

I'EM:A = A=pp(M)* &T' DT for some * = [a1 := A1, -+, an := Ap]
(ii) If'F M : A for no ', A, then pp(M) = fail

3.6. COROLLARY. There is a computable function pt such that for MeN
(i) If pt(M) = A, thent M : A and+ M : A"’ = A" = pt(M)* for some *
(i) If = M : A for no A, then pt(M) = fail

3.7. THEOREM (Curry: Subject Reduction). - M : A& M — N=F N : A
(“type checking needed only at compile time”)

The pure functional programming languages Haskell and Clean are based on A\ with

the addition of Y : (A—A)— A to represent search. Then WN and SN is no longer valid.
A less pure functional programming language is ML, that is based on a similar extension of
A4 but also has assignments like [ := z+1]. Untyped functional programming language
are LISP (with confusion between free and bound variables and and its correction Scheme.
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3.8. DEFINITION. (i) For ACT” we define A(A) as follows:
" eN(A)
MeA(A—B),NeA(A) = (MN)eA(B)
MeA(B) = (\z*.M)eA(A—B)
(i) As before =g is axiomatized by (Az*.M)N— M|z := N]

3.9. EXaAMPLE. |4 = (\z®.2*)€A(A—A) and
lap = 7P a7 B)eA((A=B)—(A—B)) differ

3.10. DEFINITION. For Me |, A(A) define |[M|€A:

iz = =
[MN| = [M]|N|
Azt M| = Az |M]

3.11. PROPOSITION. (i) MeA(A) & MeA(B)=A=DB
(ii) MeA(A) & M —»g N = NeA(A)
(iii) MeA(A) =Ty Faw [M]: A, where I'yy = {2:A | rAeFV (M)}
(iV) r |_>\C_u> M: A= HM/EA(A)‘M/’ =M&TI'yy CT
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3.12. THEOREM (Tait 1967). MeA(A) = MeSN
PROOF. We use an induction loading. First we add to A%, constants d,EA(a) for each

atom «, obtaining A ™. Then we prove SN for the extended system. It follows a fortiori
that the system without the constants is SN.
Define for AcT* the following class C4 of computable terms of type A.

|I>

Ca {MeA? (@) | SN(M)};
Casp 2 {MeA’(A—=B) | VQeCa.MQeCr):

C LJ ca.

AcTA

|I>

Then one defines the classes C7; of terms that are computable under substitution
Ch 2 {MeA(A) | VPeC.IM[z: = PleA’(A) = M[#: = PleCal}.
Write C* £ | J{C} | A€ TT*}. For A= A1 — ... A, —a« define
da 2 Xz i da.

Then for A one has
MeCa < VQeC.MQeSN, (0)

MeCh < VP,QeC.M|z: = P]QeSN, (1)
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Proof of SN continued 7/11

where the P, Q should have the right types and MQ and M|z: = f’](j are of type «,
respectively. By an easy simultaneous induction on A one can show

MeCa = SN(M); (2)
da€eCa. (3)

In particular, since M[Z: = ﬁ]@ESN = M &SN, it follows that
MeC" = MeSN. (4)

Now one shows by induction on M, distinguishing cases and using (1), that
MeA(A) = MeCy. (5)

Case M = x. Then for P, QEC one has M [x: = P]Q = PQEC C SN, by the dejinitioD of
C and (2). Case M = NL. Easy. Case M = Ax.N. Now Ax.NeC™ iff for all P,Q, ReC

(A\z.N[j: = P])QReSN. (6)
By the IH one has NeC™ C SN; therefore, if ]3, Q,ﬁEC C SN, then
Nlz: = Q,y: = P]ReSN. (7)

Now every reduction o starting from the term in (6) passes through a reduct of the term
in (7), as reductions within N, P, Q, R are finite, hence o is finite. Therefore we have (6).
Finally the result follows by (5) and (4). &
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SN for A%}

8/11

3.13. LEMMA. For M,NeA, M'eA(A) such that |M'| = M —s N there exists an

N'eA(A) such that M' —5 N' and |[N'| = N.

M/ ,,,,,, 5> N/ EA(‘A)
| | 1
M—= N e

3.14. THEOREM. LetI' = M : A. Then M&SN.

PROOF. By Lemma B.12 an infinite reduction in A% lifts to A which is impossible by

Theorem 3.11. W
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Inhabitation
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3.15. EXAMPLES. (i) A = o0—0—0. Then M4 is

Az \y°

O0—0—0

|

Y

This shows that the type 12 has two closed inhabitants: Axy.x and Axy.y. We see that

the two arrows leaving | o | represent a choice.
(ii) A =a—((0—=f)—a)—L—a. Then My is

a—((o—=pf)—a)—L—a
lxaa,\f@%ﬂ)*a,\bﬂ
« a
L
e —— E

Hb

Again there are only two inhabitants: Aafb.a and Aafb.f(Ax°.b).
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More inhabitation machines 10/11

(i) A= ((a—=p)—a)—a. Then M4 is

((a—=p)—a)—a
lAF(aﬁﬂ)—*a
Q F a— _Aet 6]

This type, corresponding to Peirce's law, does not have any inhabitants.
(iv) A=1—0—0. Then My is

1—0—o0

lkflkxo
f C o x

This is the type Nat having the Church’s numerals A f'z°. f™x as inhabitants.
See Kwww.cs.ru.nl/~henk/Inhabitation.pdf> for more on inhabitation machines
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