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Quoting and its inverse 1/4

3.1. PROPOSITION. There is no Q€A such that QM ="M '

PROOF. By the effectiveness of # there exists a lambda term F),,,2 such that

Fopp? @' = false
Fopp? PQ' = true
Fopp? Ax.P' = false

Suppose such a () exists. Then one has

lx =2 = Q(lx)
= lz'='x

= Fapp? 12" = Fappr('z)

Qx

j

= true = false,

contradicting the Church-Rosser theorem. Hence () doesn’'t exist. W
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Evaluating (unquoting) 2/4

3.2. DEFINITION. A? = {MeA | FV(M) = 0}.
3.3. THEOREM. There exists a term EEN? such that for all MeN?
EM'= M. “Lambda calculus understands its own meaning.”

PROOF. Let peA. We think of it as a ‘valuation’, a map that assigns to variables
z; a lambda term p(z;) £ pc;. As usual in model theory such valuations may need
modification. Define

as the p’€A defined by
pllzi) = X
pl(zj) = plxy), ifi#].

Note that there exists a term H such that

HcpX = plz; — X].
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Construction E (continued) 3/4

There exists a DeA? satisfying

Dp'wi' = p(z:)
Dp PQ' = (Dp P )(DpQ))
Dp'Ax;. P' = My.(Dplz; —y] P).
By induction on P = P(x1, - ,x;)€A one can show that

D,OTPT = P[xl = p(x1)7' ", Lk = p(xk)]

Here Plz1 := p(x1), -+ ,xk := p(x)] denotes simultaneous substitution.

Now define E £ D pg, with pg = K 1. This E is in A?.
But then for PeA? one has

EP =Dpy/P' =P =
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Exercises 4/ 4

1. Define for combinatory terms built up from variables, |, and K an ‘effective’
quoting function.

2. Define the analogon Ec1, for combinatory terms.

3. Show that (terms range over A?)

JFvX F X' = XX
VFIX F'X XX
JFvX F'X X'X
VFIX F'X X'X

4. Add to the lambda calculus constants 0, € and the reduction rule 0 X X —e¢

Show that the resulting reduction relation satisfies the weak CR property:

Klop [1980] shows that it does not satisfy the CR property.
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Exercises (cont'nd)

Give types to \xy.xxy, A\vy.yxr.
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