The Arithmetical Hierarchy
Extra Material
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V, d rules in arithmetic

1.2. PROPOSITION. IL.W & V
2. < 4
3. Ve<ndy <& dyVe<n
4. de<nVy <& Vydr<n
PROOF. 1. VaVy.R(e,x,y) < Vz.R(e,(2)o,(2)1)
2. dz3y.R(e,z,y) < 3Jz.R(e,(2)o, (2)1)
3. Ve<ndy.R(e,x,y) <  Jyo,...,Iyn—1Ve<n.R(e, x,ysz)
4. dJe<nVy <& ——dr<inVy
& AVe<ndy-
& dyVer<n—
& Vyde<n——
& Vyde<n B
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Reducibility in the Arithmetic Hierarchy

1.3. PROPOSITION. Let R(xy,...,x,) and fi,..., f. computable

Define
Q(yla I 7ym) é R(f1<g)7 RN fn(g)>
Then

Rell) = Qe€ll)
ReY) = Qex)
PROOF. Let R(7) < Vzdz,... .P(Z, 7). Then
QW) < R(NW),... oY) & Vadzn.. P(AWY),. .., fn(y) ?)

which i1s in the same class as . B

1.4. LEMMA. A <, Bell) = A€ell}

Simalarly for the X-classes.
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Disjoint union

1.5. LEMMA. Define AU* B ={<a,0>|acA}U{<b,1>|beB}.
Note that A <,, AU* B and B <,, AU* B.
From this one shows (K U* K)€AY but not in II¢ or in Y.

Similarly, (K, U* K,)€AY_ | but not lower.
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