
Some extensional term models

for combinatory logics

and λ-calculi

1971

A republication 2020

motivations, hindsight, and the making of

Henk Barendregt





SOME EXTENSIONAL TERM MODELS

FOR COMBINATORY LOGICS

AND λ-CALCULI

PROEFSCHRIFT

ter verkrijging van de graad van doctor in
de Wiskunde en Natuurwetenschappen aan de
Rijksuniversiteit te Utrecht, op gezag van de
Rector Magnificus Prof. Dr. F. van der Blij,
volgens besluit van de Senaat in het openbaar
te verdedigen op woensdag 16 juni 1971
des namiddags te 4.15 uur

door

HENDRIK PIETER BARENDREGT

geboren op 18 december 1947 te Amsterdam



promotor: PROF. DR. G. KREISEL
(Stanford University, California)

dit proefschrift kwam tot stand mede
onder leiding van de lector

DR. D. VAN DALEN

(With corrections 2006 in pencil.)





Acknowledgements

I feel indebted to professor Kreisel and Dr. van Dalen
for their stimulation and criticism while preparing this thesis.

I thank Beulah MacNab for correcting the English text,
Mrs. Breughel for careful typing,
and Mr. van Zoest for drawing the figures.



Preface

This book is a republication of my PhD dissertation from 1971, at Utrecht University
under supervision of Dirk van Dalen and Georg Kreisel with several natural additions.
Included are the following Parts.

I. The thesis itself

The thesis is about the (type-free) λ-calculus and the related theory of combinatory logic,
often including the principle of extensionality. These theories started in the 20’s and 30’s
with work of Schönfinkel and Curry on combinatory logic and of Church, Rosser and
Kleene on the λ-calculus and gave the theory of computable functions a strong boost.
The foundation of computability was strengthened by Turing’s alternative description
via what are now called Turing Machines and his demonstration that the computational
models of λ-calculus and Turing Machines select the same class of computable func-
tions. In this way the Church-Turing Thesis arose claiming that the ‘correct’ definition
of intuitive computability was found by either the λ-calculus or Turing Machines.

Nevertheless λ-calculus and combinatory logic were not yet commonly recognized
in the mathematical community, because of the lack of a clear meaning of self-application.
Kleene expressed some disappointment on the reception of his results in λ-calculus and
translated them all into the theory of computable functions. In the early 70’s it was still
the case that λ-calculus was frowned upon. This in spite of the then recent work of Dana
Scott who constructed mathematical models of this theory.

The thesis starts with a motivation to study the type-free theories, notably in the
extensional case. In Chapter 1 a self contained introduction is given with as main results
(i) the representation of the computable functions using λ-terms; (ii) the equivalence
between λ-calculus and combinatory logic in the extensional case; (iii) the consistency
of the theories involved via a syntactical proof. Chapter 2 contains as main results (i)
the strengthening of the extensionality principle by the ω-rule; (ii) it is shown that the
theory remains consistent after adding this rule; (iii) the partial validity of the ω-rule
in the extensional case. In Chapter 3 the notion of solvable term is introduced. It is
shown that (i) undefinedness of partial computable functions can be represented by
unsolvability; (ii) if FZ = I for an unsolvable term Z, then FX = I for all terms X (the
Genericity Lemma); (iii) it is consistent to equate all unsolvable terms, resulting in λ-
theoryH. A first Appendix lists all auxiliary versions of the λ-calculus and combinatory
logic in order to prove the results above. A second Appendix presents a simplified
proof of the Church-Rosser theorem for the λ-calculus, due to Martin-Löf, based on an
argument by Tait for the same result for combinatory logic.

Finally the thesis ends with translations of the summary in Dutch, my 1971 CV, and
a set of Propositions, to be explained now. A PhD thesis in the Netherlands back in the
1970s was supposed to contain a list of Propositions (‘Stellingen’) in Dutch, not on the
subject matter of the thesis. The rumour goes that professors not having read the thesis



still could ask questions during the defense1. In my thesis there were eight proposi-
tions and an English translation of this list is included in this republication. Some of
the propositions are commented on. Proposition VIII is about windmills and the ques-
tion why they turn counterclockwise in The Netherlands. My explanation has been
criticized in another PhD dissertation from 1976. Proposition VII, about the power of
posthypnotic suggestions, is explained in this republication. Investigating the scope of
this proposition seems to merit further psychological research.

Part II Motivation & Failure. During my studies towards a Master’s in 1966 my first
thesis supervisor Dirk van Dalen returned from a sabbatical spent at MIT and took with
him a dittoed copy of the stil to be published book Rogers Jr (1967) on computability
theory and lectured on its contents. I loved the lectures and its content. My plan was
to make a model of the λ-calculus using computability theory. I thought I had accom-
plished this and showed that terms without a normal form were all equal in this model.
The model turned out to be wrong, exactly because the terms without normal form were
equated. This failure gave the main intuition behind the notions in the thesis (Part I). In
Part II it is shown that terms without a normal form are undefined. The original pre-
publication of this result has been improved and published as Barendregt (1975), and is
included here.

III. 2020 Hindsight. In this Part first the defined notions and established results in
the thesis are commented on, notably how they arose from the failed attempt. Then it is
sketched how the theory did develop in later years.

IV. The making of a PhD. In this part the story of the making of my PhD with the
interaction between the Teacher (my principal supervisor Kreisel) and the student (my-
self) is told. It is a reprint of Barendregt (1996) written for the 70-th birthday of Georg
Kreisel. In it the couleur locale is described of my working on this PhD thesis and beyond.
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About Thesis & Author

Summary

This Thesis is concerned with combinatory logic, not as a foundation for all of mathe-
matics, but as a formal system aiming at the study of computational procedures.

Chapter I presents a survey and extension of existing background material.
In Chapter II theω-rule is introduced and added to combinatory logic. Using trans-

finite induction the consistency of this extension is proved. Furthermore, the existence
of universal generators is proved. For the complement of the set of these terms, it holds
that theω-rule is a derived rule.

Chapter III proves a number of other consistency results. In this way several models
of combinatory logic are obtained that are not elementary equivalent.

The proofs of the results above, mostly employ conservative extensions of combi-
natory logic. An important role is played by the novel method of underlining. This
technique formalizes the notion of residual, thus circumventing otherwise rather ver-
bose arguments.
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Propositions

I Rosenbloom’s formulation of the extensionality principle is confusing, in particu-
lar to Rosenbloom himself2.

Rosenbloom: The elements of mathematical logic, page 112.

II Goodman attributes certain definedness properties to his abstraction operator λ,
this without justification.

Goodman: Intuitionistic arithmetic as a theory of constructions, section 8.

III In the intuitionistic theory of equality the axiom

¬ ∀z (z 6= x∨ z 6= y)→ x = y

is properly stronger than the stability axiom

¬ ¬ x = y→ x = y.

IV If one formulates a bit more carefully the axioms of Kearns concerning the dis-
criminators in combinatory logic, then it follows that the reduction and equality
relations are also right monotone.

Kearns: Combinatory logic with discriminators,
J. Symbolic Logic, vol. 34 (1969)

V The notion ‘strongly definitionally equal’, as introduced by Tait, is not entirely
adequate. The problem can be solved by introducing a variant of Curry’s strong
reduction relation.

Tait: Intensional interpretations of functionals of finite type I,
J. Symbolic Logic, vol. 32, page 204-205.

2What is meant here is that extensionality is described as being the ω-rule. Moreover it is claimed that
this follows from combinatory axioms, like those of Curry (Barendregt, 1984, Aβη Corollary 73.15). But
although these imply the proper rule of extensionality, they do not imply theω-rule.



VI Curry’s view, that combinatory logic constitutes a prelogic providing a foundation
for all formal systems, fails to take into account the difficulties in the analysis of
the iteration process.

Curry and Feys: Combinatory logic, Introduction.

VII The question whether post-hypnotic behaviour is also propter-hypnotic behaviour,
does not deal with the possibility that the subject is acting, is polite, is cheating or
whatsoever. Relevant is only the needed strength of stimuli leading to alternative
behaviour3.

VIII The windmills in The Netherlands turn their blades counterclockwise. This is a
consequence of the circumstance that in The Netherlands a veering wind occurs
more often than a shrinking wind. When during work the miller needs to wheel
the wings because of a veering wind, this is easier than with shrinking wind, due
to the gyroscopic action of the cross of blades4.

3[Added in 2020.] The Stanford Hypnotic Susceptibility Scale (SHSS) assigns a value to a hypnotic
subject, according to the number of increasingly unlikely things that are followed up as a posthypnotic
suggestion. A disadvantages of the SHSS are that in different cultures certain behavior is more accepted
and that subjects may be faking. To counter the first point several local versions of the scale appeared.
In the above Proposition a different approach is suggested dealing with both problems. One assesses the
strength of stimuli that are needed to prevent the subject from obeying the posthypnotic suggestion.

4[Added in 2020.] This Proposition was justly challenged in 1976 by Eric Zwijnenberg in a Proposition
accompanying his PhD thesis on astronomy. He—also living in a windmill—went so far as to experimen-
tally refute it. His Proposition 7 in

E. Zwijnenberg. Observation of brightness profiles of the soft X-ray background in Gemini, Orion and Eridanus,
PhD thesis, Leiden University, 1976

is as follows

“The claim of Barendregt that the counterclockwise turning of windmills can be explained by the gyroscopic action
of the cross of blades and the circumstance that in The Netherlands there are more veering than shrinking winds can
be refuted both theoretically and experimentally.”



Part II

Motivation & Failure





1
Motivation

The λ-calculus

Studying the PhD thesis of Goodman (1968) on Intuitionistic Arithmetic did evoke my
interest in λ-terms and combinators. Browsing also in Church (1941) and Curry & Feys
(1958) I learned that the original version of the λ-calculus, Church (1932, 1933), was
intended to be a foundation for all of mathematics: reasoning and computing. This
theory turned out to be inconsistent, as shown by the paradox of Kleene & Rosser (1935).
Later this inconsistency was much simplified by the paradox of Curry (1941).

By necessity Church focused on the underlying pure system, omitting the logic. This
is presently called the (type free) λ-calculus, dealing only with computing. It turned out
that this system could capture surprisingly1 well the notions ‘computable’ and ‘decid-
able’. It consists of λ-terms with equations between these as the only statements. This
theory was proved consistent, in the sense that not all equations are provable, by a syn-
tactic argument, the Church-Rosser Theorem, also known as confluence, Church & Rosser
(1936). This result states that while provable equality2 is generated by a reduction rela-
tion3→→ one has

λ `M = N ⇒ ∃L[M→→ L & N→→ L].

Combinatory Logic

Even simpler than the λ-calculus is its variant combinatory logic, in notation CL. It
originated with Schönfinkel (1924). It also is an equational theory, having just one binary

1See Cardone & Hindley (2009).
2This means that provable equality = is the reflexive, symmetric, and transitive closure of a one-step

rewriting relation →. On the other hand the relation →→ is the reflexive and transitive closure of →. Con-
fluency states that one needs to go ‘down and up’ only once.

3In Part I of this thesis →→ is denoted by >. The context should make it clear that reduction on lambda
terms is meant. If necessary one writes →→β for →→ on λ-terms, derived from the β axiom (λx.M)N = [x :=
N]M. In the thesis the notation λ `M > N is used.
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operation application4, in notation ·. Similar to the convention in algebra the application
operator is not explicitly written: xy denotes x·y. Moreover, xyz denotes (xy)z, etcetera:
association to the left. In CL there are variables x, y, z, . . . and constants I,K,S satisfying

Ix = x

Kxy = x

Sxyz = xz(yz)
(1)

Variables are used in order to indicate uniformly valid provable equations. The constant
I is not strictly needed as it can be defined by I = SKK, since SKKx = Kx(Kx) = x, and
hence can be omitted. Consistency is proved again by confluence

CL ` P = Q ⇒ ∃R[P →→ R & Q→→ R],

this time for →→ being →→w, called weak reduction, coming from the axioms of CL in-
terpreted as rewrite relation →w. A w-normal form is a term to which no →w step is
possible. For example K,S are such terms, but IK not. From confluence it follows that
6` K = S. A term that has a w-normal form is IK →w K. But Ω , SII(SII) doesn’t have a
w-normal form.

Search for a model

Work on this thesis started with the intention to construct a model of CL

A = 〈A, i, k, s, ·〉

satisfying (the universal closure of) the axioms (1). Of course there is the trivial model
A = {i} with i · i = i and i = k = s.

In a personal communication A. Grzegorczyk had shown that the first-order theory
with as axioms

Kxy = x

Sxyz = xz(yz)
K 6= S

(2)

has no computable model and is essentially undecidable, i.e. has no consistent decidable
extension. The official version of CL is just a purely equational theory. The axiom k 6= s
is equivalent to non-triviality of the model. Indeed, if k = s, then all elements are
provaby equal (to i):

x = ix = iix = skkix = kkkix = kix = i.

Conversely, in a trivial model one has k = s. Grzegorczyk’s result showed that finding
a non-trivial model wasn’t so easy. For one thing, there are no finite such models. This

4Abbreviated as app. The apps on a smartphone are very much related to this operator, because x · y
stands for application of x seen as program to y seen as argument.



can be easily seen also from the fact that in A the elements knk , k(k(k . . . (k︸ ︷︷ ︸
n ×

k))), for

n∈N, are all different, assuming k 6= s.

Computability theory

Besides the investigations of Church on computability there was the work of Turing
(1937b,a), which described the notion in terms of deterministic steps performed by a
mechanical device, now called Turing Machine. Turing showed that Church’s model of
computation and that of himself define the same class of (partial) computable functions.
Based on this and other considerations Kleene et al. (1952) introduces on N a partial
operator {x}(y), that can be interpreted as the possible result of applying the partial
computable function with code x to input5 y. Kleene obtained results by translating the
intuition of known results in λ-calculus into elementary computability (also known as
recursion) theory. In this way he obtained the Smn -theorem and the recursion theorem
from respectively ‘Currying’ and the fixed point theorem.

Conversely, using the Smn -theorem one can show that there are elements i, k, s∈N
satisfying for all x, y, z∈N

ix ' x;

kxy ' x;

sxyz ' xz(yz);

k 6' s.

Here E1 ' E2 denotes that if one of the two expressions E1, E2 is defined, then so is the
other one and both are equal: E1 = E1 ∈N. Because application is not always defined, a
structure like

K = 〈N, i, k, s, ·〉

is called a partial combinatory algebra (pca)6. This K is called Kleene’s first pca. My in-
tention was to turn K into a (total) combinatory algebra in such a way that Kleene’s
translation of results λ-calculus results would become a simple model theoretic inter-
pretation.

Failure

As will be explained in detail in Chapter II.2, several attempts to construct from K a
total combinatory algebra failed. However, the work did lead to the main notions and
results in the thesis, as will be explained in Part III.

5Actually he did this for partial functions of k-arguments, but here we take k = 1.
6This pca has been used in Kreisel (1958) to define HRO, a model of the typed λ-calculus, in order to

describe constructive aspects of mathematics. In Wagner (1969) a modest part of computability theory was
described as a Uniformly Reflexive Structure (URS) based on K, extended with a constant for discriminat-
ing elements, see Chapter II.3.





2
Kleene’s partial combinatory algebra

2.1 (Partial) combinatory algebras

DEFINITION 2.1. (i) An applicative structure is of the formA = 〈A, ·〉, a set endowed with
a binary operation.

(ii) Often one writes ab = a · b.
(iii) By convention ab1 . . . bn = (..((ab1)b2) · · ·bn), association to the left.
(iv) A is extensional if ∀a, a ′.[∀b.ab = a ′b] ⇒ a = a ′ holds in A.
(v) A is called trivial if A = {a} with a = a · a, otherwise non-trivial.

Combinatory algebras

DEFINITION 2.2. A combinatory algebra, abbreviated as ca, is an applicative structure
A = 〈A, ·, i, k, s〉 such that

ix = x;

kxy = x;

sxyz = xz(yz).

We are mainly interested in non-trivial ca’s. These are models of CL. In Chapter I.1
it was noted that a ca is trivial iff k = s.

The motivation for this notion comes from the theory of combinators beginning with
Schönfinkel (1924), where it is shown that in a ca all algebraic functions (i.e. express-
ible by an expression over the structure using variables, constants and application, like
F(x, y) = yk, are representable by an element; in case of the example F(x, y) = axy, with
a = k(si(kk))).

DEFINITION 2.3. Let A be a ca.
(i) A term over A is built up from variables and constants for elements of A using

application.
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(ii) The set A[~x] consists of terms over A using at most variables from ~x.

The following result states that every algebraic function over A is representable by
one of its elements.

PROPOSITION 2.4 (Combinatory completeness). LetA be a ca, For every applicative expres-
sion t∈A[~x] the following holds in A

∃b∀~x.b~x = t[~x].

PROOF. First one defines for a term t∈A[x,~y] a term λ∗x.t∈A[~y] simulating1 λ-abstraction,
that is ∀x∈A.(λ∗x.t)x = t.

λ∗x.x = i;

λ∗x.y = ky, if x 6= y;
λ∗x.c = kc, if c is a constant;

λ∗x.t1t2 = s(λ∗x.t1)(λ
∗x.t2).

By induction on the generation of t it is easy to see that

(λ∗x.t)x = t (1).

Now for a term t∈A[x1, . . . , xn] define

b = λ∗x1.(λ
∗x2.(. . . (λ

∗xn.t))).

Then bx1, . . . , xn = t, by repeated application of (1).

Conversely, the existence of i, k, s in a ca are just three instances of combinatory
completeness. The term combinatory completeness was coined by Curry.

Partial combinatory algebras

Now these notions will be loosened by allowing partial application. This will make it
more easy to construct relevant structures.

DEFINITION 2.5. A partial applicative structure (pas) is of the form A = 〈A, ·〉, a set en-
dowed with · : A⇁ A a partial map. If · is total, then A is a (total) applicative structure.

NOTATION 2.6. For a partial or total applicative structure we use the following nota-
tions for application.

(i) ab = a · b, which may be undefined.

1There are several ways of doing this. The easiest way described here comes from Rosenbloom (1950)
and yields an algorithm of complexity O(n) = 2n. With a little effort (Curry) one can reduce this to
O(n) = n2. The most efficient algorithm (Statman) has assymptotic complexity O(n) = n logn. For a
survey and an interesting middle way, see Broda & Damas (1997).



(ii) ab1 . . . bn = (..((ab1)b2) · · ·bn), with the understanding that if e.g. ab↑, then
abc↑.

(iii) For two expressions E1, E2 that may or may not be defined as alement ofA, write
E1 ' E2 to denote that if one of the two expressions is defined, then so is the other one
and both are equal: E1 = E1.

Let A be a pca. As before we can define what is a algebraic partial functions over
A. Also representable partial functions are defined as before with one extra condition. A
partial map F : Ak → A is representable if in A

∃b∈A∀x1, . . . , xk.[bx1 . . . xk = F(x1 . . . xk) & bx1 . . . xk−1↓, in case k > 0].

DEFINITION 2.7. Let A be a pas. Then this structure is a partial combinatory algebra pca if
every algebraic partial function on A is representable.

PROPOSITION 2.8. LetA = 〈A, ·〉 be a pas. ThenA is a pca iff there are i, k, s∈A such that in
A one has

ix ' x, hence ix = x;
kxy ' x, hence kxy = x;
sxyz ' xz(yz);

and for all x, y∈A one has kx↓, sx↓ and sxy↓.
PROOF. As for the (total) ca, noting that one always has λ∗x.t↓, independently of the
value of the other variables in t.

2.2 K: Kleene’s (first) pca

Turing’s fundamental result about computability over N implies that there is a univer-
sal partial computable function of two variables ϕe(x) such that for every unary com-
putable partial function ψ there exists a code e satisfying ψ = ϕe.

DEFINITION 2.9. Write for x, y∈N

x · y = ϕx(y), if defined;
= ↑, else.

LEMMA 2.10. There are i, k, s∈N such that for all x, y, z∈N

ix ' x;

kxy ' x;

sxyz ' xz(yz),

such that also kx↓, sx↓ and sxy↓. Hence K = 〈N, i, k, s, ·〉 is a PCA.



PROOF. We show how this is done for i and s. For k see 1.2 in Chapter II.3.
Case i. This number is simply the code of the computable function I defined by

Ix = x. Then {i}(x) = I(x) = x.
Case s. Define the function ψ by

ψ(x, y, z) ' {{x}(z)}({y}(z)).

Then ψ is a partial computable function, hence ψ(x, y, z) ' {e}3(x, y, z). By the S-m-n
theorem one has (omitting the precise indices of S)

{{x}(z)}({y}(z)) ' ψ(x, y, z).

' {e}3(x, y, z),

' {S(e, x, y)}(z),

' {{S(e ′, e, x)}(y)}(z), if {e ′}(x, y) = S(e, x, y),
' {{{S(e ′′, e ′, e)}(x)}(y)}(z), if {e ′′}(x) = S(e ′, e ′, x).

Therefore we can take s = S(e ′′, e ′, e).

DEFINITION 2.11. K is called Kleene’s first2 partial combinatory algebra. This is a partial
combinatory algebra, because xy is not always defined.

2.3 K∗: adding undefined

If one is not afraid of the undecidable one can make this function total by extending it
to N∗ = N ∪ {∗} as follows.

DEFINITION 2.12. (i) Let N∗ = N ∪ {∗}, with ∗ /∈ N.
(ii) Write

x|y = ϕx(y), if defined;
= ∗, else.

This entails ∀x, y∈N∗.x|∗ = ∗|y = ∗|∗ = ∗. By the undecidability of the halting problem
this operation | is non-computable.

It seems that now one has a total ca K∗ = 〈N∗, i, k, s, |〉with

i|x = x,

k|x|y = x,

s|x|y|z = x|z|(y|z).

2There is also Kleene’s second pca consiting of all functions in Baire space B = NN with fg defined by
interpreting f as ‘associate’ for a continuous functional F : B→ B. See Troelstra 1973.



The value ofΩ

The question comes up what is the value of e|e with e = s|i|i in K∗. This corresponds to
Ω = ωω, withω = λx.xx in λ-calculus3.

Is Ω defined or not? For e one has e|x ' x|x so that e|e ' e|e and we do not get
information about its value or being defined from this definition. For e ′ such that e ′|x '
xx+ 1 one knows for sure that e ′|e ′↑, otherwise e| ′e ′ = e ′|e ′ + 1, a contradiction.

Comparing e|e and e ′|e ′ seems related to the following situation in Peano arithmetic.
The Henkin sentence H, see Henkin (1952), asserts its own provability and the Gödel
sentence G denying its provability, Gödel (1931). One has 6` G in case the theory is
consistent. For H one has that under the natural assumptions of the Löb’s axioms the
statement H is provable Löb (1955), but not in general. It is interesting that Löb’s solu-
tion of Henkin’s problem is closely related to Curry’s paradox mentioned earlier.

Now in Chapter II.3 it will be shown that under natural conditions imposed on {e}(x)
one has JΩK↑. In the absence of these natural conditions one may haveΩ↓, and in factΩ
can take any value in N ‘it shouldn’t take’. This can be compared to later work of Baeten
& Boerboom (1979)4 showing that Ω in the Plotkin-Scott model Pω can take any value
one wants, while it was known that under natural conditions of the coding of finite sets
of natural numbers one has JΩK = ∅, as shown by Hyland (1975).

For natural versions of the coding, involving a notion of length of computation as in
Moschovakis (1971), taught to us by Carl Gordon, one has

JOKK = ∗.

This is shown in Chapter II.3, Theorem 1.3. This length of computation notion is for-
malized by an extra feature of a URS, resulting in a so called ‘Normed Uniformly Reflexive
Structure’ (NURS), Part II, Section 0. In fact for a combinatory term P withoutw-normal
form , Part II Theorem 3.3, states that its interpretation in a NURS U is undefined

JPKU = ∗.

A putative canonical λ-theory

Therefore if K∗ is indeed a combinatory algebra, this would be a model of

CL⊥ = CL + {P = Q | P,Q have no w-normal form},

showing that this theory is consistent. This would complement nicely the theorem of
Böhm (1968) that states that terms having different βη-normal forms cannot be consis-
tently equated. Hopefully the consistency of CL⊥ would imply that of a similar theory

3In France and Italy λx.xx often is denoted by ∆, so thatΩ = ∆∆.
4The title of their master thesis and paper “Ω can be anything it shouldn’t be” was a variant of “2ℵ0 can be

anything it ought to be” in Solovay (1965).



λ⊥, equating terms without a β(η)-normal form5. This I was intending to have as a
result in my thesis. But then I found out that the theory CL⊥ was not consistent. The
contradiction is easiest to explain using λ-terms. Using the abbreviation [P,Q] = λx.xPQ
define the terms

M , [K,Ω]

N , [S.Ω]

BothM,N don’t have a β-normal form and would be equated in λ⊥. But

MK = K
NK = S,

hence from M = N one can derive K = S, and in fact every equation. Therefore M = N
is inconsistent6 and the goal was unreachable.

Solvable terms

The moral is that although both M,N don’t have a β-normal form they can be ’solved’
to yield one by applying them to an argument. Sometimes one needs to apply a term to
several arguments to do this, for example for L = [[Ω,K],Ω] one has LK(KI) = K. This
gave rise to the notion of solvable terms7.

DEFINITION 2.13. (i) A closed term P of CL is CL-solvable if

∃Q1, . . . , Qn ∈CL.CL ` PQ1 . . . Qn = K,

otherwise P is CL-unsolvable.
(ii) A general term P is solvable if its closure λ∗~x.P is solvable.

Similarly one defines solvability in the extensional case and in the λ-calculus. It is
shown in the thesis that solvability is invariant under translations between λ and CL
and under adding extensionality (or even the ω-rule) or not. This is recapitulated in
III.1 Theorem 1.7.

The unsolvable terms are playing a key role in the thesis.

THEOREM 2.14. (i) Let U be an unsolvable CL-term. Then for any variable x

CL ` FU = K ⇒ CL ` Fx = K.
5In the thesis it is also shown that having a β-normal form is equivalent to having a βη-one, see I.1,

Lemma 2.8 and the remark following, and that β-solvability and βη-solvability are the same, see I.3 Lemma
2.2.

6In CL this equation becomes S(SI(KK))(KΩ) = S(SI(KS))(KΩ), withΩ = SII(SII).
7In the thesis there is a shortcoming that I didn’t require the term to be a combinator (i.e. closed, without

free variables). This makes a free variable x being unsolvable. That this is unnatural, as was pointed out to
me by Chris Wadsworth, who suggested the definition for terms containing variables.



(ii) Let U be an βη-unsolvable λ-term. Then for any variable x

λ+ Ext ` FU = N & N has a βη-normal form ⇒ λ+ Ext ` Fx = K.

(iii) The following set of equations is consistent with CL

HCL = {U = V | U,V are unsolvable}.

PROOF. (i) See I.3 Theorem 2.3 (1).
(ii) See I.3 Theorem 2.3 (2).

(iii) See I.3 Corollary 2.15.

K∗ is not a model for CL

The failure to reach the goal of finding a canonical λ-theory like λ⊥ is due to the fact
that K∗ is not a model of CL. The reason is actually very simple. Although K∗ is a total
applicative structure, it is not a combinatory algebra, because the equation for k doesn’t
hold for all x, y∈N∗: indeed,

∗ = k|0|∗ 6= 0

as it should be in a ca. For the same reason there isn’t another element k ′ that could act
as interpretation for K.

K∗ is a model for CLI and λI-calculus

On the other hand, the structure K∗ does provide a model for the variant of CL without
K, the theory CLI. It corresponding to the λI-calculus in which λx.M is only allowed
if de facto x∈FV(M), the version of the λ-calculus preferred by Church. This gives a
model of

CLI⊥ = CLI + {P = Q | P,Q have no w-normal form},

showing its consistency, as shown in Chapter II.3. This fits with the result that equating
unsolvables is consistent and a later result Barendregt (1973) that for λI-terms M one
has

M is solvable ⇐⇒ M has a normal form.

2.4 K∼: making application total

There was some hope to make this intuition precise: finding a λ-calculus model by using
codes of computable partial unary functions and obtaining the classical computability
results and more by interpreting for example the fixed point combinator in this putative
model.

For n,m∈N define the equivalence relation

n ∼ m ⇐⇒ ϕn = ϕm,



with ϕe being the unary computable function with code (program) e. The recursion
theorem states that for all (total) computable functions f there exists an n∈N such that
f(n) ∼ n. Therefore I was looking for a model consisting of codes of partial computable
functions modulo ∼.

Trying to find a total combinatory algebra, we’d like to transform K into a total one.

DEFINITION 2.15. Define for x, x ′ ∈N∗

x ∼ x ′ ⇐⇒ ∀y∈N∗.x|y ' x ′|y,

LEMMA 2.16. (i) There is a total computable function g : N → N such that for all x, y∈N
one has g(x, y) ∼ x|y. This holds even if x|y↑, in which case g(x, y) is an index of the totally
undefined function8.

(ii) We extend | to N∗ by writing

x · y = g(x, y), if x, y∈N;
= ∗, else.

Thus one has x∗ = ∗y = ∗∗ = ∗ for all x, y∈N.

PROPOSITION 2.17. There are i, k, s∈N such that

i · x ∼ x;

k · x · y ∼ x;

s · x · y · z ∼ (x · z) · (y · z).

PROOF. The elements i, k are as before. The last element can be found by constructing
an s ′ ∈N such that s ′xyz = xz(y · z) and taking s = s ′.

The first attempt is to consider

K∼ , 〈N/∼, [i]∼, [k]∼, [s]∼, ·〉,

with [x]∼ · [y]∼, [x ·y]∼. Incomplete thinking made me believe that now one has a model
of CL⊥.

This fails because the application on equivalence classes is not well-defined: it de-
pends on the choice of representatives. Indeed, suppose y ∼ y ′ but y 6= y ′, then there
exists a total computable function f such that f(y) 6∼ f(y ′). But then for x such that
ϕx = f one has xy 6∼ xy ′, both sides being defined, hence x ·y 6∼ x ·y ′: indeed x ·y ∼ x ·y ′
implies

xy ∼ x · y ∼ x · y ′ ∼ xy ′.
8Ershov’s notion of pre-complete numbered sets emphasizes that the existence of g doesn’t depend so

much on the function x|y but holds for all partial computable functions and is in fact a property of the
equivalence relation ∼. Building on this notion Visser has formulated a powerful result, the Anti Diagonal
Normalization Theorem.



2.5 K∞: an extensional congruence

Define Nα and ∼α for α an ordinal as follows.

DEFINITION 2.18.

N∗ = N;
Nα+1 = {x∈Nα | [∀y∈Nα.x · y∈Nα] & [∀y ∼α y

′.x · y ∼α x · y ′]};
Nλ =

⋂
α<λ

Nα.

x ∼0 x
′ ⇐⇒ x = x ′;

x ∼α+1 x
′ ⇐⇒ ∀y∈Nα.[x · y ∼α x · y ′];

x ∼λ x
′ ⇐⇒ ∃α<λ.x ∼α x ′.

PROPOSITION 2.19. There exists an ordinal β such thatNβ = Nβ+1 and ∼β is the same relation
as ∼β+1.

PROOF. This happens at the first uncountable ordinal or earlier.

PROPOSITION 2.20. (i) ∀α ≤ β.Nβ ⊆ Nα.
(ii) For all α one has ∼α is an equivalence relation.

(iii) ∼α ⊆ ∼α+1.
(iv) ∀α ≤ β. ∼α ⊆ ∼β.
(v) ∀α∀x, x ′ ∈Nα+1.[x ∼α+1 x ′ ⇐⇒ ∀y, y ′ ∈Nα.[y ∼α y

′ ⇒ xy ∼α x
′y ′]].

(vi) ∀x, x ′ ∈Nβ.[x ′ ∼α x∈Nα ⇒ x ′ ∈Nα].

PROOF. (i) By transfinite induction on γ one shows Nα+γ ⊆ Nα.
(ii) By an easy transfinite induction on α.

(iii) By induction on α.
α = 0. Trivial.
α = β + 1. Assume x ∼β+1 x

′. Then ∀y∈Nβ.xy ∼β x
′y. Hence by the IH and (i) one

has ∀y∈Nβ+1.xy ∼β+1 x
′y. Therefore x ∼β+2 x ′ and β+ 2 = α+ 1.

(iv) By a more involved transfinite induction on γ one shows ∼α ⊆ ∼α+γ.
γ = 0. Trivial.
γ = β+ 1. By the IH and (iii) one has ∼α ⊆ ∼α+β ⊆ ∼α+β+1.
α = λ. Assume x ∼λ x

′. Then x ∼α x
′ for some ordinal α < λ. By the IH one has

x ∼α+1 x
′. Therefore ∀y∈Nα.xy ∼α x

′y, implying ∀y∈Nλ.xy ∼λ x
′y, by (i) and (ii).

(v) Assume x, x ′ ∈Nα+1, y, y ′ ∈Nα, x ∼α+1 x
′, and y ∼α y

′ towards xy ∼α x
′y ′. (The

converse is trivial since y ∼α y by (i).) Now

xy ∼α x ′y, since x ∼α+1 x ′,
∼α x ′y ′, since we had x ∼α+1 x ′ and moreover y ∼α y

′.



(vi) By induction on α.
α = 0. Trivial.
α = β+ 1. Assume x ′ ∼β+1 x∈Nβ+1 towards
(1) ∀y∈Nβ.x ′y∈Nβ;
(2) ∀y, y ′ ∈Nβ.[y ∼β y

′ ⇒ x ′y ∼β x
′y ′].

As to (i). Since x ′ ∼β+1 x one has x ′y ∼β xy∈Nβ. Hence x ′y∈Nβ by the IH.
As to (ii), assume y, y ′ ∈Nβ, y ∼β y

′. Then

x ′y ∼β xy, since x ′ ∼β+1 x, y∈Nβ,
∼β xy ′, since x∈Nβ+1, y ∼β y

′,
∼β x ′y ′, since x ∼β+1 x ′, y ′ ∈Nβ.

α = λ. Assume x ′ ∼λ x∈Nλ =
⋂
β<λNβ. Then x ′ ∼β x∈Nβ, for some β < λ. Then

x ∼γ x
′ ∈Nγ, for all γwith β ≤ γ < λ,
x∈Nγ, for β ≤ γ < λ, by the IH,
x∈Nγ, for γ < λ, by (i),
x∈Nλ.

DEFINITION 2.21 (WRONG). Take β as above.

N∞ = Nβ;
∼∞ ⇐⇒ ∼β;

K∞ , 〈N∞/∼∞, [i]∼∞ , [k]∼∞ , [s]∼∞ , ·〉,
with

[x]∼∞ · [y]∼∞ , [x · y]∼∞ .
Now application is well defined and i, k, s satisfy the requirements. It remains the

question whether the model is non-trivial.

LEMMA 2.22. There exists o1, o2 ∈N such that for all x∈N

o1x = o1;

o2x = o2;

o1 6= o2.

PROOF. The oi can be constructed as fixed points of k. By padding they can be made
different.

COROLLARY 2.23. [o1]∼∞ 6= [o2]∼∞ .

PROOF. By transfinite induction on α one shows o1 6∼α o2.

COROLLARY 2.24 (WRONG). K∞ is an extensional non-trivial applicative structure.



Unfortunately I couldn’t prove that this yields a combinatory algebra as desired.
Although one has [i], [k]∈K∞, I couldn’t determine whether s∈N∞.

This type of construction does work for the typed variants of the λ-calculus, the sim-
ply typed lambda calculus λ→, see e.g. (Barendregt, 1984, Appendix A), or Barendregt
et al. (2013a). Built on top of K there is for this system without extensionality there is
structure HRO and for the system with extensionality there is HEO, see Troelstra (1973).
Also there is in general the possibility to make an extensional collapse (going from HRO
to HROE. This is not possible for the untyped λ-calculus, see in Part I, Theorem 3.2.24
showing the impossibility of adding Ext to some consistent set of CL equations. HEO
and HROE are different structures, but with the same intention. Using an involved argu-
ment it can be shown that nevertheless these two structures are isomorphic, see Bezem
(1985).

2.6 KCL∞ Towards a hard extensional model

DEFINITION 2.25. Define NCL to be the least set ⊆ N such that
(i) i, k, s∈NCL;

(ii) x, y∈NCL ⇒ xy∈NCL.

DEFINITION 2.26. By transfinite recursion on α define ∼α⊆ NCL2.

∼0 = {〈x, x〉 | x∈NCL};

∼α+1 = {〈xy1 . . . yn, xy ′1 . . . y ′n〉 | ~y ∼α ~y ′} ∪ {〈x, x ′〉 | ∀y∈NCL.xy ∼α x
′y};

∼λ =
⋃
α<λ

∼α .

LEMMA 2.27. For all ordinals α,β one has
(i) α ≤ β ⇒ ∼α ⊆ ∼β.

(ii) The relation ∼α is an equivalence relation.
(iii) For all x, y, y ′ ∈NCL.[y ∼α y

′ ⇒ xy ∼α+1 xy
′].

(iv) [∀y∈NCL.xy ∼α x
′y] ⇒ x ∼α+1 x

′.
(v) For all x, x ′, y∈NCL.[x ∼α x

′ ⇒ xy ∼α+1 x
′y].

PROOF. (i) By induction on γwith β = α+ γ. If γ = 0 this is trivial. If this is true for γ,
then also for γ+1, since for all α one has ∼α ⊆ ∼α+1 by taking x = i and n = 1 in the first
clause defining ∼α+1. If ∼α ≤ ∼α+γ holds for all γ < λ, then ∼α ≤

⋃
γ<λ ∼α+γ = ∼α+λ.

(ii) Induction on α.
(iii) Immediate by the first clause in the definition of ∼α+1.
(iv) Immediate by the second clause in the definition of ∼α+1.
(v) By taking n = 1 and y ′1 = y1 in the first clause in the definition of ∼α+1.

PROPOSITION 2.28. There exists a β such that ∼β+1=∼β.
We write ∼∞ for ∼γ, with γ = µβ.[∼β+1 = ∼β].



PROPOSITION 2.29. (i) The relation ∼∞ is a congruence relation.
(ii) 〈NCL∞ , .〉, with [p]∼∞ [q]∼∞ = [pq]∼∞ is an extensional applicative structure.

(iii) KCL∞ = 〈NCL∞ , [i], [k], [s], .〉 is an extensional combinatory algebra.

PROOF. (i) By Lemma 2.27 (iii) and (v) and the fact that ∼∞ is ∼γ = ∼γ+1.

Why is this not what we were looking for? Well, KCL∞ may be trivial and this time
I couldn’t show that this was not the case. As the elements fo NCL is generated by
the combinators, the resulting structure is ‘hard’ (comparable to prime fields in which
all elements are generated from {0, 1} and the operations {+,−,×,÷}). Therefore the
equations valid in KCL∞ are closed under theω-rule:

FZ = GZ for all combinators Z
F = G

The difference between extensionality Ext and the ω-rule is that in the assumption of
Ext one has

Fz = Gz for a fresh variable z, (2)

which is stronger than the assumption that

FZ = GZ, for all combinators Z (3)

in order to conclude F = G. But (2) states something more than (3): the equality holds
uniformly, yielding for each Z (a substitution instance of) the same proof. If the ω-
rule is said to be valid for the pair F,G (often one calls this admissible) if (3) implies9

F = G. Under the hypothesis that the model K3 is non-trivial, it follows that the ω-rule
is consistent with λ-calculus.

These considerations naturally led me to study the ω-rule10 and the questions of its
validity and consistency. I started to wonder whether the ω-rule could be valid for all
F,G. The other extreme would be that it is inconsistent. In Chapter I.2 of this thesis
the middle way was established by the following results. 1. Adding the ω-rule to the
λ-calculus (or CL) with extensionality turned out to be consistent11. 2. For most pair
of terms (not being so-called universal generators, introduced in Barendregt (1970)) the
ω-rule is valid.

At first I had hoped to show the validity of the ω-rule as follows. If FZ = GZ for
all Z∈Λo, then in particular FΩ = GΩ, hence by the Church-Rosser Theorem for some
N∈Λ one has

FΩ→→β N←←β GΩ.

9Here both occurrences of ‘=’ denote provability in CL or the λ-calculus.
10Rosenbloom 1952, an early book on combinatory logic and the lambda calculus, by accident formulates

extensionality as being theω-rule. But no consistency proof was provided.
11One hope was that the ω-consistency of CL+Ext could imply that KCL∞ is non-trivial. This hasn’t been

investigated.



SinceΩ only reduces to itself, I wrongly concluded that it follows that

Fx→→β N
′ ←←β Gx.

But this is wrong. An error in the reasoning is that although Ω only reduces to itself, it
differs from a variable, asΩ can be created in a reduction, while a fresh variable cannot.
Also the implication can be seen to be wrong, by taking F = ω and G = Ω. Then indeed
FΩ =β ΩΩ =β GΩ, but Fx 6=β Gx. See Section III.2.3.

In Jacopini (1974) it is claimed that ω-completeness holds for CL + ext as an admis-
sible rule: for closed terms P,Q∈CL one has

[CL + ext ` FZ = GZ for all closed Z] ⇒ CL + ext ` F = G. (ω-rule adm)

This is equivalent to

∀A[A � FZ = GZ for all closed Z] ⇒ ∀A[A � F = G] (ω-rule adm)

but not as a derived rule: for all extensional ca’s A one has

[A � FZ = GZ for all closed Z] ⇒ A � F = G. (ω-rule der)

That proof of ω-rule adm was flawed, but that ω-rule as derived rule is not valid is
correct12. This was fortunate for my thesis, as otherwise the consistency and the partial
validity a would have been trivial. In fact things turned out differently and by a tour de
force Plotkin (1974) showed that the λ-calculus is not ω-complete. This can be found in
(Barendregt, 1984, 17.3.30) and will be discussed in Part III.

2.7 A� changing application

In a talk at Amsterdam University Dana Scott lectured around 1970 about his recently
found D∞ models of the λ-calculus. At the end of the lecture I got up and mentioned
that I had tried to complete Kleene’s pca K, but that all attempts failed, sketching some
details on the board. He was happy about that, as it showed that it was not so easy to
find a model of the λ-calculus. Thereafter, in a letter to Anne Troelstra, the following
was proposed by Scott, with a mention “Henk Barendregt may know this”.

DEFINITION 2.30. (i) Given a pca A = 〈A, ·, i, k, s〉, define for a, b∈A

a� b = sab;

c ′ = kc, for c∈ {i, k, s}.

(ii) Set as before a ∼ b if ∀x∈A.ax ' bx.
12Both facts also follow from Plotkin’s counter example that is equivalent to the fact that the closed term

model of CL + ext is not extensional.



PROPOSITION 2.31. The relation ∼ on A is a congruence wrt �. Therefore one can define
[a]∼ � [b]∼ = [a� b]∼.

PROOF. Suppose a ∼ a ′, b ∼ b ′ towards a � b ∼ a ′ � b ′. Then for all x∈A one has
ax ' a ′x, and bx ' b ′x. Then one has a�b ·x = sabx ' ax(bx) ' a ′x(b ′x) ' sa ′b ′x =
a ′ � b ′x and the conclusion follows.

PROPOSAL 2.32. A� = 〈A/∼,�, i ′, k ′, s ′〉 is a total combinatory algebra.

PROOF. In order to show s ′ � a� b� c ∼ a� c� (b� c), we compute

s ′ � a� b� cx ' ks� a� b� c,
= s(s(s(ks)a)b)cx,

' s(ax)(bx)(cx),

' (ax)(cx)((bx)(cx)),

' a� c(b� c)x.

Therefore the conclusion holds. In a more easy way it follows similarly that i ′ � a ∼ a

and k ′ � a� b ∼ a.

At first I did believe the reasoning, and was a bit disappointed that I didn’t find this
result myself. The proposal was stated as Theorem 1.14 in Barendregt (1971a). Later
I found a gap in the proof of the proposal. The culprit is again the combinator k, one
doesn’t have k ′ � a� b· ∼ a:

k ′ � a� b · x = s(s(sk)a)bx,

' k(ax)(bx),

6' ax,

because bx may be undefined. Liking to travel I went to Oxford to tell Scott about this.
His reaction was: “Happy that I didn’t publish this!”

Interestingly the construction A� was also introduced in Jacopini (1974), but for a
total combinatory algebra A. In that case the construction works.

DEFINITION 2.33. Let A be a ca.
(i) The interior of A, in notation Ao is the sub-algebra

Ao = {a∈A | a = JPK for some P∈CLo}.

(ii) A is hard if A = Ao.
(iii) A is called anω-model if for all f, g∈A one has

[∀z∈Ao.fz = gz] ⇒ f = g.

If A is anω-model, then A is extensional.



DEFINITION 2.34. Let T be a set of equations between CL-terms.
(i) T is called consistent if

CL + T 6` K = S.

(ii) Let T be a consistent set of equations between CL-terms. Then the CL-term-model
of T , in notationMCL(T ) is CL/=T .

Applying � toMo
CL(CL + ext) one obtainsM(CL + ext)�. Using this Jacopini got

the false impression thatM(CL + ext) was an ω-model, so that the ω-rule does hold.
But we will see this is false.

THEOREM 2.35. (i) [Jacopini] Not every extensional model is anω-model.
(ii) M(CL + ext) is an extensional model that is not anω-model.

(iii) Mo(CL + Ext) is not extensional.
(iv) [Plotkin] Theω-rule is not valid in CL + ext.

SKETCH. (i) Let T = {ΩKZ = ΩSZ | Z∈CLo}. Using proof-theoretic means Jacopini
(1974) shows that for T one has

CL + ext + T 6` ΩK = ΩS, while of course
CL + ext + T ` ΩKZ = ΩSZ, for all Z∈CLo.

Therefore the term modelMCL(CL + ext + T ) is extensional but not an ω-model. This
result follows also from (ii).

(ii) Follows from (iii).
(iii) Follows from (iv).
(iv) This is the classical result of Plotkin (1974), also presented in (Barendregt, 1984,

Theorem 17.3.30). Actually Plotkin proved this for the λη-calculus. But this theory is
fully equivalent with CL + ext.

2.8 Completing and collapsing pca’s

In this chapter we have described how we failed to find another model of the λ-calculus
by collapsing Kleene’s first pca K to a total one. We still do not know whether this is
possible.

However, it is possible to embed some pca’s into a total combinatory algebra, a so
called completion. In Klop (1982), and Bethke et al. (1996) sufficient criteria are formu-
lated13 for a pca to be completable. Kleene’s pca K does satisfy these. This completed
pca would not have satisfied me in 1971, because the proof that the completion exists is
rather syntactic and I wanted to construct a non-syntactic model.

In Bethke et al. (1999) a pca is constructed that is incompletable. Going in the other
direction, in Bethke & Klop (1995) a pca is considered, that is extensional collapsable but
still yielding a pca, of which the collapse is hard (built up from the set {k, s}, the authors
called it ‘minimal’), irreducible (aka final or simple), and incompletable.

13One of these was first formulated in Chapter II.2: sab = sa ′b ′ ⇒ a = a ′ & b = b ′.





3
Normed uniformly reflexive structures

This chapter is an improvement of Barendregt (1971a) and was published as Barendregt
(1975). The notion of Uniformly Reflexive Structure (URS) of Wagner (1969) is intro-
duced, coming from his thesis in 1963. A URS is a partial applicative system U , made
total by a fresh element ∗ representing undefined, with elements i, k, s making it a par-
tial combinatory algebra, plus an element δ that serves as test for equality

δxyuv = u, if x = y,
= v, else.

Kleene’s pca K can easily be extended by the code of the computable function repre-
senting δ. This then yields a URS. Using the notion URS a modest but basic part of
computability theory has be developed by Wagner and Strong (1968, 1970).

In this chapter we introduce an equational system WS to derive results about URSs,
similar to the function of CL producing equations valid in all ca’s, aided by a reduction
(rewrite) relation. It turns out that the equation EE = ∗, with E = SII, cannot be derived
in WS. In fact in the ‘intended model’ K (enlarged with a δ, but that element doesn’t
play a role here) the value of ee, with e = sii, depends on how the partial computable
functions are coded as natural numbers. If one adds to a URS a norm, that represents
the natural notion of length of computation, as in Moschovakis (1971), one obtains a
normed URS (NURS). In every NURS one has EE = ∗. In fact for every CL-term P one
has in a NURS U that

P doesn’t have a w-normal form ⇐⇒ JPKU = ∗.

We have slightly modified the axioms of a URS by requiring

sab = sa ′b ′ ⇒ a = a ′ & b = b ′.

From this it follows that i, k, s, δ can be chosen in such a way that in the resulting URS
different normal forms have different values, Corollary 2.10. This property has been
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exploited in Bethke & Klop (1995) and in Bethke et al. (1999, 1996). One interesting
result is that a pca satisfying this result can be embedded into a total ca.

In this chapter ω stands for the smallest infinite ordinal, used for the set of natural
numbers. In other places this set is denoted by N. There is (at least) one thing to correct:
in the proof of 3.3 (⇒), just after 3.3.10, it is written “infinite chain of descending inte-
gers.” This should be “infinite descending chain of natural numbers. Contradiction.”
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§0. Introduction. The theory of Uniformly Reflexive Structures

(URS) studied by Wagner and Strong ([8 ] ,[6 ] ,[l]), is an elegant

axiomatization of parts of recursion theory. The theory abstracts
"t hsome properties of the function {n}(m) (i.e. the n partial 

recursive function applied to m) by considering arbitrary domains 

with a binary operation application. The standard URS is with 

domain w u {*} and application n-m = (n}(m) if defined * else.

However the URS are not completely adequate for the description of 

recursion theory. Real computations do have a length, a feature 

which is missing in the URS. In fact there are sentences in the 

language of URS undecided by the axioms. E.g. let e = Ax.xx, i.e.

ex = X X  for all x, then ee =Z  * is such a sentence. But this

sentence holds in the intended interpretation X as follows from 

an argument using length of computation.

Moreover in a URS it is not always possible to represent the 

partial recursive functions.

To overcome these defects we introduce a concept of a norm.

A Normed Uniformly Reflexive Structure (NURS) is a URS which

a norm

1. 

2 .
x ;y

x ;y

t I ^ •

(jJ u {°°}
can be defined satisfying:

Z  OO x . y =—  *

3 . s . x . y ; z > x . z ; y . z + x ; z + y j z

s . x . y ; z i 00

if

The intended interpretation of | x ; y | is "the length of 

computation of x.y".

The following facts motivate the introduction of NURS. As was 

intended ^  is a NURS. Wagners (highly) constructible URS are 

NURS. In every NURS ee - * holds. More generally, for a NURS V i
and a term M of the theory, M has no normal form

In a NURS all splinters are semi-computable, and hence can be 

used to represent the partial recursive functions.
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The use of length of computation in recursion theory has also 

been stressed by Y .Moschovakis [3]. In fact the axioms of the 

norm in a URS imply Moschovakis' condition on the length of 

computation.

Familiarity with URS is assumed. See e.g. Wagner [#] and 

Strong [61 .

In §1 the defects of URS mentioned above are shown. A formal 

theory WS, convenient for the study of URS, is introduced in 

§2. The term model of an extension of WS provides some 

counter examples for the relation between semi-computable and 

recursively enumerable. The results about the NURS are proved 

in § 3 .

§1. The definition of a URS given below is not exactly the same 

as those of Wagner and Strong. The axioms are written down in a 

way showing the correspondence with combinatory logic. Axiom 7 is 

added; it implies that we may assume that terms with different 

normal forms are unequal in a UĴ S (2 .1 0 ).

1.1. Def. A URS is a structure V t  - <U , * ,i ,k ,s ,6 , • > such that the 

following holds where a,b,c are variables ranging over U - {*}:

1 . *.a - a.* - *. * - *

2 . i . a = a

3 . k . a . b = a

4. s.a.b.c = (a.c).(b.c) ; s.a.b i *

5. a = b -> S.a.b = k ; a i b -> fi.a.b = k.i

6 . i i k
7. s.a.b = s.a’.b’ -*• a = a ’ a b = b'.

1.2. Def. Kleenes URS, , is the structure <w*,*,i,k,s,6 ,* > 

such that w*= a) u {*} with, * ^ , n.m = (n}(m) if defined

* else

*.n = n .* = *.* = *, and i,k,s ,6 are to be found by the s-m-n 

theorem such that axioms 2 ,...,7 hold. As an example we construct 

k. Let \ p (x ,y )  = x. Then  ̂ is partial recursive. Hence 

x = ip(x ,y)

= {e}(x,y) for some index e of \|;.

= {s} (e ,x)}(y)

= {{k}(x)}(y) k index of Xx.s}(e,x).

= k . x . y .
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By pumping up the indices, cf. Rogers [̂ ] , p.83, we can assure 

that axiom 7 holds.

1.3. Theorem. Let e = s.i.i. Then e.e = * is independent in 

the theory of the URS.

Proof. It will be shown that e.e = * is true in but false in 

a modification 1 °̂ .

We have 3^^ e.a = (i.a)(i.a) = a.a, i.e. {e}(a) ={a}(a).

The computation of (e}(a) runs as follows:

Read a; compute {a}(a). Hence the computation of (e}(e) is:

Read e; compute {e)(e); Read e; compute {e} (e) ", ...

Therefore ie}(e) is undefined. Hence 3 ^  e.e = *.

Let = < u) * , * , i ,k , s° , 6 , 0) be the following modification of ̂  .

a © b = a.b if a i e or b i e
= 0 else

Then o is partial recursive. Let s° .a.b.c = (a o c) © (bo c).

Again by pumping up the indices we may assume that s° i e ,
s° .a i e for all a and s° .a.b = e iff a = b = i. Hence

s°o a o b o c  = s°.a.b.c = (aoc) o (boc), unless perhaps

s° . a . b . = c = e . But then a = b = i and (i0 e) o ( i o e ) = e • e .

It is clear that i,k ,6 i e and the axioms 2,3 and 5 follow.
Axiom 7 can be assured as in 1.2. Clearly 3̂ °  ̂ e .e = *. K)

Another defect of the URS is the following. The partial re-

cursive functions can be represented in a URS provided one has 

an infinite semi-computable (SC) splinter, Strong [6 ] ,3.2. 

However, H.Friedman has shown that there is a URS without 

infinite SC splinter.

1.4. Def. Let 01 be a non-standard model of Peano arithmetic with 
universe A. Let be the structure < A * , * , i ,k , s , 6 ,s > where

* £ A, i,k,s ,6 are as in 1.2 and s is defined by

* o a - a s * - * s * = *

as b = c if 01 I1 ia}(b) = c i.e. 0iE3z[T(a,b,z) a U ( z ) = c ]

= * else.

U and T are the components of Kleene's normal form theorem. Then

is a URS; e.g. tk^ 1= k.a.b = a holds since {{k}(a)}(b) = a 

is provable in Peano arithmetic, hence 01 f= {{k}(a)}(b) = a.

1) Compare this with the following : Let E - ix|x G x}. Then
E G E is independent in ZF without foundation, but refusable
in ZF itself.
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1.5. Theorem (H .Friedman). ^ is a URS without infinite 

SC splinter.

Proof. If ^ 01 would contain an infinite SC splinter, each 

splinter would be SC, Strong [ £> ] 3.11. Therefore the set of 

standard numbers would be SC. But this is absurd since SC sets 

are definable (x e A <=> f(x) i *), and the set of standard 

numbers is not. H

1.6. Cor. There exists a URS with an infinite non SC splinter 

on which the partial recursive functions can be represented.

Proof. Let U be the standard model of Peano arithmetic. Let

Oi E 31 be a non-standard model. For each partial recursive 

function ijj with index e we have

3Z|={e}(n)=m <==> i|>(n) = m

U Y 3z T(e,n,z) «=*• ijKn) is undefined.

Therefore, since 01 = 3Z, ĉ  e n_= m «=» ip(n) = m

e n = =̂> i|/(n) is undefined. 0

However, there exists a URS such that only partial recursive 

functions with recursive domain can be represented on any of the 

infinite splinters.

1.7. Theorem. There exists a URS such that for no infinite 

splinter X the partial recursive functions can be represented 

on X .

Proof. Let 01 be a non-standard model of Peano arithmetic in which

only the recursive r.e. sets are definable on w , see [2], Exc.7,pl23. 

Let ip be a partial recursive function with non recursive domain A. 

Then ij; is not representable on the splinter of standard integers 

for otherwise A would be definable on w . But then ip is not re-

presentable on any infinite splinter X, since all infinite 

splinters are in bijective computable correspondence, [6 ] ,3-7.H

§2. The following theory WS is convenient for the study of URS.

2 .1 . Def. WS has the following language.

Alphabet: Xg ,x^,... variables

I,K,S,A,j^ constants

>,= reduction, equality

(,) brackets
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Terms are inductively defined by

1. A variable or constant is a term

2. If M,N are terms, so is (MN).

Formulas are M > N and M = N where M,N are terms.

Notation: x,y,z,... denote arbitrary variables

M,N,L denote arbitrary terms

M^M0...M stands for (..(M.M0)...M )1 2 n 1 2 n
M CM' if H is a subterm of M 1

x £ M if x occurs in M

M is closed if for no x x E M

E denotes syntactic equality.

If M is a closed WS term and 1A - < U , * , i,k , s , 6 , • > is a URS , then
VI • . It .

M is the obvious interpretation of H in ^ = *, I =i,

etc, (MN)U = M W.N^ ; Wt= M = N iff = NM .

A term M is in normal form (nf) if it has no subterms of the 

form IA, KAB, SABC or AAB.

WS is defined by the following axioms and rules:

I  0. _̂ M >  * M_* >

1. IM > M

2. KMN >  M if N is in nf

3. SMNL > ML(NL)

4.a AMM >  K if M is in nf

b AMN > KI if M,N are in nf and M t N

II 1. M > M

2. M > M ’ => ZM > ZM’ , MZ > M fZ

3. M > N, N > L =► H >  L
III 1 . M > N => M = N

2 . M = N => N = M

3. M = N, N = L => M = L

2.2. (Church-Rosser theorem) If WS M  : N, then for some term Z 

WS h M > Z and WS h M > Z.

Proof. Well-known. See e.g. [5 )}T. it} 0

2.3. Def. A WS-term M has a nf if WS h M = M 1 and M ’ is 

in nf.

By 2.2 the normal form of a term is unique if it exists. If M 

has a nf, all its reduction sequences terminate, by the 

restriction in axioms 1 2 , H .
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2.4. Def. Let Vt be a URS with domain U. WS(MJ is the theory 

WS modified as follows. For each a E  U, a is an additional 

constant. A term of WS(VD is in nf, if it does not contain a 

subterm Jl, IA, etc. or aM. WS(li ) has the additional axioms 
aM > a .M . Axiom 14.b should be replaced by

AMN >  K I if MjN are nf's and 1/1 Y M i N.
Clearly Vi Y WS(i£).
2.2 and 2.3 apply also to WS(Z£).

2.5. (Abstraction) Let M be a WS(^) term not containing *.

Then there exists a WS(VI) term Ax.M such that

1. Ax.M is in nf; x & Ax.M
2. WSCW) h (Ax.M)N = [_x/NjM for N in nf.

Proof. As in combinatory logic. H

Note, however, that also there exists a WS term Xx.^_ in nf 
such that Ttf |= (Ax.Oa = _* for all VI .
Take e.g. Xx.*_ = S ( Koj ) ( Ku)) with oj = Ax. A (KI) (xx) .

I

2.6. Def. Let M ~ M 1 denote Mx = M ’x for x £ MM'.

2.7. (Fixed Point Theorem) There exists a WS term FP such that

1. WS h FP f ~ f(FP f)

2. FP f is in nf.

Proof. Let = Axz.f(xx)z and FP f = S

2.8. Lemma. Let M be a WS (Vi) term. Then M is a nf =>

=> U f1 M i * .

Proof. The set of normal forms NF can be defined inductively 

by 1. a , I ,K ,S , A E  NF. 2. AB E  NF => KA, SA, AA and SAB E  NF. Then 

the result follows inductively realizing that in a URS 

k.a, s.a, 6 .a, s.a.b i * . E3

The pumping up of indices used in 1.2 and 1.3 can be done in 

each URS due to axiom 7.

2.9. Lemma.

Then there exists a term P such that for all VL

1. VI Y P a b  i *

2 . i? (= Pab ~ a

3. V If= Pab = Pa'b’ -► a = a* a  b = b ’ .
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Proof. Let P = Aabx. K(ax)b. Clearly P satisfies 1 and 2.

By writing out P in terms of I, K and S, one sees that P 

satisfies 3 due to axiom 7. K1

2.10. Cor. Let M t M' be WS terms in nf. Then we may 

assume t= M i M ’ for all7/1.

Proof. By changing if necessary the basic constants i,k,s, 

and 6 ,  using P. See e.g. [_$ ] , p- > 3 3  b o t t o m .  K)

What we may we will.

2.11. Cor. WS(w.) is a conservative extension of WS.

Proof. The only axiom of WS not in WS(l%) is IUb. However, this 

follows from the modified axiom by 2 .1 0 . Hence WS(Oi) is an 

extension of WS. If M,N are WS terms and WS(^) I- M = N (or 

\- H > N) , then the proof involves only WS terms (unless 

WS \- M = N = _*). The WS(2£) axioms only can hold for A t B, by 2.10 
Hence WS b M = N (f- M > N ) . H

2.12. Theorem 1 . WS (U) h M = N => 1A |= M = N
2. H has a nf =* U (= M i  *

Proof. 1. Induction on the length of proof of M = N using 2.10.

2. By 1. and 2.6. ®

The converse of 2.12. 1,2 are false. E.g. in t= EE t *

where E = SII. But EE has no nf. However, if Vl is a NURS the 
converse of 2.12.2 is true. See 3.3.

2.13. Def. Let WS* be WS augmented by the axioms:

M > ± if H has no nf.

For each NURS VI we will have the completeness result:
WS * h M = N 2ft Y M = N, for closed M,N*,

see 3.5.

2.14. Def. W(WS^) (respectively 2/?(WS*)) is the term modelo
consisting of arbitrary (respectively closed) WS terms modulo 

provable equality in WS*. Clearly they are URS.

Similarly we define Vi( WS* (W)).*> o , c

These term models can be used for some counter-examples
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2.15. Def. A subset X of a URS W is RE if X = 0 or X = Ra f =

= (a | Vi Y 3x (fx = a)} for some total f in 01 ( i. e . Va fa i *).

In ^  , X is RE ^  X is SC.

2.16. Theorem 1 ̂ . For £? ( WS^) we have

1. X is SC 4 X is RE

2. X is RE 4> X is SC

3. X is computable => X is finite or cofinite.

Proof.

2.16.1 Def. The family of F, Ĵ (F), is the set

{N | 3F1 f-F > F ? a  N c F*} . If F has a nf, i'(F) is finite.

Each reduction of FA to a nf can be written in the form

FA > 6 M 0 [ A] M J [ A] > 6 M j[ A] > 6 M*[ A] >...> M[ A] (*)

where is axiomatized leaving out the A reduction axioms and

is axiomatized leaving out the *_,I,K,S axioms. A may not 

actually occur in M[ A] . Referring to the sequence (*) we define:

2.16.2 Def. Diag ( F , A) = {ACJA]CJA] | AC.[A]C?[A] c M }.--  °n 1 « L 1 z n

B satisfies Diagn(F,A) <=> ACx[ A] C2[ A] = ACx[ B] C2[ B] , for

all members of Diag (FA).°n

2.16.3 Lemma. Let FA have a nf for all A. Let xa £ F. Consider 

the sequence (*) for F(xa). Then

0. B satisfies Diagn(F,xa) =* Mn[ B] M̂ [ B] .

1 . xa is never ’’active" (i.e. in a subterm of the form

( (xa)P) ) in M̂ t xa] , Ml xa],

2 . For almost all, i.e. all except finitely many, B satisfies

Diagn(F ,xa).

Proof. 0 is obvious.

1 q follows by substituting for xa a nf u such that ojP has no nf 

for all P.

1 => 2^ by realizing that the only possible exceptions are in £( F). 

2^ => ln + ̂ follows as 1q with u> satisfying u Diagn(F,xa) and 

using 0 . K)

l) A different example of 1. was given in Wagner [8 ] , 6.13.

3. was proved by Strong [y] for the URSW(WS*)./ c
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2.16.4 Cor. Let FA have a nf for all A. Let xa <t F and 

xa � M, the nf of F(xa). Then for almost all B

F(B) = F(xa).

Proof. Let Diag(F,xa) = u Diagn(F,xa) which is finite. This 

is satisfied by almost all B (2.16.3.2). Thus (2.16.3.0)

FB ^ M[ B] . Also F(xa) > H[ xa] . But then, since xa <t M[ xa] ,
FB = F(xa). H

More easily one can prove the following.

2.16.5 Cor. Let F(xa) have a nf, where xa <£ F , xa � the nf of 
F(xa). Then for x ' <£ F F(x'a) = F(xa).

Proof. Since x'a is a non-active term, it does not matter if 

it occurs in an active place. H

2.16.6 Cor. Suppose RA F c closed normal forms. Then Ra F is 

f inite.

Proof. Take xa £ F. By the assumption, never xa c M , the nf of
FA. Hence for almost all B, FB = F(xa). 0

Now we can prove 2.16.

1. Take X = {KnI | n 6 co} . Then X is an infinite splinter

hence SC (sinceX^(WS^) is a NURS, see §3). Suppose X were RE, say 

X = Ra F. Then F satisfies the assumption of 2.16.6, but Ra F = X 

is not finite. Contradiction.

2. Take X = Ra F , with Fa = xa. Suppose X were SC, i.e.

6M = I if M 6 X

* else

for some G. Take a £ G. Then xa £ G . Also xa £ I which is the nf 

of G(xa). Hence for x 1 <t G it follows by 2.16.5 that G(x'a) =

= G(xa) = I, i.e. x'a e X, a contradiction..

3. Let X = 0 be computable. Define 

GM = M if M 6 X

MQ else for some MQ e X.

Then X = Ra G . Suppose the complement of X is not finite. Then 

there is a variable x i Ra G u/(G). Then xa <t G , xa <t the nf of 
G(xa). Hence by 2.16.4 GB = G(xa) for almost all B, i.e.

X = Ra G is finite. H
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§3. For NURS it is convenient to define for elements of

(jü u {°°}: p > q iff v p > q. Then > is transitive and

axiom 3 for a norm can be stated as

s . a . b ; c > a .c;b . c a ;c b ;c

3.1. Examples of NURS.

1. X  becomes a NURS by defining

e ;x = yz T ( e ,x , z )
oo

if defined 

else

Then an examination of the properties of the T predicate shows 

that this defines a norm on .

2. V l(V lS* ) are NURS by definingO j c

F ;X | = the length of the inside out reduction of FX to nf
00 if FX has no nf.

The inside out reduction only reduces redeces SABC,etc. when 

A, B and C are normal forms.

3. Let V i be a (highly) constructible URS in the sense of [8 ] . Then it 
is a NURS:

Let f(e;x) = yn [< e ,x > G AR]
OO

if defined 

else.

Take e ;x _ (e ,n) ̂ This is a norm on for let f(sxy ,z) = n ,

then sxy = <f>g(x,y), n > 0 and ( x,z ),( y ,z >,( xz ,yz ) e ^see

[g] ,p.20-21 for the notation). Then f(x,z) ,f(y,z),f(xz,yz) < n-i ,

and sxy ; z x ; z y s z xz ;yz

4. Let Ot be a non-standard model of Peano arithmetic. Then

is not a NURS. This follows from 1.5 and 3.4. Similarly it follows

from 1.3 and 3.2 that is not a NURS.

The sentence EE = *, with E = SII, which was independent in the 

theory of URS becomes true in all NURS.

3.2. Let E = SII and W be a NURS. Then

V iY EE = * .

Proof. Suppose EE i *. Then |E ; E| i 00

E ; E SII ;EI > IE ; IE E;E

But then 

a contradiction.

More general

3.3. Theorem. Let be a NURS and M a WS(^) term. Then

M has no nf V t h M = * .
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Proof. By 2.12.2.

This will be proved in a number of steps.

3.3.1 Def. _SC(M), the set of subcomputations of M, is defined 

inductively by:

If H is in normal form SC(M) = 0; else M E AB and JSC(AB) =

SC(A) u S£(B) u { | A^ ; B^ | } . Below we often omit the superscript^ 

Clearly SC(M) is a finite set c u) u {°°} and if M D M ’ , then 

SC (M ) D SC (M ' ) .

3.3.2 Def. Mil = Max{SC(M)}. If SC(M) contains 00, IIM

3.3.3 Lemma. If M D M', then II Mil > Il M ’ II .

3.3.4 Lemma. IIM Z  0 0 I f l |= M = *

Proof. II M Z  0 0 00 6 SC ( M ) 

for some AB c M 

for some AB c M 

m 1= M = * .

A ; B Z  0 0

z  oo

i n t ab = *

E

3.3.5 Lemma. Let M > M ’ be an axiom of WS(U).Then II Mil > Il M ' II

Proof. Let M E SABC and M* E AC(BC).

Then SC(M) = { 1 S ; A 5 SA ; B 5 SAB ;C 1} u SC(A ) U SC(B) u SC(C)

SC(M ’ ) = { 1 A ; C 15 B ; C AC ;BC1} u SC ( A ) u SC ( B ) u SC(C)

Since SAB ;C 1 > Max{ 1A;C B >C , AC; BC 1}

IIMII > IIM1 II . Equality may occur, e.g. if SC(C) contains the 

largest subcomputation.

If M E KAB, M E IA or M E M ’ then M* = A or M f = M, hence

M D M* and the result follows by 3.3.3.

If M E AAB, then M* E K or E KI, so SC(M) D SC(M') = 0, hence

II M|| > II M * II • Similarly if M 5 aN .

3.3.6 Cor. If W M > M 1 , then II Mil > II M 1 II .

Proof. Induction on the length of proof of M > M* .
Let us consider only the case that M > M' is ZA > ZA' and is a 

direct consequence of A > A ’ . Then SC( ZA) = SC (Z) u_SC_(A) u { | Z ;A | }

and similarly for_SC(ZA'). Now V i |= A = A', hence |Z;A 

Hence II ZAII > II ZA ' II by the induction hypothesis II AII > II A 1 II .

Z ;A 1

3 . 3 . 7 Def. A special redex is a WS^term SABC, where A, B and C

are in normal form.
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3.3.8 Lemma. If SABC is a special redex, then

II SABCII > II AC (BC) II.

Proof. Since SC(A) = SC(B) = _£C(C) = 0

SABCII = Max{ I S ; A I , SA ; B , 1 SAB ;C I } > I SAB ;C I >CO w# • > 5 SA;B * | SAB;C |} » |SAB;C|

| A ;C |5|B;C |) AC; BC| ( = II AC (BC) II

3.3.9 Lemma. Let M be a WSO^term without normal form. Then there 

exists a special redex N without normal form in the family (see 

2.16.1) of

Proof. Consider the finite set T of subterms of M partially 

ordered by c. Let N be a minimal element of T without a normal 

form. Then all subterms of N have a normal form. Checking all 

possibilities it follows that N is of the form SABC. Let A*, B* 

and C* be the normal forms of A, B and C. Now we have

M = ---(SABC) --- > ---(SA * B * C * ) --- and SA*B*C* is a special

redex without normal form. 83

3.3.10 Cor. If M has no normal form, then there exists a term 

M f without normal form and IIMil > IIM1 II .

Proof. Let N be as in 3.3.9, then II Mil > UNO by 3.3.6 and 3.3.3. 

Let N > M f. Then II Nil > ||M f|| by 3.3.8. Since N has no normal form,

neither has M '.

Now the proof of 3.3.=> can be given.

Let M be a term without normal form. Suppose Vt Y M i *. Then 

H M || i 03 by 3.3.4. Hence by 3.3.10 there exists a sequence 

M,M?,M" ,... such that II Mil > IIM ’ II > IIM ” II > ... is an infinite 

descending chain of integers. H

3.4. Theorem. In a NURS V l all infinite splinters are SC.

Proof. Let X = {fno} be an infinite splinter. Define by the

fixed point lemma a WSC^D term H such that

Hyx = I if y = x

H(fy)x else.
i/i

Then h = (Ho) is a semi-characteristic function of X:

If a e X, clearly H o a = I, hence ha i * .

If a £ X, then H o a > H f(o )a > ... , i.e.

H o a has no nf. Hence ha = * by 3.3. B3
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WS* is a complete axiomatization for the equations true in 

all NURS.

3.5. Theorem. Let Vi be a NURS. Then for closed WS termi: 

WS* h M = N »  If |= M = N .

Proof. => By 2.12.1, 3.3. <= By 2.10,3.3. H

3.6. Theorem. Each URS can be embedded in a NURS (cf.Wagner

[8 ] , p. 31 , 6. 2) j if tKe > C ^ \  ̂ * C t  ̂  ̂ ' V l o  C O  s t ̂ V\ t i «

Proof. Clearly 7A '?/£( WS * (#)) which is a NURS byo 5 c
3.1.2. H

Concluding remarks.

A URS is almost a precomputation theory in the sense of 

Moschovakis [2>]l). Restricting the attention to single-valued 

functions, his computation theories have an additional length
I -

of computation |e;x satisfying

(+) |Sn (e,x);y > e;x,y , if defined.
m

Define in a NURS e;x = e;x. + e.x. ;x e . x. . . . x „ ;x1 1 2  1 n-1 n

Then it follows readily from the definition of Sn in a URSJ m

([8] ,2.6) that this norm satisfies Moschovakis' axiom ( + ).

As suggested in [6J , there is another way of extending a URS.
2 )

A selection URS is an URS containing a ’’selection operator" c

such that

3a[f.a i => f.(c.f) i

1) Not quite, because a URS does not need to contain a computable 

successor set.

2) In [6 ] such a URS is called "well-ordered". This name is a 

little absurd as can be argued as follows. Let 01 be a model 
of Peano arithmetic of power continuum. Then is a 

selection URS but cannot be well-ordered in ZF. On the other 

hand'^L(wS^) is countable and hence well-ordered, but has no 

selection operator.
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In a selection URS a set is computable iff it is SC and co SC, 

[61 ,3.4. This is not true in a general URS, [ 8 ] ,p.39 bottom.

Having a norm or a selection operator are independent of each 

other. has a selection operator (c}(e) : ( p T ( e 3(x)0 ,(x)^))0 

Since this is provably in arithmetic a selection operator,

'¡Rfy is a selection URS but not a NURS. Conversely, it is not 

difficult to show that ̂ (WS^) is not a selection URS, although 

it is a NURS,

In a NURS it would be natural to require for a selection

operator c

cf.[3] ,p .2 25 , ( 6-4).
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Part III

2020 Hindsight





This Part III conists of the following chapters.
III.1. Up to 1969
Sketching what I knew about λ-calculus, Combinatory Logic and computability, needed
to write this thesis; for the computability part, see also Section II2.2.
III.2. The period 1969-1971
Commented summary of work in this thesis.
III.3. After 1971
Sketching later developments, related to this thesis or my further work.

This Part III is not trying to give a survey of what happened later in the field. The
book Barendregt (1984) is a reasonable survey of what happened to type-free λ-calculus
up to 1982. The publications Barendregt (1992) and Barendregt et al. (2013a) cover only a
limited part of typed lambda calculus and the related topics of functional programming
and proof-checking.





1
Up to 1969

1.1 Models of computability

The (type-free) theory of combinatory logic was initiated in Schönfinkel (1924) and
Curry (1930) as a theory of manipulating symbols with the intention to become a foun-
dation for mathematics. Then there was the related λ-calculus1, Church (1932, 1933).
Also this theory was intended to be a foundation for all of mathematics: reasoning and
computing. This theory turned out to be inconsistent, as shown by Church’s students
Kleene & Rosser (1935). Later the inconsistency was much simplified by the paradox of
Curry (1941). Because of the inconsistency in λ-calculus as foundation for mathematics
Church and his students focussed on the part dealing with computation only. The corre-
spondence with the computational part of combinatory logic was established in Rosser
(1935) and a consistency proof for λ-calculus was given in Church & Rosser (1936).

In this consistent equational theory Church defined numerals c0, c1, c2, . . . as itera-
tors to representing the natural numbers. Church and his students soon showed that on
these the functions addition, multiplication, and exponentiation are λ-definable: that is,
there are terms F+, F×, Fexp such that

F+cncm = cn+m;
F×cncm = cn×m;
Fexpcncm = cnm .

At that moment Church and his students were not able to λ-define the predecessor func-

1A noteworthy example of how a failing the goal of an intended PhD project could lead to success
was told to me by Alonzo Church. His supervisor Veblen had assigned him the task to compute from an
algebraically given two-dimensional surface its Betti number, which is twice its genus (number of holes
in it). Church didn’t succeed in doing this. He started to wonder whether the assignment was possible to
fulfill at all. In order to show the goal was impossible he needed to have an precisely defined notion of
computability. For this reason he invented λ-calculus.
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tion. However, when Kleene had a dental treatment2 he found a way to λ-define the
predecessor function by translating recursion into iteration. When Kleene told his su-
pervisor of having been able to represent the predecessor function, then Church report-
edly said: “Then all computable functions must be λ-definable.” Since the converse is
easy to show, Church’s Thesis3 was born, equating the class of effectively computable
functions on the natrural numbers with the class of λ-definable functions. The thesis
was considerably strengthened when Turing independently concluded by a conceptual
analysis that the class of mechanically computable functions coincides with the Tur-
ing Machine computable functions, Turing (1937b), submitted in 1936. This is Turing’s
thesis. Morover he proved that this class coincides with the λ-definable ones, Turing
(1937a). The combined Church-Turing thesis states that the classes of mechanical and
effective computable functions coincide and are the same as the class of those function
computable by a Turing machine or by λ-definability, Turing (1937a).

λ-calculus
Church (1936)

ks Turing (1937a) +3 Machines
Turing (1937b)

µ-recursive functions
Kleene (1936a)

#+Kleene (1936b)

ck

s{ Kleene et al. (1952)

3;

Systems of equations
Gödel (1934)

��
Kleene (1936a)

KS

Next to Church and Turing there was Kleene, who considered other computational
models: that of Gödel (with a suggestion of Herbrand) by systems of equations and
that of himself, based on a few basis functions, closed under substitution, primitive re-
cursion, and minimalization. In Kleene (1936a) it is shown that these systems define the
same class of total functions (because Gödel only considered total ones). Moreover that
class coincides with the λ-definable functions, Kleene (1936b). In a reaction to Church’s
Thesis Gödel found both λ-defnability and his own characterization using systems of
equations not satisfactory to be a characterization of the notion ‘effectively computable’.
The reason was that both characterizations depend on a formal deductive system. But
the analysis of Turing using machines he found convincing. Only in Kleene (1938) the
importance of partial functions was emphasized. See also Davis (1982) for historical
remarks.

Leibniz had as ideal to design a universal language in which all scientific questions can
be formulated, together with a decision method to assert or refute by mere computation

2This is reported in Crossley (1975). Kleene had told me this was under the influence of laughing gas
N2O, that still is used today as anaesthesia in dentistry.

3In his talk for the seventieth birthday of Robin Gandy it was stated by Kleene: “After I found out how
to define the predecessor function I could have stated Church’s thesis; but I din’t, he did.”



the validity of these. Leibniz had as motto ‘Calculemus’ (‘let us compute’) in order
to settle scientific questions. Once the notion of effective or of machine computability
had been formalized by Church and Turing independently, they did show also that a
decision method for arithmetical sentences, leave alone for all scientific problems, is
impossible. The same impossibility holds for sentences of the predicate calculus. In
spite of this, by means of computations one may get impressively far. This is shown
in systems for computer algebra, such as on the one hand Mathematica for symbolic
calculations in analysis and more, and on the other hand in CAYLEY for those in abstract
algebra, number theory and more.

1.2 λ-calculus and Combinatory Logic

λ-calculus

DEFINITION 1.1. (i) Terms of the lambda calculus, in notation LC, are defined by the
following grammar.

var := v | var ′

LC := var | λvar.LC | (LC · LC)

(ii) The equational theory of the λ-calculus is exiomatized by

(λx.M)N = [x/N]M4 (β)

and the equality axiom and rules, including

M = N
.

λz.M = λz.N

We write5 M =β N for λ `M = N.
(iii) The axiom (β) is in its intenion asymmetric. This is expressed by

(λx.M)N > [x/N]M, (β-red)

where> is axiomatized to be a reflexive, transitive, and compatible6 relation. We write7

M >β N for λ `M > N.
(iv) One may add to the theory λ the rule of extensionality

Fx = Gx, for a fresh variable x ⇒ F = G (ext)

.
4In later work I denoted this substitution byM[x: = N]
5This notation was not yet used in the thesis.
6This means thatM > N implies ZM > ZN,MZ > NZ, and λz.M > λz.N.
7Also this notation was not used in the thesis.



PROPOSITION 1.2. Extensionality can be captured by the axiom of η-equality

λx.Fx =η F, for x fresh. (η)

PROOF. Indeed, working with η-conversion based on η-reduction one has

Fx = Gx ⇒ F =η λx.Fx = λx.Gx =η G.

And conversely, assuming extensionality one has

(λx.Fx)x = Fx ⇒ λx.Fx = F.

Equality including the η-rule and hence extensionality can be axiomatized by com-
bining β-reduction with η-reduction introduced by

λx.Mx >η M, (η)

provided x doesn’t occur (freely) inM. The extensional theory can be proved consistent
by an analysis of the combined βη-reduction (Church-Rosser Theorem). We will not
do this, because the thesis proves that λ-calculus is consistent by the Church-Rosser
Theorem for β-reduction, and moreover it is shown that adding the ω-rule, which is
stronger than extensionality, preserves consistency. In Klop (1980) an extensive analysis
of the interaction of β-reduction together with η-reduction is given.

Clash of variables

In mathematics a variable can be free or bound. In

Σ2x=1x
2 = 12 + 22

it doesn’t make sense to substitute something for the variable x, it is bound. However
in

Σ2x=1xy
2 = y2 + 2y2 (2)

it does make sense to substitute for y a number like 3, or even en expression like z+ 1.
With the distinction between a free and a bound variable8 one can formulate another

pitfall. In (2) the variable y is free. If one defines

f(y) = Σ2x=1xy
2,

then one should be careful not to substitute for y the expression x + 1, as f(x + 1) =
Σ2x=1x(x+ 1)

2 is not what is intended: the free variable x becomes bound. The intended
meaning is obtained by first renaming the bound variable x to say z

f(y) = Σ2z=1zy
2,

8More precisely, a free or bound occurrence of a variable



and then substituting x+ 1 for y, obtaining

f(x+ 1) = Σ2z=1z(x+ 1)
2 = (x+ 1)2 + 2(x+ 1)2.

Similarly, the expression A(x), ∃y.y+ y = x expresses over the natural numbers that x
is even. But substituting for the free variable x the variable 3y one obtains A(3y) ⇐⇒
∃y.y + y = 3y, something that never holds. Again the bound variable y better be
changed in the predicate A(x), which then becomes A(x) , ∃z.z + z = x. Now A(3y)
makes sense: ∃z.z + z = 3y and it is in arithmetic equivalent to A(y) stating again that
y is even.

This confusion caused by free variables becoming bound has been made in the work
of Ackermann (1925), as spotted by von Neumann (1927). Church9 must have learned
from von Neumann and formulated for the λ-calculus the α-rule that allows a change
of bound variables: λx.x =α λy.y.

Combinatory Logic

This theory, abbreviated as CL, consisting of applicative terms built up from constants
I,K,S and variables; it has as axioms

Ix = x; (1.1)
Kxy = x; (1.2)

Sxyz = xz(yz). (1.3)

One has for example that SIIx = xx is derivable in CL.
Also to CL one may add the rule of extensionality as above. Then

CL + ext ` SKK = I.

Indeed, SKKx = Kx(Kx) = x = Ix holds in CL. Hence CL + ext ` SKK = I.

Relating λ-calculus and CL

PROPOSITION 1.3. There are maps φ : CL → LC and ψ : LC → CL. These are defined in
I1.4.5 and I1.4.9. For mnemonic reasons we will write

Pλ = φ(P), for P∈CL;
MCL = ψ(M), forM∈LC.

One has for arbitraryM,N∈LC and P,Q∈CL

CL + ext ` (Pλ)CL = P;

λ+ ext ` (MCL)λ =M;

CL + ext ` P = Q ⇐⇒ λ+ ext ` Pλ = Qλ;
λ+ ext ` M = N ⇐⇒ CL + ext `MCL = NCL.

9In (Church, 1944, 1944 edition) it is remarked that even in Gödel (1934) the confusion of variables had
been made.



Without extensionality several of these equivalences do not hold. For example λ `
(SKS)λ = SKS = λx.SKSx = λx.x = Iλ, but CL 6` SKS = I.

1.3 Inconsistency & consistency

The Curry paradox

In this subsection we present Curry’s paradox for a simple extension of λ-calculus in-
tended to represent part of logic (and other axiomatic theories). It turned out that al-
ready for propositional logic this can give inconsistency: all statements are provable.

DEFINITION 1.4. So called Illative Combinatory Logic, in notation ICL0, is an extension
of CL with the intention to derive statements.

(i) A new constant P is introduced, intended to capture implication: PAB is abbrevi-
ated asA→B. Terms are built up from the constants I,K,S,P using application, forming
the set ICL0.

(ii) Statements are defined as follows. IfM,N∈ ICL0, thenM = N is a statement.
(iii) IfM∈ ICL0, thenM is a statement.
(iv) The axioms for I,K,S remain valid, as well as the axioms and rules for equallity.
(v) There is the rule Γ `M = N, Γ `M ⇒ Γ ` N.

(vi) There are the introduction and elimination rules for implication.

Γ `M→ N, Γ `M, ⇒ Γ ` N, (Modus Ponens);
Γ,M ` N ⇒ Γ `M→ N.

The system is presented in natural deduction style of ?, so that Γ ` X for a set of state-
ments Γ containing X.

The following is called Curry’s paradox. Its proof is impressively short, notably
when compared to the proof of the paradox of Kleene & Rosser (1935), and doesn’t
contain negation.

PROPOSITION 1.5 (CURRY (1941)). ICL0 is inconsistent.

PROOF. Let M∈ ICL0 be any term considered as proposition. We will show ` M. By
the fixed point theorem there exists an X such that ` X = X→M. Now one can proceed
as follows.

X ` X, as this stands for {X} ` X,
X ` X→M, since ` X = X→M,
X ` M, by Modus Ponens,
` X→M, by→-introduction,
` X, since ` X→M = X,
` M, by Modux Ponens.

In Chapter III.3 consistent versions of ICL will be mentioned.



The Church-Rosser Theorem

After the discovery by Kleene & Rosser (1935) of the inconsistency of the original ver-
sion of Church’s theory, an effort was made to prove the consistency of the part dealing
with computability only. Define

M =β N ⇐⇒ λ `M = N.

Then =β is the least congruence relation containing the ‘conversion’-rule

(λx.M)N =β [x/N]M.

This equation is in its intention asymmetric. One expresses this by the contraction rule

(λx.M)N >β [x/N]M.

Define

M >β N

to be the least reflexive, transitive and compatible10 relation extending >β. Then one
has the following.

THEOREM 1.6 (CHURCH-ROSSER THEOREM).

M =β N⇒ ∃Z[M >β Z & N >β Z].

In the thesis a proof of this theorem, due to Martin-Löf, is presented in Appendix
II, Theorem 10. This implies that the λ-calculus is consistent, Corollary 1.2.11 in Part
I. The history of the proof in Appendix II, that I didn’t know in 1971, is interesting.
Martin-Löf based his proof on a similar proof of Tait for Combinatory Logic (CL). There
was, however, a simpler proof of the Church-Rosser Theorem for CL, by Rosser (1935).
That simpler proof doesn’t carry over to the λ-calculus. Tait’s proof, however, did carry
over. In Barendregt (1984) therefore I attributed the proof method to Tait and Martin-Löf
collectively.

The Church-Rosser Theorem for >β establishes the consistency of the λ-calculus.
The consistency of the extensional variant follows by the consistency of the strongerω-
rule as given in the thesis. A simpler alternative is to use the Hindley-Rosen proposition,
(Barendregt, 1984, 3.3.5), in order to show the Church-Rosser Theorem for the combined
β- and η-rules.

10This means thatM >β N implies ZM >β ZN, MZ >β NZ and λx.M >β λx.N.



1.4 Some λ-calculus results

PROPOSITION 1.7 (TURING/CURRY). There exists a fixed point operator11: a closed λ-term
Θ such that for every F∈LC one has ΘF is a fixed point of F

ΘF = F(ΘF).

PROOF. Take Θ, (λab.b(aab))(λab.b(aab)). WriteωT , (λab.b(aab)), Then

ΘF = ωTωTF,

= (λab.b(aab))ωTF,

= F(ωTωTF),

= F(ΘF).

COROLLARY 1.8. In CL the first fixed point combinator is mapped to

Θλ = SII(S(K(SI))(SII)),

and acts like a fixed point combinator: CL ` ΘλP = P(ΘλP), for all P∈CL.

COROLLARY 1.9. Let t = t[~x, f]∈Λ[~x, f]. Then there exists an F∈Λo such that

F~x = t[~x, F].

PROOF. Take F,Θ(λf~x.t[~x, f]). Then

F~x = (λf~x.t[~x, f])F~x = t[~x, F].

DEFINITION 1.10. (i) Define λ-terms representing Booleans as follows.

true = λxy.x;

false = λxy.y.

(ii) Define the conditional as follows

If B then P else Q = BPQ.

Then

If B then P else Q = P, if B = true;
= Q, if B = false.

In other cases the value is not specified.
11The term Θ is due to Turing. Curry constructed a different fixed point combinator: Y ,

λf.(λx.f(xx))(λx.f(xx)). Indeed

YF = (λx.F(xx))(λx.F(xx)) = F((λx.F(xx))(λx.F(xx))) = F(YF).



(iii) Define Zero? = K true. Then

Zero? cn = true if n = 0;
= false, else.

THEOREM 1.11. Let f : Np → N. Then f is µ-computable ⇐⇒ f is λ-definable.

PROOF. (For total functions. In Part I this is also proved for partial functions.) (⇒) The
µ-computable functions are obtained from the initial functions S+x = x+1, Pki (x1, . . . , xk) =
xi, and Z(x) = 0, using composition, primitive recursion and minimalization. The ini-
tial functions are clearly λ-definable, by respectively λab.b(ab), λx1 . . . xk.xi, and λx.c0.
Now we show that the λ-definable functions are closed under substitution, primitive
recursion and minimalization.

Substitution. Suppose wlog that f(x) = g(h(x), x) and that g, h are λ-defined by
respectively G,H∈LCo. Then f is λ-defined by F = λx.G(Hx)x.

Primitive recursion. Wlog let f be defined as follows

f(0) = k0;

f(n+ 1) = g(f(n), n).

In order to λ-define f, we are going to do this for a slightly more complex function
f ′ : N→ N2 defined by f ′(n) = (f(n), n). ForM1,M2 ∈LCo write [M1,M2] = λz.zM1M2,
with a fresh variable z. Write, as in functional programmingM · i =M(λx1x2.xi). Then

[M1,M2] · i = (λz.zM1M2)(λx1x2.xi) = (λx1x2.xi)M1M2 =Mi.

We like to λ-define f ′ by F ′ such that

F ′cn = [cf(n), cn],

in the hope to get an F that λ-defines f. Note that then

F ′cn+1 = [cf(n+1), cn+1] = [cg(f(n),n), cn+1],
= [G(cf(n))cn, cn+1],
= [G(F ′cn · 1)(F ′cn · 2), S+(F ′cn · 2)],
= T(F ′cn),

with T = λy.[G(y · 1)(y · 2), S+(y · 2)]. It follows that

F ′cn = Tn[cf(0), c0] = cnT [ck0 , c0]

and we can define F ′ = λn.nT [ck0 , c0]. Therefore f can be λ-defined by the term F =
λn.F ′n · 1, since then Fcn = F ′cn · 1 = [cf(n), cn] · 1 = cf(n).



Minimalization. Wlog let f be defined by f(x) = µy.[g(x, y) = 0], with g λ-defined
by G. By Corollary III1.9 there exists a term H such that

Hxy = If Zero? (Gx) theny elseHx(S
+y).

Then

Hcnc0 = 0, if Gcnc0 = c0,
= c1, else, if Gcnc1 = c0,
= c2, else, if Gcnc2 = c0,
= . . . , as f is total ∃k.g(n, k) = 0,

hence ∃k.Gcnck = c0,
= cm, wherem = µk.[Gcnck = c0],
= cm, wherem = µk.g(n, k) = 0,
= cf(n).

Therefore F, λx.Hxc0 λ-defines f.
(⇐) Suppose f is λ-definable. Then for some F∈Λo

λ ` Fcn1 . . . cnp = cm ⇐⇒ f(n1, . . . , np) = m.

Therefore the graph of f, being {(~n,m) | f(~n) = m} is computably(/recursively) enu-
merable. It follows that f is partial, hence total, computable.

1.5 Imperative and functional programming

The computational model introduced by Turing readily can be implemented on digital
computers. This gave rise to what is called ‘Imperative programming’. Programming
in this style is essentially type-free: both the program and the input are represented
as data. In Böhm (1954) use of this feature is made by constructing a compiler for a
programming language L in the language L, in such a way that the compiler could
compile itself. As explained in Barendregt (2020) this one way leading to bootstrapping
that made the high efficiency of computers possible.

The computational model of Church, the λ-calculus, became the foundation for a
new style writing software: functional programming. The first functional programming
language related to type free λ-calculus was Lisp12, McCarthy et al. (1962), although the
language also had imperative features. Other work towards functional programming is
in from Landin (1966) and Böhm (1966); Böhm & Gross (1966).

12Also early implementations of this language made similar invalid substitutions by confusing free and
bound variables, as those noted by von Neumann (1927) in the work of Ackermann. In the Lisp community
this was called ‘dynamic binding’, a bug that was considered as a feature.



2
The period 1969-1971

2.1 Models

By the end of 1969 Dana Scott had invented the lattice models D∞ of the λ-calculus,
providing a clear interpretation of the λ-abstraction operator. That was a breakthrough
and became an important tool for providing semantics of programming languages. It,
however, didn’t satisfy the goal I had assigned to myself: to explain what Kleene had
established by literally interpreting λ-calculus results into a model based on computable
functions. So I continued working on this.

In 1970 and 1971 all attempts to modify Kleene’s partial combinatory algebra into
a total one had failed, as described in Chapter II.2. But they did lead to notions and
questions in the thesis that turned out to be fruitful for λ-calculus: (un)solvability and
universal generators (eventually leading to the notion of Böhm-trees, Barendregt77, and
the characterization of equality in the models D∞ by Hyland (1975) and Wadsworth76,
and in the model Pω of Plotkin and Scott by Hyland), and the ω-rule (eventually lead-
ing toω-incompleteness Plotkin73 and objects in the Karoubi envelop of the cominators
not having enough points Koymans82). All this material formed a good basis for the
book Barendregt (1984).

An even more noteworthy example of how a failed goal in a PhD could lead to
success was told to me by Alonzo Church. His supervisor Veblen had assigned him the
task to compute from an algebraically given two-dimensional surface its Betti number,
which is twice its genus (number of holes in it). Church didn’t succeed doing this. He
started to wonder whether his assignment was possible at all. To show the goal was
impossible he needed to have an precisely defined notion of computability. For this
reason he invented λ-calculus and eventually stated the following Thesis:

A function is intuitively computable if and only if it is λ-definable.

When later Turing established that machine computability is equivalent to λ-definability

233



the Church-Turing Thesis was established.

Effective computability is equivalent to machine computability.

This Thesis and the resulting digital revolution1 have been changing and are changing
society in profound ways.

Theω-rule

Because the Church-Rosser theorem also holds for βη-reduction, Curry & Feys (1958),
the extensional λ-calculus is consistent. If the fourth attempt to complete Kleene’s pca
K is succesful, then all elements in the resulting model are the denotation of a closed
term. Therefore the followingω-rule would be valid

For allMwithout free variables FM = GM ⇒ F = G. (ω-rule)

Obviously the ω-rule implies extensionality. The difference with extensionality is that
a proof of Fx = Gx is uniform in the fresh variable x, whereas using the ω-rule, the
demonstrations of FM = GM may not be uniform. If the intended model would work,
then the ω-rule holds in it. In this way the question came up: is the ω-rule consistent?
This could be settled without knowing whether the fourth attempt would be succesful.
It even could be true that theω-rule is valid.

The thesis shows that
2.2.13 Theω-rule is consistent (using transfinite induction).
2.5.29 Theω-rule is valid (in λ+Ext) if F,G are not universal generators2.

When I first proved this, it was not yet known whether universal generators exist.
So there still was hope to obtain as corollary the general validity of the ω-rule. Then it
turned out that universal generators do exist.
2.4.5 There exists a λ-term U that is a universal generator,
i.e. every λ-term appears as subterm of a reduct of U.

It was left as open question wether the general ω-rule is valid in the extensional λ-
calculus. This was refuted in a spectacular way in Plotkin (1974), by constructing com-
plex universal generators. The conterexample is also presented in (Barendregt, 1984,
Theorem 17.3.30). This invalidity was later expressed as the lack of enough points for
certain objects D such that [D → D] is a retract of D in some cartesian closed category

1Although machine computability and λ-definability are equivalent, machine computation is more eas-
ily realized on computers via Turing’s work than via λ-calculus. This gave rise to imperative programming.
During the last decades computer aided computations via λ-calculus has become more efficient, resulting
in Functional Programming. This may give the computer revolution another boost. Another ingredient, not
related to λ-calculus, is deep learning, something that also was initiated by Turing48, with applications in
Artificial Intelligence.

2Although it is not stated, the context of this result shows that ‘not βη-universal generator’ is intended
here. There is a result due to Jan Willem Klop that requiring only ‘not to be β-universal generators’ is not
sufficient for warranting the validity of theω-rule. See (Barendregt, 1984, Excercise 17.5.13)



Koymans (1982), see also (Barendregt, 1984, 5.5.7(iv)). Plotkin also strengthened result
2.5.29 on this thesis by showing that if only one of F,G is not a βη-universal generator,
then theω-rule holds for F and G, this being reported in (Barendregt, 1984, 7.3.24).

Unsolvable terms

As discussed above, the work on the partial combinatory algebra K gave me as wrong
impression the consistency of

CL + {P = Q | P,Q have no CL-normal form}.

A conterexample is the theory extended by the equation

λx.xKΩ = λx.xSΩ,

with Ω = (λx.xx)(λx.xx), being the minimal term without a normal form. Indeed, from
this equation follows that K = S, by applying both sides to K. This gave rise to the
notion of solvability. A term3 P is solvable if there are termsQ1, . . . , Qn such that P~Q = I,
otherwise unsolvable4. It is shown that if M is unsolvable and FM = K, then Fx = K.
This is a key step towards showing that

CL +H is consistent,

withH = {P = Q | P,Q are unsolvable closed terms}.
In Church (1941) a partial function ψ : Nk → N is called λ-definable if for some closed

term F and all n1, . . . , nk ∈Nk one has

Fcn1 . . . cnk = cm, if ψ(~n) = m;
= has no normal form, if ψ(~n) is undefined.

and it is proved that all partial computable functions are λ-definable. In the thesis this
is strengthened by requiring that

Fcn1 . . . cnk = cm, if ψ(~n) = m;
= is unsolvable, if ψ(~n) is undefined.

A term P is of order 0 if never P = λx.Q. Closed terms of order 0 are unsolvable. In
Visser (1980) it is shown that for partial computable functions one can strengthen this to

Fcn1 . . . cnk = cm, if ψ(~n) = m;
= is of order 0, if ψ(~n) is undefined.

3The thesis had as oversight to give this definition for all terms, having as effect that a free variable x is
solvable. This is unnatural. The above definition better be restricted to terms without free variables. For
terms P containing free variables ~x one better defines that P is solvable if its closure λ~x.P is solvable.

4Although it is easy to see that terms having a normal form are solvable, ths is not shown in the thesis.
It follows that unsolvable terms do not have a normal form.



This line of results culminates in the Statman Master Theorem, from which the three
previous results follow. Let D be a computably enumerable set of terms that is closed
under β-conversion (P = Q∈U ⇒ P∈D). Then one has the following. A partial func-
tion ψ : Nk → N is computable iff for some closed term F and all n1, . . . , nk ∈Nk one
has

Fcn1 . . . cnk = cm, if ψ(~n) = m;
/∈ D if ψ(~n) is undefined.

2.2 Solvable terms

DEFINITION 2.1. (i) Let P∈CL be a combinator5 (term without (free) variables). Then
P is called CL-solvable if if for some n∈N and some combinators Q1 . . . Qn one has

CL ` PQ1 . . . Qn = K.

Similarly one defines P is CL+Ext-solvable (respectively CLω-solvable) if

CL + Ext ` PQ1 . . . Qn = K

respectively
CLω ` PQ1 . . . Qn = K.

(ii) Let M∈ λ be a combinator (closed λ-term). Then M is λ-solvable if if for some
n∈N and some terms N1 . . . Nn one has

λ `MN1 . . . Nn = K.

Similarly one definesM to be λ+Ext-solvable (respectively λω-solvable).

Solvability is invariant under translations between CL and λ-calculus. Also it is
invariant under adding extensionality and theω-rule.

THEOREM 2.2. LetM∈ λ and P∈CL be combinators.
(i) The following are equivalent.

(1) M is λ-solvable;

(2) M is λ+ext-solvable;

(3) M is λω-solvable.

(ii) The following are equivalent.

(1) P is CL-solvable;

(2) P is CL+ext-solvable;
5In the thesis there is a shortcoming that I didn’t require the term to be a combinator. This makes a free

variable x being unsolvable. This is unnatural, as was pointed out to me by Chris Wadsworth. Terms R
containing variables ~x should be called solvable if λ~x.R is solvable in the sense above.



(3) P is CLω-solvable.

(iii) P is CL-solvable ⇐⇒ φ(P) is λ-solvable.
Similarly for the version with Ext andω.

(iv) M is λ-solvable ⇐⇒ ψ(M) is CL-solvable.
Similarly for the version with Ext andω.

PROOF. The proof hinges on several results.

Step 1. λ-solvable ⇒ λ+Ext-solvable ⇒ λω-solvable,
and similarly for CL solvability. This is trivial.

Step 2. P is CL-solvable ⇒ φ(P) is λ-solvable.
This follows easily from 1.4.5(1) in Part I of this thesis stating

CL ` P = Q ⇒ λφ(P) = φ(Q).

Step 3. CL + Ext ` P = ψ(φ(P)). (One also has λ ` φ(ψ(M)) =M.
This is 1.4.10(2). Therefore modulo CLω the map ψ is surjective.

Step 4. λω `M = N ⇒ CLω ` ψ(M) = ψ(N).
By induction on derivations in λω. Theorem 1.4.9 in Part I states

λ+ Ext `M = N ⇒ CL + Ext ` ψ(M) = ψ(N).

Therefore the axioms and rules in λ+Ext are covered. An application of theω-rule
in λωmaps to one in CLω:

λω `MZ = NZ, for all combinators Z,⇒ CLω ` ψ(M)ψ(Z) = ψ(N)ψ(Z), for all combinators Z,⇒ CLω ` ψ(M)Q = ψ(N)Q, for all combinators Q by 3,⇒ CLω ` ψ(M) = ψ(N).

Step 5. M is λω-solvable ⇒ ψ(M) is CLω-solvable.
Indeed, supposeM satisfies

λω `M~N = K, for some combinators ~N,⇒ CLω ` ψ(M)ψ(N1) · · ·ψ(nn) = ψ(K) = ψ(φ(K)) = K by 4,⇒ ψ(M) is CLω-solvable.

Step 6. P is CLω-solvable ⇒ P is CL-solvable.
This follows directly from Corollary 2.2.12 in the thesis:

CLω ` P = K ⇒ CL ` PK2n = K.

Now the 16 implications in the Theorem follow by a diagram chase.
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The thesis contains two main results about unsolvable terms.

THEOREM 2.3 (GENERICITY LEMMA). Let P be a CL-unsolvable term CL. Suppose ` FP =
K. Then for all Q∈CL one has ` FQ = K.

PROOF. This is Theorem 3.2.3 in Part I.

THEOREM 2.4. LetHCL = {P = Q | P,Q∈CL unsolvable}. Then CL +HCL is consistent.

PROOF. This is Corollary 3.2.15 in Part I.

2.3 Theω-rule and universal generators

While studying the validity of the ω-rule in the extensional λ-calculus, universal gen-
erators came up naturally. Note that Ω = (λx.xx)(λx.xx) is a term that only reduces to
itself, and hence acts like a variable. At first I proposed to show for closed terms M,N,
that for a variable-like closed term likeΩ, one has

MΩ = NΩ ⇒ Mx = Nx ⇒ M = N.

The reason is that in a proof of MΩ = NΩ one probably could everywhere replace
Ω by x obtaining Mx = Nx. But as stated under the Examples 2.5.3 in Part I there is
a difference between Ω and fresh variable. In reductions of M,N no free variable x
can appear, while Ω can appear. In fact, (λx.xx)Ω = ΩΩ, whereas one doesn’t have
(λx.xx)x = Ωx. If M,N are not universal generators, then there probably is a term that
will not be generated by eitherM or N6.

6The classical reasoning towards this statement is as follows. If there doesn’t exist a universal generator,
then MN is not a universal generator, so that some term X will not appear in reducts of M and N and one
can take Ξ = ΩX. If there exists a universal generator U, then one can take Ξ = ΩU.



THEOREM 2.5 (2.5.29 IN PART I). Let M,N be a pair of closed terms that are not universal
generators. Then theω-rule is valid forM,N: If for all closed terms Z one has λ+Ext `MZ =
NZ, then λ+ Ext `M = N.

At first I hoped to show that universal generators don’t exist. But I was wrong. Take
the universal constructor E constructed by Kleene such that

{Ecn | n∈N}

is the set of all closed terms. Using the fixed point theorem one can construct a term G

such that
Gcn = [Ecn, Gcn+1], λz.z(Ecn)(Gcn+1).

Then U = Gc0 is a universal generator.
Now roughly by taking Ξ = ΩU, one can show.

λ+ Ext `MΞ = NΞ ⇒ λ+ Ext `M = N.

This is remarkable, as the assumption of the ω-rule is that MZ = NZ for all closed Z,
while in the partial validity result only one of these arguments is used. Kreisel sug-
gested that if I would use more arguments then theω-rule could turn out to be valid in
general. This I doubted. Two years later Gordon Plotkin showed that in general the ω-
rule is not valid, by constructing two universal generators M,N as refutation, proving
me right. But in some sense also Kreisel was right. In a later result of Plotkin, written
up in a letter to me and recorded in Barendregt (1984) as Theorem 17.3.24, it was shown
that if only one of the closed termsM,N is not a universal generator, then there exists a
Ξ such that in the extensional λ-calculus

MΞ = NΞ &MΩ = NΩ ⇒ M = N.

This is the best one can get.
A serious but failed attempt in to prove the validity of the ω-rule in the extensional

λ-calculus I learned in another discussion in Rome from Jacopini in 1973. Before the
counter example of Plotkin was known Jacopini had the following proof strategy. Sup-
pose that for F,G∈Λo one has FZ = GZ for all Z∈Λo. Take Ω1 = ΩI and Ω2 = ΩS.
Then

FΩ1 = FΩ1;
FΩ2 = FΩ2.

}
(1)

This seemed to imply that Fx = Gx for a fresh variable x, hence F = G by extensionality.
We couldn’t find a counterexample, i.e. a pair of terms satisfying (1) and Fx 6= Gx. Only
after Plotkin’s counterexample against the validity of theω-rule it became clear how to
construct such F and G. If one has an F∈Λo such that FΩ1 = FΩ2 6= Fx, then one can



take G = K(FΩ1). Indeed:

FΩ1 = GΩ1, by definition of G;
FΩ2 = FΩ1, by the property of F,

= GΩ2, by definition of G;
Fx 6= FΩ1, by the property of F,

= Gx, by definition of G.

In order to construct such an F, try F = AB. By the fixed point theorem applied twice
one can find A,B such that A = λxy.A(xΩ1)Ω2 and B = BΩ1. Then indeed

FΩ1 = ABΩ1 = A(BΩ1)Ω2;
FΩ2 = ABΩ2 = A(BΩ1)Ω2;
Fx = ABx 6= ABΩ1 = FΩ1

The trick used here together with the existence of a universal generator are essential
steps in constructing of Plotkin’s counterexample. Jacopini and I came close, but didn’t
make the final steps, Gordon Plotkin did!



3
After 1971

3.1 Renaming bound variables

The problem of a clash between free and bound variables, in particular that a free vari-
able inN becomes bound after making a ‘naive’ substitution [X: = n] into a free variable
of a termMmay be solved by identifying λ-terms differing in the names of bound vari-
ables, like λx.x ≡ λy.y. This solution is not fully satisfactorily treated in the thesis. In
my later book “The lambda caluclus, its syntax and semantics” the problem was shifted
to the De Bruijn notation, in which bound variables are not named (‘nameless dum-
mies’). To check that this is 100% correct requires some effort that was fulfilled only
by a thorough analysis and formal proof development found in Norrish & Westergaard
(2007). This work refers to yet another approach, by Andy Pitts and his students, using
instead of substitutions of variables permutations of these. The difference is that

P ≡ Q⇒ P[x := y] ≡ Q[x := y],

but not conversely, while for a permutation of variables π one has

P ≡ Q⇔ Pπ ≡ Qπ.

See Gabbay & Pitts (2002), Urban et al. (2004). The latter work shows that in formal proof
developments one can reason with the same ease as with using the variable convention
used in Barendregt (1984).

3.2 Böhm trees

The universal generator constructed above motivated me to introduce in Barendregt
(1977) the notion of Böhm tree BT(M) of a term M. We give some examples to get an
intuitive picture.
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BT(U) = λz.z

Ec0 λz.z

Ec1 λz.z

Ec2 · · ·

BT(S) = λxyz.x

z y

z

BT(K) = λxy.x

BT(Ω) = ⊥
BT(Y) = BT(Θ) = λy.y

y

y

· · ·

Here Y and Θ are the fixed point combinators of respectively Curry and Turing.

Y = λf.(λx.f(xx))(λx.f(xx));

Θ = (λab.b(aab))(λab.b(aab)).

DEFINITION 3.1. The general intuitive co-inductive definition is as follows.

BT(M) = λ~x.y

BT(M1) · · · BT(Mn)

, ifM = λ~x.yM1 . . .Mn

= ⊥, else.

Equating terms with the same Böhm tree is consistent, as is follows from the follow-
ing result Hyland (1975).



THEOREM 3.2. Let B = {M = N | BT(M) = BT(N)}. Then in the model Pω of Plotkin and
Scott one has

Pω �M = N ⇐⇒ (M = N)∈B.

Therefore λB = λ+ B is consistent.

3.3 Classes of terms

DEFINITION 3.3. The following notions apply to β-reduction.
(i) NF = {M∈Λ |M is in normal form}.

(ii) WN = {M∈Λ |M has a normal form}.
(iii) SN = {M∈Λ | all reductions starting withM terminate}.
(iv) ∞(M) ⇐⇒ M∈Λ− SN.

EXAMPLES 3.4. (i) I,K,S,ω∈NF.
(ii) ωSI∈SN.

(iii) ∞(KIΩ).
(iv) ∞(Ω).

In Barendregt (1973), see also (Barendregt, 1984, Corollary 9.4.21), it is shown that
in the λI-calculus the notions of having a normal form and solvability coincide. By the
‘second Church-Rosser Theorem’ that is called ‘conservation theorem’ in (Barendregt,
1984, 11.3.4, 11.3.5) this implies the following.

PROPOSITION 3.5. In the λI-calculus the following are equivalent.

• M has a normal form.

• M is strongly normalizing.

• M is solvable.

Differentiating the following one obtains more interesting examples.

DEFINITION 3.6. LetM∈Λ.
(i) M is I-solvable if ∃~P∈ΛI.M~P =β I.

(ii) M is K-solvable if ∃~P∈ΛK.M~P =β I.

The following figure shows the different sets of terms. As can be seen, the situation
is more complex in the λK-calculus than in the λI-calculus.
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Figure 3.1: NF, SN, WN, SOL in λI versus λK.

REMARK 3.7. (i) K-solvable is the same as solvable.
(ii) Ω =β YI and O, YK are neither K-solvable nor I-solvable. The term O is named

after the hungry Ogre: OM =β KOM =β O for allM.
(iii) Y, [Ω]∈ΛI and [ΩK]∈ΛK are K-solvable, but not I-solvable: all three terms ap-

plied to the sequence K,K yield K.
(iv) [K,Ω]∈ΛK is I-solvable: [K,Ω]ω =β KKΩ = K.
(v) Y(K∗) is WN but not SN. Indeed, one has Y(K∗)→→ K∗(Y(K∗))→→ I, but also

Y(K∗)→→ K∗(Y(K∗))→→ K2∗(Y(K∗))→→ . . . .

The following result is included here because of its remarkable nature, unique in its



kind. There is a necessary characteristic of terms that are not SN (and thus a sufficient
characteristic of SN terms.)

DEFINITION 3.8. Let w1, w2 ∈Σ∗ be words over an alphabet Σ. Write w1≺w2 if w1 can
be obtained from w2 = a1 . . . ak by deleting some elements in the sequence a1 . . . ak.
For example if Σ = {p, q, r}, then prq≺rqppqrq.

THEOREM 3.9 (SØRENSEN (1998)). (i) Suppose∞(M). ThenΩ≺M.
(ii) SupposeΩ6≺M. Then SN(M).

The proof makes use of Kruskal’s theorem. Part (ii) is just the contrapositive of
(i). As an example, we know that ∞(Θ). Writing out the fixed point combinator Y =
λf.(λx.f(xx))(λx.f(xx)), one can see Ω lurking inside it. The same holds for Turing’s
version Θ, (λab.b(aab))(λab.b(aab)).

3.4 The kite of theories

DEFINITION 3.10. Let C ⊆ Λo. Then the following set of equations is called Morris’
theory over C

TC = {M = N |M,N∈Λo & ∀F∈Λo[FM∈C ⇐⇒ FN∈C]}.

PROPOSITION 3.11. For every C one has TC is a (possibly inconsistent) λ-theory.

Every λ-theory can be represented as a Morris’ theory.

DEFINITION 3.12. Let T be a λ-theory. For X∈Λ (notably for pairs [M,N] , λz.zMN)
we write X · i = X(λx1x2.xi). Then [M1,M2] · i =β Mi. Now define

CT = {X∈Λo | X · 1 =T X · 2}

PROPOSITION 3.13 (SCOTT?). Let T be a λ-theory. Then for allM,N∈Λo

M =T N ⇐⇒ (M = N)∈TCT .

Therefore T = TCT .

PROOF. (⇒) Assume M =T N and let F∈Λo. If FM∈CT , then FM · 1 =T FM · 2, hence
FN · 1 =T FM · 1 =T FM · 2 =T FN · 2, so that FN∈CT . Similarly FN∈CT ⇒ FM∈CT .
Therefore one has (M = N)∈CT .

(⇐) Conversely assume (M = N)∈CT . Define F = λx.[M,x]. Then FM =β [M,M]∈CT .
Hence [M,N] =β FN∈CT , by assumption. It follows that M =β FN · 1 =T FN · 2 =β N.
ThereforeM =T N.

DEFINITION 3.14. (i) NF = {M |M has a β-normalform}.
(ii) UNS = {M |M is unsolvable}.



λ

λη H

Hη

Hω Bη

λω B = Th(Pω)

Bω= TNF

H∗ , TSOL=Th(D∞)

Kite revisited

In the above diagram the ten λ-theories λ, λη, λω,H,Hη,Hω,B,Bη, Bω, and H∗
were depicted in a kite-shaped picture, such that if T1 is above T2, then T1  T2, see
(Barendregt, 1984, Theorem 17.4.16). The λ-theory λ is the usual λ-calculus, exioma-
tized by β-conversion. If T is a λ-theory, then T η is axiomatized by T + ext, and Tω
is axiomatized by T plus the ω-rule. The λ-theory H is axiomatized by (equating all
unsolvables)

H0 = {M = N |M,N∈UNS}.

The λ-theory B is axiomatized by {M = N | BT(M) = BT(N)}. Finally the theory H∗ is
Morris’ theory TSOL.

In this kite the place of TNF was conjectured1 to be properly in the tail: Bω  TNF  
H∗. This turned out to be not the case. Using breathtaking arguments it has been shown
recently by Intrigila et al. (2019) that

Bω = TNF,

building on the result that Bω ⊆ TNF in Breuvart et al. (2016). See also Barendregt &
Manzonetto (2022) for the full story.

1This conjecture was attributed to P. Sallé. In recent correspondence he didn’t remember to have stated
this conjecture.



3.5 Types

In physics constants have a ‘dimension’, e.g. speed is measured in km/h. When we
bike at v = 12km/h and we do this for t = 3h, we have gone vt = 123 = 36km.
Dimensions prevent that we want to consider e.g. vt2 to compute the distance. Similarly
programming languages come with a type system helping to ensure correctness. A
program expecting a number (: Int) should not receive a judgement (:Bool). Assigning
to a module F a type A is denoted by F:A (read ‘F in A’). One starts typing the data, e.g.
3:Int, True:Bool.

Simple types for λ-calculus are built up from basic type variables α0, α1, · · · , and/or
type constants, like Int and Bool, and are closed under the operation→ forming function
types. There are two different styles of adding types to type-free terms.

Curry type assignment

The style of Curry, in which to each type-free M∈Λ a class of types, possibly empty, is
assigned. For example I = λx.x gets all types of the form A → A. One denotes this by
` λx.x : (A→ A).

Simply typed λ-calculus

Now the official definition.

DEFINITION 3.15 (TYPES). Let A be a set (of atomic type symbols). The simple types
generated by A, in notation TTA is the least set containing A that is closed under→. That
is A,B∈ TTA ⇒ (A→ B)∈ TTA.

For example if A = {0}, then expressions like 0 → 0, 0 → (0 → 0) beling to TTA. The
latter type will be denoted by 0 → 0 → 0, association to the right2. If A = {nat,bool},
then nat → nat → bool can represent the type of binary Boolean valued functions on
nat, to be seen as binary predicates on nat.

DEFINITION 3.16. The assignment system λ→ over the set of type symbolsA, in notation
λA→ , assigns to each λ-term a set of types, that is a subset of TTA, possibly empty possibly
consisting of more elements. The assignment depends on what types are assigned to
the free variables inM.

NOTATION. If Γ = {x1:A1, . . . , xn:An}, then Γ `λ→ M : A denotes that A∈ TTA is assigned to
M in context Γ . The easy intuition is given by Γ `λA→ (xy) : B if Γ = {x : (A→ B), y : A}. This
is also written as (the dependency of λA→ is taken for granted)

x:(A→ B), y:A ` (xy) : B
2Conor McBride says as pons asinorum “The λ-terms like PQR are the workers and associate to the

left: PQR = (PQ)R. The types are the ruling classes that do not work and they associate to the right:
A→ B→ C = A→ (B→ C).”



DEFINITION 3.17. The type assignment system λA→ is defined by the following rules.

Γ ` x : A, if (x : A)∈ Γ
Γ `M : (A→ B) Γ ` N : A

Γ ` (MN) : B

Γ, x : A `M : B

Γ ` (λx.M) : (A→ B)

The following are easy examples of type assignments.

EXAMPLES 3.18. `λA→ I : A→ A.

`λA→ K : A→ B→ A.

`λA→ S : (A→ B→ C)→ (A→ B)→ A→ C.

This holds for all types A,B,C. A proof of the type assignments for S runs through

x:A→ B→ C, y:A→ B, z:A ` xz : B→ C

x:A→ B→ C, y:A→ B, z:A ` yz : B

x:A→ B→ C, y:A→ B, z:A ` xz(yz) : C

x:A→ B→ C, y:A→ B ` λz.xz(yz) : A→ C

x:A→ B→ C ` λyz.xz(yz) : (A→ B)→ A→ C

` λxyz.xz(yz) : (A→ B→ C)→ (A→ B)→ A→ C.

When Curry, who invented λA→ , saw this example he remarked, see Curry et al.
(1958), “There is a striking resemblance between the types of the basic combinators
I,K,S and some of the axioms of proposition calculus.” This was one of the places
where the Curry-Howard-De_Bruijn correspondence was born, see Wadler (2015) for
its history.

EXAMPLES 3.19. Let A = (((0 → 0) → 0) → 0) → 0 → 0∈ TTA with A = {0}. Then
` λΦx.Φ(λf.f(Φ(λg.g(fx)))) : A. Type A is called the monster type in Barendregt et al.
(2013a), where all possible λA→ inhabitants are listed and given a specific role.

If a term has a type, then self application like λx.xx is no longer possible. In fact all
terms having a type are (strongly) normalizable.

THEOREM 3.20. Suppose Γ `λA→ M : A.
(i) ThenM is strongly normalizing, i.e. every β-reduction sequence starting withM termi-

nates. In particularM has a β-nf.
(ii) Suppose moreoverM→→β N. Then Γ `λA→ N : A.

Recursive types

The types in TTA are freely generated from the atomic types: there are no identifications
like a→b = a. With recursive types there do exist such identifications. The best way to
do this, suggested in Scott, is to consider type algebras: a collection of typesA endowed
with a binary operation→ in which one may have a→b = a or a→b = b→a etcetera.



In this way one obtains a type assignment system λA= defined by the same rules as in
3.25.

The innocent looking change taking types from a type algebra is dramatic. No longer
typable terms have a normal form.

EXAMPLES 3.21. Suppose A is a type structure such that a = a→b for some a, b∈A.
Then both self-applicationω = λx.xx and the unsolvable termΩ = ωω have a type.

(i) `λA= ω : a.
(ii) `λA= Ω : b.

(iii) `λA= λx.Ω : a.

PROOF. We show (i)-(iii). x:a ` x : a,
x:a ` x : (a→b), as a = a→b,
x:a ` xx : b,

` λx.xx : (a→b),
` ω : a, as a = a→b;
` Ω = ωω : b;
` λx.Ω : a→b = a.

There are sufficient conditions for a termM∈Λ to be strongly normalizable in terms
of typability in some λA= , see (Barendregt et al., 2013a, Theorem 9.3.16).

Intersection types

Now the type algebras A = 〈A,→〉 get extended to a meet semi-lattice, i.e. a partial
order having greatest lower bounds.

DEFINITION 3.22. A type structure S = 〈A,→,≤,∩〉. Given such an S one can define
intersection type assignment as follows.

Γ ` x : A, if (x : A)∈ Γ
Γ `M : (A→ B) Γ ` N : A

Γ ` (MN) : B

Γ, x : A `M : B

Γ ` (λx.M) : (A→ B)
Γ `M : A Γ `M : B

Γ `M∈ (A ∩ B)
Γ `M : A, A ≤ B

Γ `M : B

The resulting type assignment system is denoted by λS∩.

In particular, since A ∩ B ≤ A and A ∩ B ≤ B one has

Γ `M∈ (A ∩ B)

Γ `M∈A

Γ `M∈ (A ∩ B)

Γ `M∈B



DEFINITION 3.23. A type structure with top is of the form S = 〈A,→,≤,∩, U〉, with a ≤ U
for all a∈S. Such structures may be denoted by SU. Given such an S one can extend
the intersection type assignment by adding

Γ `M : U

This type assignment system is denoted by λS
U

∩ .

EXAMPLES 3.24. (i) `λS∩ ω : (A ∩ (A→B))→ B.
(ii) `

λS
U

∩
λx.xΩ : (U→A)→ A.

For anM∈Λo and appropriate type structures S the set

JMK = {A∈S | `M : A}

is a filter. These filters can be applied to each other in a natural way, obtaining a filter
λ-model. By choosing the right S one obtains λ-models that describe the various versions
of e.g. Scott’s D∞ models and the equations valid in these, see (Barendregt et al., 2013a,
Section 16.3). Also terms that are SN (strongly normalizable), WN (having a normal
form) and solvable can be characterized by intersection term assignment.

Church typed terms

In the style of Church the λ-terms get embellished before they can obtain types. In that
case one has

` λx:A.x : (A→ A).

Church version of λ→
DEFINITION 3.25. The type assignment system λA→ is defined by the following rules.

Γ ` x : A, if (x : A)∈ Γ
Γ `M : (A→ B) Γ ` N : A

Γ ` (MN) : B

Γ, x : A `M : B

Γ ` (λx:A.M) : (A→ B)

As we see the difference is minimal. In the Church style each term has a unique
type, whereas in the Curry style there are possibly more types for one term. Below we
will encounter essential uses of the Church style of typing as a way to formalize proofs.

3.6 Functional programming

Turing computability via machines forms a very simple model, akin shifting beats on an
abacus, that is easy to mechanize. Lambda calculus computability, on the other hand,



is a priori more powerful: algorithmic statements of arbitrary complexity can be made
in a compact fashion. Therefore it is not obvious that λ-calculus can be executed by
a machine. As Turing showed the equivalence of both models, also λ-calculus com-
putations can be performed by a machine and also Turing Machine computations are
powerful. Computability via Turing machines gave rise to Imperative Programming.
Computability described via λ-calculus gave rise to Functional Programming. As im-
perative programs are more easy to run on hardware, this style of software became
predominant.

Versions of λ-calculus using types improve applicability for functional program-
ming. Early languages like Lisp McCarthy et al. (1962) are untyped a typed version
(equally unpure) is ML, see Milner et al. (1990). Using types an application Fa is only
allowed if the types match, i.e. F:A→ B and a:A. The functional programmer indicates
the types of the data structures and basic functions and the machine performs type-
inferencing at compile-time. This is a major help for combining software modules in a
correct way: many bugs are caught as the result will be an untypable program.

Early implementations of λ-calculus started in the 1960s, see Lisp McCarthy et al.
(1962) (although not a pure language, i.e. having also imperative features), Landin
(1966), and Böhm (1966), and came of age in the 1980s, see Turner (1986) for language
development and Peyton Jones & Salkild (1989) for implementation. See Hughes (1989)
for an explanation of the pragmatic power of functional programming languages and
Barendregt et al. (2013b) for a short comparison of the two styles of programming, with
a short indication of a rich new world of types.

Some functional programming languages, like Lisp, have an implementation that is
called ‘eager’. In order to evaluate FA, first A is evaluated to normal form. This works
for languages corresponding to the λI-calculus. Other such languages are implemented
in a ‘lazy’ way. In these an argument that may run forever can be disgarded. This
corresponds to the λK-calculus. One advantage of lazy languages is that there are a
terms for infinite lists, like that of the primes

[2, 3, 5, 7, 11, . . .] = [2, [3, [5, [7, [11, rest]]]]],

like the construction of the universal generator in Section III.3.2, from which one can
project (using K) to get the n-th element. This often constitues a comfortable level of
abstraction and programming.

3.7 Certifying mathematics

A second important use of λ-calculus is in the certification of mathematics and its ap-
plications.



Informal proofs

The power of mathematics is described well by the Austrian writer Musil.

The force, precision, and certainty of this [mathematical] thinking, unequalled in life, almost
made him melancholic.

Robert Musil: The man without qualities, Rohwolt 1930-1944.

The following is a stylized presentation of a mathematical result. In context Γ , consisting
of primitive notions, axioms, and definitions, for all ~x one has A(~x). In symbols

Γ ` ∀~x.A(~x).

This means that in context Γ one can prove ∀~x.A(~x). In such a case there is an informal
proof p of ∀~x.A(~x) from Γ . We indicate the role of p as follows

Γ `p ∀~x.A(~x). (1)

Let us first see what Musil meant with the above quote.

force

%%

precision

&&

certainty

tt
Γ `p ∀~x. A(~x)

There is force: indeed, the statement holds for all (possibly infinitely many) ~x. Often the
simplest way to prove something for a coplex instance, likeA(~a) is to show the universal
closure. There is precision: A(~x) can be a quite intricate qualitative statement. There is
certainty: this is because there is a proof p. This proof is informal but precise, and not
part of the statement. The existence of a proof is given by an informal but convincing
reasoning, written in a paper or textbook.

Now it is the case that not all mathematician can understand every informal proof.
One could say that the proof p is private evidence. It exists in the mind of some mathe-
maticians. For most mathematicians there will exist proofs that cannot be followed by
them. This is even so for Fields medalists: they may no longer understand their own
proofs. Or worse, their own proofs may contain errors, as sometimes has happened.

Formal proofs

Aristotle already had remarked that it is possible to check whether a putative proof of
a statement A in mathematical context Γ , that is of Γ ` A, is indeed a proof. Basically
just follow whether each claim (step in the proof) is made according to logic or is one
of the axioms. On the other hand Aristotle continued, if no proof is given but only the
statement, it is not always easy to verify whether the putative theorem is valid indeed.



The first remark of Aristotle is expressed in Gödel’s result that (provided that Γ is
finite or computably enumerable) there is a predicate BΓ (p, a) over N such that

BΓ (p, ‘A’) for some p ⇐⇒ Γ ` A;
BΓ is primitive recursive.

}
(C1)

Here ‘A’ is a suitable coding of A and p is a coding of an informal proof, both as ele-
ments of N. The second remark of Aristotle is shown by Church and Turing: it is not
even possible to check theoremhood from Γ , provided Γ is consistent and contains at
least predicate logic. (As we have seen Grzegorczyk improved this by requiring that Γ
contains the simple theory CL.)

It follows that it is possible that if one wants to certify in an automatized way prov-
ability, then a proof of Γ ` A should be given in such a detail and encoded in the right
way as p∈N, that a computer can check whether B(p, ‘A’) holds. A more feasable way
is to design a formal system ` ′, with expressions for statements A, proofs p, and math-
ematical contexts Γ such that Γ ` ′ p : A is a well-formed formula in this language and
moreover is such that

1. Γ ` ′ p : A for some p ⇐⇒ Γ ` A;
2. Γ ` ′ p : A is decidable.

}
(C2)

The p involved in C1 and C2 are called proof-objects of claim A. As there are just, say,
a dozen rules of logic, a program that verifies whether B(p, a) or Γ ` ′ p : A holds
is relatively simple. We prefer method C2 over that of C1. For C1 one has to code
proofs and statements, define B, prove the adequacy of B for the coding used, and show
that B is (primitive) computable. For C2 one needs to define ` ′, prove its adequacy
with respect to `, and show that it is decidable. Therefore C2 seems to entail less work
than C1; definitely the task for C2 is more structured. A possible way to construct
formal proofs in the style C2 is by using forms of typed λ-calculus (with dependent and
possibly higher-order types).

Constructing a formal p is complex in both cases. Therefore interactive proof assis-
tants have been constructed that help the user formulate a context Γ and a ‘goal’ A in
order to construct a formal proof p for A from Γ . The task is fulfilled after the system
agrees that the constructed p is a proof indeed.

Automath

We give an example how an easy result is being formalized in a what is essentially
the Automath system, De Bruijn (1970), Barendregt (1992). Automath was designed by
De Bruijn inspired by the intuitionist interpretation of an implication A → B meaning
to have a means to transform a proof of A into one of B. Its proof rules contain the



following.
Γ ` A : Set Γ ` B : Set

Γ ` (A→ B) : Set

Γ ` A : Set Γ, x:A ` P : Prop

Γ ` (∀x:A.P) : Prop
Γ, x:A `M : P

Γ ` (λx:A.M) : (∀x:A.P)
Γ `M : (∀x:A.P) Γ ` a : A

Γ `Ma : P[x := a]

PROPOSITION 3.26. Let A be a set and let R be a binary predicate on A. Suppose R is anti
symmetric. Then R is irreflexive.

PROOF. Informal proof. Assume ∀a, b∈A.
(
Rab→ ¬Rba

)
in order to show ∀a∈A.¬Raa.

Let a∈A. Suppose Raa towards a contradiction. By assumption one obtains ¬Raa.
With Raa this yields a contradiction. Therefore ¬Raa. Since a∈A was arbitrary one
has ∀a∈A.¬Raa. Therefore R is irreflexive.

Proof. Natural deduction proof, where ¬P , P → ⊥, and ⊥ is falsehood.

[∀a, b∈A.(Rab→ ¬Rba)]1

Raa→ ¬Raa [Raa]2

¬Raa [Raa]2

⊥
[2]

¬Raa

∀a : A.¬Raa
[1] 2(

∀a, b∈A.(Rab→ ¬Rba)
)→ (

∀a∈A.¬Raa
)

Proof in typed λ-calculus of Automath.

Let Γ = A : Set, R : A→ A→ Prop. Then

Γ ` p :
(
∀a, b∈A.(Rab→ ¬Rba)

)→ (
∀a∈A.¬Raa

)
,

with
p = λq :

(
∀a, b∈A.(Rab→ ¬Rba)

)
λa : Aλr : (Raa).qaarr. 2

This proof is a clear example of the formulas-as-types and proofs-as-terms corre-
spondence, first remarked in Curry et al. (1958) as a coincidence and later independently
rediscoverd by De Bruijn (1970) (written in 1968) and Howard (1980) (written in 1969).
See also de Groote (1995), Wadler (2015).

Proof-checking

Using proof objects the evidence for a mathematical result is no longer private, but
public: the putative proof can be verified reliably by the proof-checking algorithm, that
usually runs efficiently. This algorithm is not complex, as there are few rules in logic.



The verifying program can be trusted, as it will be used by many persons. If desired
one could build one’s own proof-checker. The requirement that there is a relatively easy
program that performs the proof-checling is called the De Bruijn principle. Method C2
above yields more easily a good De Bruijn principle than method C1. In fact, method C2
comes from the formal system Authomath, see De Bruijn (1970), Nederpelt et al. (1994).

One can apply proof-checking to verify claims in both mathematics and computer
science, giving rise to a new style of working in these two subjects. In order to prove
propositions beyond the generality of logic computations become essential. Ways to
treat them formally are described in Barendregt & Barendsen (2002) and Barendregt
(2013). The method uses ‘reflection’ first described for certified statements in Howe
(1992).

In mathematics, that is built up from primitive notions and axioms by definitions
for new concepts and proofs for new results, formalization enables checking whether
the definitions are well formed and whether the proofs are fully justified. This results in
the highest possible quality preventing false claims of fake theorems. When formalizing
becomes standard, a referee only needs to verify whether the notions are properly for-
malized, and whether the result is interesting. In the 1970, when the principal pioneer
of proof-checking, the mathematician N. G. de Bruijn, proposed it, mathematicians re-
acted in a luke-warm to cold manner: “We know how to construct correct proofs,” was
their reaction. Besides this there must have been an emotional reaction: a proof verified
by a machine doesn’t feel as real3 as one that is proved by a human.

In computer science and Information and Communication Technology the method
can be used to verify that theory is correct and that hardware, operating systems, com-
pilers, and software are functioning according to specification. One may wonder how
this is done. That concrete products satisfy desired behavior seems outside the reach of
mathematics. In fact it is, but the quality control can be reached by a method in which
mathematical proofs play an essential role. For hardware one develops a language for
designs and one for specifications. These should be such that the path from design to
realization is short and reliable and similarly from (desired) behavior to (fromal) spec-
ification. Then a proof that the design meets its specification enables the manufacturer
to issue a warranty that the product enjoys the behavior the client was interested in, see
Barendregt (2007).

Interest from mathematicians in proof assistants came after their development and
use in ICT. In this field there is a strong need to produce reliable components. Intel had
sold a faulty chip in the 1990-s and had to set aside 480M$ for claims. Already about
fourty years ago it was proposed to formalize matters and use proofs for establishing

3A proof in the mind of a human may be called a ‘romantic proof’, a notion taken from Barendregt
& Wiedijk (2005), one that is verified by computer as a ‘cool’ proof (even if the proof-checking algorithm
has been verified in the romantic way). The situation is comparable with biology: there is the romantic
biologist that goes out to catch butterflies in a net and determines flowers; then there is the cool biologist
that looks at cells, or even at the molecular codes of genetic information. Of course, both types of doing
biology are valid and they can reinforce each other. The same is true for romantic and cool proofs.



reliability. The rationality square, Wupper (2000), is a way to clarify this method called
‘formal methods’. At first this methodology had modest impact, because the necessary
proofs are of the same or higher complexity than that of the components themselves.
The situation changed dramatically after the proof assistants came of age. The ARM6
processor—predecessor of the ARM7 embedded in the large majority of mobile phones,
personal organizers and MP3 players—was certified, Fox (2003), by mentioned method.
The seL4 operating system has been fully specified and certified, Klein et al. (2009).
The same holds for a realistic kernel of an optimizing compiler for the C programming
language, Leroy (2009).

Design
proof

realization

��

Specification

Product
warranty

Behavior

requirement

OO

Rationality square

After the boost of proof development and verification in Computer Science and ICT
mathematicians slowly became interested in the method. There is the foundational
search for formal systems that capture well informal proofs. It also turned out that
formalizing clarified informal proofs. Finally it was deemed by Field medallists that
some proofs are so complex that external public verification via proof objects becomes
important.

Computer mathematics

Simple calculators work with rational numbers (in approximative digital format) and
can apply to these the field operations {+,−,×,÷}. Scientific calculators can work more-
over with real numbers like

√
2, π as input and output for algebraic and transcendental

function in approximatve digital format.
Computer Algebra (CA) systems can work with entities in a symbolic way and are

able to yield on demand arbitrary precise approximations. Moreover they can have
symbolic expressions as input and output, one can define

f(α) =

∫α
0

1√
1− 1

4 sin2ϕ
dϕ,

and ask to evaluate f for arbitrary α∈R. Also can deal with the symmetric group S60,
and much more complex ones, and operate on these grouptheoretic constructions. The
presupposition is that one can handle the symbolic objects in a computable way. The



state of the art in CA is impressive. See for example the systems Mathematica and
Magma.

The possibility of having formal proofs that can be checked by a simple reliable and
efficient program has created the envision of a feasible dream ‘Computer Mathematics’
(CM). It goes one step further than CA. Not only computable objects are represented, but
all concepts—including infinite ones with undecidable properties—that are described in
mathematics. The system can deal with these by using proofs. For an infinite dimen-
sional Hilbert Space having or not a certain property, one may hypothetically assume
it. Sometimes such a supposition may be proved, in other cases not. Sometimes the
system doesn’t yet ‘know’ how to assess such properties, just like human mathemati-
cians. A CM system can deal with the symmetric groupd Sn, While a CAS deals only
with concrete instances like S60. They deal both with certified statemens and with certi-
fied algorithms. These latter are there for several reasons. They give as output certified
numerical values, but also certified symbolic ones. Moreover these algorithms can deal
with statements to derive new certified ones. For example the duality principle in pla-
nar projective geometry is an easy example in which an algorithm yields new results (by
replacing the word ‘point’ by ‘line’ and vice versa). Many other and more subtle such
‘reflexive’ algorithms can be used to form proof/theorem generators, just as a human
mathematician would do. And then there are algorithms for automated deduction. In
decidable cases of the decidability problem, such as for elementary geometry, there are
algorithms that decide provability and in fact can generate proofs. For these reason in
the development of CM systems one needs to have libraries of both certified statements
and algorithms. Some of the algorithms, or even neural nets, may be used for auto-
mated theorem proving (ATP). If this happens in a secured way, then the user is helped
to construct verifiable proofs.

The feasible dream of CM went through the mind of many pioneers of proof-checking.
Essentially the first4 one was formulated in the Automath project, see De Bruijn (1970)
and the Automath Archive (2012) for a documentation, with a formulation of a lan-
guage designed for proofs and an accompanying mathematical assistant, consisting of
a proof checker but not yet a proof development system. The name ‘QED’ has been
coined in a manifesto to go for the certification of mathematics, with as aim to help
users study, develop, and apply the subject. See for example the QED Manifesto Gödel
(1994), and modern versions Ringer et al. (2019) and project Xena (2020). Full blown
systems for computer mathematics have not yet been built, in spite of the fact that the
idea is around for about half a century. But there are partial proof assistants, systems for
CM in their infancy. The formal systems function well, but the proof-assitants are not
yet very user-friendly and also extensive libraries are lacking. Nevertheless, the follow-

4Before Automath there was the proposal in McCarthy (1962) to sketch the creative part of a proof to
a machine, that would be able to fill in the more standard details and check the result. In this paper also
the importance of symbolic computing was emphasized. The proposed way to formalize was that of the
Hilbert style proofs. Subsequent research went more into automated deduction than proof checking, see
the webpage ACL2 (2020). An mature system of CM will have both aspects.



ing list of results is impressive. More examples are to be found in the references. The
topic of CM is also interesting, as there is a choice of formal system to be used in the
proof assistants. It is not yet clear which one is most appropriate for producing mature
systems.

1. A formal system for proofs in which a matheatical context Γ , statement A and
putative proof p can be precisely formulated.

2. A proof development system that interactively guides the user to write down
steps in the proof.

3. A proof-checker that tells the user whether the performed step is correct.

4. A library of already established results, consisting of certified statements and al-
gorithms.

In spite of limitations in libraries, these have been developed sufficiently to fully certify
some grand results. We mention only the following as impressive examples of what a
system of CM can do within mathematics.

• The four color theorem, Gonthier (2008), in the proof assistant Coq for the calcu-
lus of inductive constructions, which is essentially an extension of the Automath
system with higher order types Coquand & Huet (1985), and inductive types Co-
quand & Paulin (1990).

• The prime number theorem, with elementary proof by Selberg in the proof assis-
tant Isabelle based on higher order logic, Avigad et al. (2007), and with an analyt-
ical proof in the style of of Hadamard and de la Vallée Poussin in HOL-light also
based on higher order logic, Harrison (2009).

• Proof of the Kepler conjecture in a combination of the HOL-light and Isabelle proof
assistants, Hales et al. (2017)

Conclusion

We have seen that at this moment in time, 2020, there are several formal systems with
corresponding proof assistants able to help users to formalize and certify non-trivial in-
dustrial products and mathematical theorems. We have not mentioned all of them5. To
get a feel how some of the systems can be used see Wiedijk (2006); for recent surveys see
Ringer et al. (2019), focussing on ICT applications, and Blanchette & Mahboubi (2021),

5We should mention at least the following systems. Mizar based on set theory, Isar like Isabelle with
some features of Mizar, MetaPRL based on extensional type theory, Agda based on Martin-Löf type theory,
Lean based on the calculus of inductive constructions. The theoretical basis for several of these systems
reflects closely the possible views one may have on the foundations of mathematics, Barendregt (2013).



focussing on mathematics and computer science. It is not clear which mathematical as-
sistants will develop into a full grown system for CM with an extensive library, such
that the working mathematician can use it to develop ideas6. A milestone that has not
been reached yet is that formalizing a known proof into a proof assistant takes a compa-
rable effort as writing an informal version in LATEX. This is essential for CM to be used
by the working mathematician.

Because of the substantial applications of CM in ICT, the side remark of Musil, “un-
equalled in life” in the citation at the beginning of this section doesn’t hold any longer,
but the main part of his description of mathematics is valid as ever.

3.8 Illative Combinatory Logic

As stated in Section III.1.1 λ-calculus and Combinatory Logic were conceived with the
intention to provide a basis for reasoning and computing. The first attempts didn’t
work out as shown in Section III.1.3. In Curry (1941) it is stated neatly that combinatory
completeness and deductive completeness (the deduction theorem) are incompatible.

After this Curry and his students started a program to carefully develop so called
illative7 systems towards a consistent foundation for mathematics based on combinatory
logic, in which one can derive both logic and computability results. Full comprehension
in naive set theory, claiming the existence of a set X = {x | P(x)}, leads to the Russell
paradox. It was restricted by requiring only the existence of

X = {x∈A | P(x)},

where A is a given set. In a similar way deductive completeness was restricted in var-
ious attempts, Curry et al. (1972). In a collaboration with Curry’s former PhD Bunder
consistent forms of ICL have been formulated in which predicate logic can be inter-
preted into some extended λ-calculus, parametrized by a combinator, Barendregt et al.
(1993), Dekkers et al. (1998a,b). This combinator can be chosen in such a way that the
Curry-Howard-De_Bruijn interpretation is obtained. Another choice yields an interpre-
tation in which proofs do not form a first class citizen. Although this work comes close
to the original aim of Church and Curry to provide a foundation for mathematics based
on a theory with functions as first class citizens, it is not clear whether these forms of
Illative Combinatory Logic can be used efficiently as a means to formalize mathematics.

3.9 Hardware description

6What seems sure is that a useful system should have next to logic and power to define structures also
a way of dealing with computations that can be certified

7From ‘inferre’ Latin for ‘to infer’.





Part IV

The making of a PhD





1
The setting

The Netherlands

Starting my work towards a PhD, beginning 1969, I joined a workgroup consisting of
Dirk van Dalen, who was my Master Degree supervisor, and his Amsterdam colleagues
Dick de Jongh and Anne Troelstra. We studied the PhD thesis of Goodman (1968). In
this work the λ-terms and combinators were used and they quickly raised my interest.

During my studies towards a Master’s in mathematics in 1966 my first thesis super-
visor Dirk van Dalen returned from a sabbatical year spent at MIT and brought back
dittoed1 chapters of the still unpublished book Rogers Jr (1967) on computability the-
ory. His lectures on its contents I loved. A principal operator in this theory is the partial
function of two variables

ϕx(y)

denoting the result of the unary partial computable function with code x∈N applied to
y∈N. (Kleene’s notation for this function is {x}(y).) Important is to note that x · y is not
always defined.

As remarked in Chapter II.1 my motivation was to make precise how results in λ-
calculus could be interpreted in the theory of computable functions. In Part II I sketched
what was my approach: adding, like Wagner (1969) and Strong (1968) a ∗ for undefined
and finding numbers i, k, s∈N behaving as the basic combinators. I could prove that
under a natural coding (that takes into account length of computatuions) the interpre-
tation of a CL term M without a w-nf becomes JMK = ∗. Therefore I announced to our
working group the consistency of the combinatory theory

CL⊥ = CL + {P = Q | P,Q have no w-nf}.

As explained in Section II.2.3 this turned out to be false. The next week I had to report

1A Ditto machine is a commercial version of a spirit duplicator used from its invention in 1923 until the
1970’s (when photocopying became widely available).
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in the working group that CL⊥ was not consistent after all. Then Troelstra said with a
flash: “But then your model is incorrect.” Touché.

In the meantime Dana Scott had discovered in November 1969 the lattice theoretic
models D∞. Some notes, in his beautiful handwriting, were circulating with the non-
trivial construction. It, however, didn’t settle my quest of finding an interpretation of
combinators to obtain some basic computability theory, like the recursion theorem. In
Scott’s notes there was also a reference to work of Corrado Böhm who seemed to have
proved that if M,N∈Λo have different βη-normal forms, then the equation M = N is
inconsistent. In that case there exists an F∈Λo separatingM and N, that is

FM = true = λxy.x;
FN = false = λxy, y.

This did interest me. Trying to find Böhm’s paper, it turned out that it was only available
from the library of the Mathematical Center in Amsterdam2. There a disappointment
appeared: the paper was written in Italian and in a style that made it impossible for me
to understand it. I decided to drive to Rome, where Böhm was working, to look him up
and ask some explanations.

As explaned in Section II.2.6 I had stumbled onto the ω-rule. Having met Curry,
who was a professor at Amsterdam University, and Hindley who was visiting there, I
learned that theω-rule was uncharted territory.

Italy

The following summer of 1970 I drove in my Renault 4 to Italy, in order to meet Böhm,
with the following two questions. 1. How is his separability theorem proved? 2. Does
theω-rule hold, or is it at least consistent?

Arrived in Rome, finding Böhm was not so easy. First I went to the Istituto Nazionale
per le Applicazioni del Calcolo, where his paper had appeared. There they understood
I was interested in a proof and they were so kind to provide me with Böhm’s address. I
couldn’t find it on a detailed map of Rome that I had bought, in spite of the fact that at
the INAC they had indicated in which part of town it was located. At a police station
in the right neighborhood they could explain why I couldn’t find the address: it was
located in a private street. Such phenomena were non-existent in the Netherlands. Fi-
nally arrived at the right address Böhm wasn’t at home. The congierge told me he was
in the on holidays in the Dolomites in northern Italy. He was so kind to call Böhm and
gave the phone to me. Böhm was pleased someone took an interest in his theorem. As
we couldn’t meet, he suggested that I would call his colleague Wolf Gross.

The next day I was invited by Gross for a cappuccino in the stylish3 Antico Caffè
Greco, near the Spanish stairs. Gross suggested to me attempting to prove the consis-

2Although the internet was created in 1969, it only had four nodes, all in the USA.
3“Be careful not to break your cup, they will charge you 10.000 Lire for it,” Gross warned.

http://en.wikipedia.org/wiki/Antico_Caff%C3%A8_Greco
http://en.wikipedia.org/wiki/Antico_Caff%C3%A8_Greco


tency of equating any two Ogres4. From this it would follow that there are non-trivial
models outside the class of Scott’s D∞ models, since two different elements in the orig-
inal D are mapped onto different Ogres in D∞. (If there are no different elements in D,
then also D∞ is trivial.) As mentioned in Remark I.3.2.17 this motivated me to prove
that unsolvables could be equated consistently, Theorem I.3.2.15.

Gross also had invited Giuseppe Jacopini to come to Caffè Greco, who came a half
hour later. We discussed the rule of extensionality in Rosenbloom (1950) misstated as
the ω-rule. From claims in this work it would follow that the ω-rule is equivalent with
the rule of extensionality. The proof in that book must however be defective (because of
Plotkin’s counter example). Later Jacopini (1974) would also make an attempt to show
that theω-rule follows from extensionality; and also that proof wasn’t correct.

USA

After having obtained my PhD in June 1971, I got a grant for a PostDoc position in
Stanford and went to California in September. The first city to visit in the USA was
Pittsburgh in order to meet Haskell Curry on September 12, that happened to be his
seventy first birthday. As present I offered him a combinator X such that XX = K and
XK = S, found during the previous summer. It follows that {X} is a singleton basis for
the combinators. After Pittsburgh I visited Buffalo, invited by Dick de Jongh. There I
gave a first talk on my thesis, with as title ‘News in Combinatory Logic’. In the audience
there was Nic Goodman. Before the talk had started a Catholic nun came up to me
saying “I do not come for the logical part, but for the combinatorial part.” Later I learned
it was Sister Celine Fasenmeyer, who, next to her religious engagement, succeeded to
prove interesting results in combinatorial mathematics. Settled at Stanford, where I was
a PostDoc, in late September 1971 I met Corrado Böhm for the first time. Then he did
explain to me the proof of his separability theorem.

4A term P is an Ogre if for all Q one has PQ = P. In Part I an Ogre is called a ‘fixed point’, a name that
is a bit confusing.





2
The Teacher & the student

The story that follows speaks for itself, but I make some additions.
1. Back in 1971 the λ-calculus was not yet an established theory. My second super-

visor Georg Kreisel often has made a point to be interested in neglected areas in logic
and mathematics and asked me why I was intrigued by the λ-calculus. Me: “Well, the
theory can be described in a simple way. All partial computable functions can be rep-
resented in it. Then there is the fixed point theorem.” Kreisel objected: “There may
be many more ‘interesting’ results, but a century ago one studied a particular kind of
groups, the hemi-demi-semi groups. One found some results about these. Then more
and more followed. Finally there was a result implying all the other ones: there is only
one hemi-demi-semi group, namely the trivial one {e}!” I suspected that the story was
made up by Kreisel. But anyhow it made me pay particular attention to consistency
questions.

2. Just after having arrived in Stanford in September 1971, Corrado Böhm, who was
visiting there Donald Knuth1, called me and proposed to meet. The next day I invited
him and Kreisel—both born in 1923—for dinner and the mood was pleasant, notably
when Böhm told Kreisel that one of the supervisors of his PhD (1951) had been Paul
Bernays, at the ETH in Zürich, one of the few persons who Kreisel admired.
Kreisel: “Ah, when was that?”
Böhm: “O, that was a long time ago.”
Kreisel, with a flash of elegance: “Yes I know, we are old.”

3. Kreisel kept me busy after the main text had gone to the printer, by requiring to
work on an extra Part II. Its contents have been published in Barendregt (1975) and are
included here in Chapter II.3.

1Böhm showed to Knuth the evidence that in his PhD thesis Böhm (1954) he constructed the first pro-
gramming language L with a compiler for L to machine language in the language L itself. See Barendregt
(2020).
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To GK

This paper gives some idea of the role that Kreisel played at the start of my

scienti�c career. The facts are taken mainly from the period starting spring 1971

(when I worked on my Ph.D. thesis) until summer 1972 (when I ended a stay at

Stanford as a postdoc).

1. The setting

At Utrecht University in the late sixties I studied logic under reader Dirk van

Dalen. In those days readers in the Netherlands did not have the ius promovendi ,

i.e. were not allowed to be o�cial Ph.D. supervisors. Kreisel had accepted to

spend a spring semester at Utrecht and van Dalen asked whether he was willing

to be my Ph.D. supervisor. For this I had to send a description of my work to

Kreisel and in a few days the answer was there. The `master' found my work

\congenial" and it could be the basis for discussions leading towards a thesis.

Kreisel was supposed to be di�cult, so I had heard. Actually this inspired me,

while I prepared the manuscript before his coming to Utrecht in 1971.

When Kreisel arrived in the Netherlands, I had borrowed my fathers car (a

Renault 16), because mine (a Renault 4) was total-loss due to an accident, and

I picked him up from the airport. Kreisel was pleased by this reception `in style'

and for a moment he forgot to be di�cult. When we stopped for gas, however,

he started to ask sharp questions that were meant to frighten me. Since I did

1



not have a high opinion about myself (I did not have a low one either), it did

not matter to me that I could not answer all of his questions. The fact that I

was unconditioned by his interrogation mellowed him down and in high spirits

we arrived at Utrecht University.

It was well-known that Kreisel always requests a quiet place to sleep. After

some e�ort Mrs. Dook van Dalen had found a candidate place in Bilthoven, a

fancy village near Utrecht. But one never knows if it is really adequate. Therefore

I showed Kreisel a picture of my home|a windmill in the countryside along the

Waal river, the main branch of the Rhine|and o�ered him to stay there in case

he wanted.

After the obligatory inspection of the house in Bilthoven, Kreisel decided to

stay in the windmill. This brought Mrs. van Dalen in an awkward situation. The

owner of the house had been asked to provide a quiet room for Kreisel. Being

sensitive to who was to come into her house, the landlady had emptied her own

bedroom on the garden side for the use of the famous professor. From the cool

reaction of Mrs. van Dalen about Kreisels decision to stay in the windmill one

could deduce the fury of the old lady when her kind o�er was declined.

The windmill was situated 45 minutes by car from the University, a relatively

long distance in the Netherlands. Arrived there, Kreisel told me that the next day

he was invited by a baroness for tea at her castle and asked me to join him. \Of

course one of the reasons to ask you is that you can help to drive me there," was

his frank admission. By a remarkable coincidence the castle was only 2 kilometer

upstream from the windmill. I knew the place, but had no idea who lived there.

Against my expectations the baroness was a young woman, good-looking with

two small children. After being introduced to her I felt a bit uneasy about the an-

gle in which she shook hands. Was I supposed to give a handkiss?

1

The baroness

was British and lived with her husband in London. Often during weekends the

baroness and her children would come to their Dutch castle, while the lord re-

mained in London. In the 15th century ancestors of the baron had been victors

of a small battle in the Netherlands. Because of this historical fact his lineage

was proclaimed to be `Baron van Ophemert en Zennewijnen' since that time.

During tea Kreisel invited the lady to come to his �rst lecture in Utrecht, the

following week. She accepted. \It is better for you to leave the lecture-hall after

twenty minutes, because then I will start to be rather technical," was Kreisels

advice.

On the morning of the day of the �rst lecture I dropped Kreisel at the castle.

He and the baroness were going to have lunch in Utrecht and would come together

to the University. At 2:00 p.m. the logicians in the Netherlands were eagerly

waiting. At 2:15 Kreisel was still not there. I gave them some details. Nobody

yet at 2:30. Finally at 2:40 a taxi entered the parking place of the department,

1

The next day I borrowed a book on etiquette from a girl-friend in Utrecht. My question

was not answered, though.
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directly followed by a car with a British license plate. Kreisel came out of the

British car and paid the taxi and the baroness parked her car. This scene could

be followed by all Dutch logicians from the lecture-hall on the sixth oor of the

building. Troelstra remarked that Kreisel was still wearing the same trousers as

in Stanford.

2

When at last the lecture started at 2:50, it went as follows. \Logic

is the science of deduction. How we can derive from a statement A another

statement B. : : : " This went on for twenty minutes. When the baroness left|as

foreseen|she had to pass a door next to the blackboard in front of the audience.

Shyly she opened the door. Kreisel, however, was fully at ease. With an elegant

bow he paid his respects to the lady. At 3:10 the real lecture started. It was on

Rosser sentences, brilliant and full of �rework. I could not follow it.

3

A few days later Kreisel and I were invited by the baroness for dinner at her

castle. Impressive stairs went down to a cellar with burning torches on the walls.

Some of the dishes were exotic. During the dessert Kreisel showed a side of his,

that was new to me. One of the children started to whine about the pudding.

\Ma, I do not want the raisins in it; ma, I want you to take them out. : : :" It

went on and on. Then Kreisel spoke very slowly to the little one, a boy about

six years old: \Listen. What do you think is worse: your mother does not want

to take the raisins out; or, your mother is not able to take them out." The little

boy had to think for a while. \It is worse, if she does not want to take them out,"

was the answer. \Well," Kreisel continued, \it is simply the case that she is not

able to take them out!" The boy could do nothing else but eat his pudding.

Kreisel and I often visited the castle. Since then the baron also came more fre-

quently to the Netherlands. I was impressed by Kreisels explanations to the lord

and his wife on the research I was doing in combinatory logic: \When we reason,

we make steps, deductive steps. These can be smaller or larger steps. Barendregt

studies the smallest possible such steps|the so-called atomic steps|and the way

they can be combined to form larger ones." The high-born couple understood

this, and at the same time I learned to be more exible when expressing myself.

Also in other places of the world Kreisel introduced me to his `upper-class'

friends. The de�nition of this predicate varied from country to country. Some-

times they were aristocratic refugees from pre-war Europe, sometimes highly

successful leaders of industry; but also there were high party members of some|

then|powerful political party.

2

Troelstra had been a visitor at Stanford a few years before.

3

Later I mentioned this to Kreisel, telling him at the same time that in private conversations

I could understand perfectly well his technical remarks. Also I said that I could not understand

many of his writings. \Oh, but G�odel can, and Bernays can," was his reaction.
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2. The work

In the early 1970s the �-calculus was considered to be a fringe area of logic. This

in spite of the breakthrough by Dana Scott, who constructed in November 1969

the �rst set-theoretic model D

1

of the �-calculus. Kreisel, who makes a point of

being interested in neglected areas of research, showed some genuine interest in

the subject. This was very encouraging to me. I will discuss two main themes of

my thesis (the !-rule and (un)solvability) and their later developments.

The !-rule

For my thesis, Barendregt [1971, 1971a], I wanted to construct a recursion theo-

retic model of the type-free �K-calculus.

4

Even today I have never been able to

complete the construction. But the attempts proved fruitful. One of the candi-

date models was extensional and a hard one, i.e. generated by the closed terms.

This implied the consistency of the following !-rule.

FZ = GZ; for all closed terms Z ) F = G: (1)

Since the model was resisting, I wanted to settle the consistency of this rule by

other means. This was done using a proof-theoretic ordinal analysis. Then I

wanted to know whether the proof was relevant. Perhaps rule (1) was simply

derivable; in that case the consistency is trivial. It turned out that rule (1) was

derivable (for ��-reduction), except possibly for some pathological terms F;G,

the so-called universal generators. This almost proved the validity of the !-rule.

In Plotkin [1974], however, some impressive universal generators were constructed

for which rule (1) in fact does not hold.

This !-incompleteness had some repercussions on the notion of model of the �-

calculus. There are �-models and �-algebras. The �-models are well-behaved and

include Scott's set-theoretic models and the open term models. The �-algebras

are less well behaved and include closed term models. Nevertheless, the latter

models have interesting properties, notably as pre-complete numerations in the

sense of Ershov [1973/75/77]; see also Visser [1980]. In Barendregt [1977] and

[1981] the notions of �-model and �-algebra are described in a correct but rather

ad hoc syntactical manner. A nice description in �rst order logic of the notion

of �-model was given independently in Scott [1980] and Meyer [1982]. Koymans

[1982] completed the story of �nding the description of �-calculus models. Based

on work of Scott he gave a description of �-algebras in terms of cartesian closed

4

The construction was related to Kreisels HRO (hereditarily recursive operations), which

forms a model of the typed �-calculus, see Troelstra [1973].
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categories (CCC's)

5

, in which �-models form a special case.

6

The details of all

this can be found in Barendregt [1984].

Finally, based on the work of Koymans [1982], in Curien [1986] so-called

categorical combinators are developed for the use of implementations of functional

programming languages. A successful application of this is CAM (categorical

abstract machine) and the compiler CAML, used for implementing the proof-

checker/developer COQ (based on the calculus of constructions, Coquand and

Huet [1988]).

It also should be mentioned that in the proof of the partial validity of rule

(1) the hypothesis (FZ = GZ; for all closed terms Z) was used in an extremely

weak form: only one special closed term Z was used. Kreisel insisted that I

should try to make use of more arguments in order to prove the full rule (1). I

did not succeed and by Plotkins construction we know why. Nevertheless Kreisel

turned out to be right that one can make use of more arguments. In Plotkin

[1974a] it is proved that rule (1) is valid, provided that only one of F;G is not

a universal generator, see Barendregt [1984], x17.3, for the details. In this proof

the hypothesis of (1) is used for two di�erent Z. In this line the best result is due

to Nakajima [1975] and Wadsworth [1976]. They showed, using in�nitely many

Z, that the (axiom corresponding to the) rule (1) is valid in Scott's models D

1

;

see also Barendregt [1984], x19.2.

So history proved that the interest of Kreisel in a neglected area of logic was

fully justi�ed.

Unsolvability

Another topic discussed with Kreisel for my thesis was the interpretation of the

term 
 = (�x:xx)(�x:xx) in the recursion theoretic model. (This 
 is a �I-term

and for these the candidate model is correct.) In the notation of Rogers [1967]

this interpretation is

[[
]] = '

e

(e);

where e is such that '

e

(x) = '

x

(x) for all x2IN. The question was whether [[
]]

is de�ned or not.

7

It turned out that the answer depends on the choice of coding

used to construct the universal function '

x

(y). If a natural condition concerning

lengths of computation is assumed for ', then [[
]] will be unde�ned; on the other

5

A �-algebra is a reexive object in a CCC, i.e. an object D such that for some arrows

F : D![D!D];G : [D!D]!D one has F �G = id

[D!D]

.

6

A �-model is a reexive object D having enough points, i.e.

8f; g : D!D[[8z : 1!D f � z = g � z] ) f = g];

where 1 is the terminal object. Notice the relation with rule (1).

7

This is related to a problem of Henkin, asking in arithmetic the provability of a statement

H such that ` H $ 2H, where 2H denotes formalized provability of H. As shown by L�ob

[1955] this is always the case.
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hand for some `non-standard' choices of ' this assumption is not valid and [[
]]

can be an arbitrary natural number

8

. See Barendregt [1975] for details.

Based on this result it follows that the interpretation of all �-terms without

normal form in the recursion theoretic structure with natural ' is unde�ned. As a

consequence it seems to follow that terms without a normal form can be equated

consistently.

9

This, however, is not the case. For example the equation between

terms without a normal form

�x:x
true = �x:x
false

immediately gives true = false.

10

Analyzing the situation one sees that the two

terms are solvable: (�x:x
true)

~

P has a normal form for some

~

P (and similarly for

the other one). This notion turned out to be fruitful. All unsolvable terms can

be identi�ed consistently.

11

The consistency of the identi�cation of unsolvable

terms was proved later in Hyland [1976] and in Wadsworth [1976] by semantic

methods (because [[M ]]

D

1

= ?, for M unsolvable). Moreover in these two papers

it is proved that for closed terms M;N one has

D

1

j=M = N , 8F [FM is solvable , FN is solvable]

, M = N belongs to the unique maximally consistent

extension of the �-calculus equating the unsolvables.

In this way solvability is a natural organizing principle for semantics of the �-

calculus. Along similar lines in Abramsky and Ong [1993] an alternative se-

mantics is introduced that reects features of implementations of lazy functional

programming languages (one does not reduce `under' a �).

3. GK: person and inuence

The person

Who is Georg Kreisel? Although the answer should be given by professional

biographers, let me make some personal remarks.

Surely Kreisel is one of the most remarkable and enigmatic �gures among

logicians (and non-logicians). His behavior is non-conventional. Take for example

8

This non-standard ' is nevertheless an acceptable enumeration of the partial recursive

functions of one argument in the sense of Rogers [1967].

9

This presupposes that the recursion theoretic interpretation is a model for the �K-calculus.

10

One needs an application to the combinator K

�

� �xy:y, which is a �K-term. In fact the

recursion theoretic model does work for the �I-calculus. Hence we have the consistency of the

�I-calculus + fM = N jM;N have no normal formg.

11

In order to prove this one needs the so-called `genericity lemma': if M is unsolvable and

N a normal form, then FM = N ) Fx = N . In the �I-calculus the unsolvable terms are

exactly the terms without normal forms, see Barendregt [1973]. This gives an alternative proof

of the consistency of the theory mentioned in footnote 10.
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his daily sleeping time: Kreisel goes to bed at 9:00 p.m. Sometimes I suspect

that for him this is a convenient way to avoid social obligations and to get some

extra work done.

12

In any case it is a fact, that Kreisel receives daily more than

a dozen letters and/or articles. All this correspondence is usually answered by

return mail.

13

This requires a discipline and concentration that I have experienced

otherwise only among zen monks.

Another characteristic is that Kreisel seems to like to create a certain distance

between himself and persons that he does meet. In many cases this is indeed the

case. At the same time this creation of distance is applied to his own emotions as

well. This quality I have experienced otherwise only in theravadin monks, albeit

that the latter use a somewhat di�erent method for doing so. Kreisels method

to successfully keep a proper distance from his emotions is by a logical analysis.

If this is skillfully done, then it is possible to disintegrate one's emotions into

smithereens. And the resulting parts and pieces are harmless.

14

Let me give some examples. Being in a certain country, Kreisel was asked by

the late professor X|locally a well-known logician|the following. \Perhaps it

is a stupid question, but can you tell me why this and this." Kreisels reaction:

\Ah, this question is not stupid at all, not stupid at all. The matter is so and

so." The questioner continued eagerly: \Hence one also has that and that?" At

this point Kreisel remarked in a ash: \Now that is a stupid question!"

This is what I would call creating a distance. And in this case Kreisel did

so justi�edly: one does not want to be close to someone that either asks stupid

questions while he knows it or wants to show o� how smart he is. Kreisel gave

this professor X both what he had hoped to hear and what he had feared to hear.

An example of Kreisels way to decompose his own emotions is more di�cult

to give. Let me make it clear that his mastery of argumentation is of a high

standard.

15

Given this skill, he can accomplish a lot.

16

A good example of

an analysis of emotions into nothingness is the way Kreisel made the son of

the baroness eat his pudding. But remember, the boy was only six. Given

the sophistication of Kreisels arguments one can imagine what is needed for a

convincing transcending analysis of his own emotions. It is beyond my capacities

to reproduce any of the cases in which I have witnessed this remarkable auto-

analysis of Kreisel.

17

12

This hypothesis, however, I have not been able to verify.

13

In these answers Kreisel often asks questions about a paper that are di�cult for the author

to answer.

14

The theravadin monks also analyze emotions into components, not by ratio but by insight

based on mindfulness. As opposed to Kreisels analysis based on logic, this requires less energy

but a longer practice.

15

Kreisel obtained some of his education from Jesuits.

16

Due to an academic disagreement a collegue of Kreisel almost challenged him to court. It

would have been interesting to compare the arguing skills of professional lawyers with that of

Kreisel.

17

In order to get an approximate idea of this phenomenon, one should read Der Mann ohne
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Inuence

One of the main pieces of advice that Kreisel gave me, was to use reection. He

claimed that logicians are often too busy with technical details in order to take

some distance from their work. This way they lose a chance of obtaining better

results.

An example of this is the following. In Barendregt [1973] I proved

18

that in

the �I-calculus a termM has a normal form i�M is solvable. As title of the paper

I chose: `A characterization of terms in the �I-calculus having a normal form'.

Kreisel thought this was a particularly bad title. With a little more thought

I could have given a much more signi�cant and memorable one. Indeed, from

the well-known result of B�ohm [1967] and my own result that unsolvable terms

can be consistently equated it follows that the �I-calculus plus �-conversion plus

the equation of terms without a normal form constitute a Hilbert-Post complete

theory.

19

So the title should have been something like: `A natural Hilbert-Post

complete extension of the �I-calculus'.

Kreisel often made me aware of my academic career. \Take for example

Heyting", he once said, \with results not more technical than yours he became

well-known." Also Kreisel emphasized that one should publish one's results as

soon as possible. With the present `publish or perish' insanity,

20

this may sound

obvious, but in 1971 it was not.

Each time I would see Kreisel again, after a few days, a few months or a few

years, he would ask me \What is new?", cutting through our natural tendency

to remain with our attachments. In fact, both scienti�cally and personally he

always emphasizes change.

Claiming that all the advice that Kreisel had given me would fall under the

heading `Inuence' is too much to be said. I wish it were true. But enough of his

remarks are there in my memory, that occasionally things go along lines of his

advice. Enough to have considerably pro�ted from them.

Coda

Let me end with describing two sides of Kreisel that are apparently contradictory.

When I did drive with Kreisel in his car, I noticed that he would arrange

things in a certain way, in order to have a better view. Remembering this a few

years later when Kreisel came to Europe, I arranged things the same way in my

car. His reaction: \Thank you very much. My cleaning girls never do this. Does

one really need a Ph.D. in logic in order to do so?" This event, trivial as it may

be, shows him as a pleasant companion.

Eigenschaften by R. Musil (Rowolt Verlag, 1952).

18

Using induction over a �

0

4

-predicate.

19

I.e. a maximally consistent theory.

20

Presently one publishes too much in proceedings; this is notably the case in computer

science. Good ideas deserve to be published in journals.

8



One of the things that made him most angry, was my use of the sentence:

\People will believe your opinion on this, because of your authority." At the

time his strong reaction was not clear to me. This seems to show that he is a

`di�cult' person and not a pleasant companion.

21

The explanation of the apparent contradiction is easy. His negative feelings

are caused by a general dislike of his. Kreisel abhors insincerity.

22

Since by and

large most things in this world are done with insincere intentions, Kreisel is often

`di�cult'. On the other hand Kreisel behaves well with the upper class, if they are

sincerely upper class, and with the middle and lower classes, if they are sincerely

so.

23

The author Iris Murdoch wrote a novel in which a �gure `Julius' is said to be

inspired by Kreisel. She wrote about this person: `He is one of the people that

opens your mail in your absence. But he tells you later that he did'.

24

If one

has a taste for his style of sincerity and irony, then Kreisel is a very stimulating

person to have around, both scienti�cally and personally. My friends that I had

introduced to Kreisel all were charmed by him.

25

Reecting on what I just wrote, I search for a counterexample. Is it really

true that his being di�cult is always caused by insincerity of others? It almost

sounds too good to be true for an ordinary mortal. In the case of Kreisel I could

�nd no counterexample. So at least it is consistent.

References

Abramsky, S. and C.-H. Ong

[1993] Full abstraction in the lazy lambda calculus, Information and Computation

105 (2), 159-267.

21

Once he said: \Because they do this, I will be di�cult. And I can be di�cult as a woman."

22

Indeed, his anger was justi�ed: one should not believe in someone because of authority,

but because of that person's arguments.

23

Kreisel gave genuine attention and protection to a secretary, that had problems with a

boyfriend, and to a terminally ill student.

24

A fairly honorable defeat , Penguin Books, 1972. Another of her books (An accidental man,

Penguin Books, 1973) has as simple dedication `To Kreisel'.

25

E.g. (in this order) my father, the musician Nol Prager, my mother, the computer scientist

Corrado B�ohm, the conceptual artist Hans Koetsier. Bu�ee Nelson, then a three year old girl

that later became my adopted daughter, once picked up the phone when Kreisel called. Before

she passed the call to, me she happened to listen attentively. Later she asked: \Who was that?"

When I had told her, she said: \I like Kreisel!"
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