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Untyped A-calculus

Simple Type Theory is not very expressive.

We can allow more functions to be definable by relaxing the type

constraints. Most flexible : no types!
Untyped A-calculus
A ::=Var | (AA) ]| (AVar.A)

Examples:
-K:=)\ry.x
-S:=Xxyzaz(yz)
-wi= AT X

- i=ww
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Untyped A-calculus

Untyped A-calculus is Turing complete
It's power lies in the fact that you can solve recursive equations:

Is there a term M such that

Mz =g xMax?

Is there a term M such that

M x =p if (Zerox) then 1 else Mult x (M (Predx))?

Yes, because we have a fixed point combinator.



Why do we want types?

e Types give a (partial) specification
e Typed terms can't go wrong (Milner) Subject Reduction property
e Typed terms always terminate

e The type checking algorithm detects (simple) mistakes

But:The compiler should compute the type information for us! (Why
would the programmer hav eto type all that?)

This is called a type assignment system, or also typing a la Curry:

For M an untyped term, the type system assigns a type o to M (or not)



STT a la Church and a la Curry

A— (a la Church):
x:oel I'-M:0—-17I'FN:o I'Nx:oEP:T1
I'Fx:0o I'EMN :T1 ' Ax:o.P:o—T1

A— (a la Curry):
x:o el I'-M:0—-71I'FN:o I'Nx:oEP:7T
I'Fx:0 I'EMN : T I'EXe.P:o—t

Exercise: Give a full derivation of
Az \y.y(Azy x) o (v—e)—=((y—e)—e)—e

in Curry style A—



Examples

e Typed Terms:
Az Ay PN = (AP 2))

has only the type a—((f—a)—a)—«

e [ype Assignment:
AT Ay y(Az.x))

can be assigned the types
— a—((f—a)—a)—a
- (a—a)=((f—a—a)—7)—

with a—((8—a)—~)—y being the principal type



Connection between Church and Curry typed STT

Definition The erasure map | — | from STT a la Church to STT a la
Curry is defined by erasing all type information.

x| = «x
IMN| = |[M[[N]
Ax®. M| = x.|M|

So, e.g.
Az Ay P07y (028 2)| = e dy.y(Mz.2))
Theorem If M : o in STT a la Church, then |M|: o in STT a la Curry.

Theorem If P : o in STT a la Curry, then there is an M such that
(M| =P and M :0in STT a la Church.



Example of computing a principal type

o

—~
A:Ea.)\yﬁ.\yﬁ()\zf yﬁxo‘z

Ve

3

1. Assign type vars to all variables: x : o,y : 3,2 : 7.
2. Assign type vars to all applicative subterms: yx : §, y(Az.yx) : €.

3. Generate equations between types, necessary for the term to be
typable: 0 = a—d B = (y—d)—e

4. Find a most general unifier (a substitution) for the type vars that
solves the equations: a :=vy—d, B := (y—d)—e, 0 :=¢

5. The principal type of Az. Ay.y(Az.yx) is now

(y—e)=((y—e)—e)—e



Exercise: Compute principal types for S := Az \y.\z.x z(y z) and for
M = dx \y.x(y(Az.x 2z 2))(y(Az.x 2 2)).



Principal Types: Definitions

e A type substitution (or just substitution) is a map S from type
variables to types. (Note: we can compose substitutions.)

e A unifier of the types o and 7 is a substitution that “makes o and 7
equal”’, i.e. an S such that S(o) = S(7)

e A most general unifier (or mgu) of the types o and 7 is the “simplest
substitution” that makes o and 7 equal, i.e. an .S such that

— S(o) = 5(7)

— for all substitutions T" such that T'(c) = T'(7) there is a
substitution R such that 7'= Ro S.

All these notions generalize to lists of types o1,...,0, in stead of pairs

o,T.
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Computability of most general unifiers

There is an algorithm U that, when given types o4, ..., 0, outputs
e A most general unifier of o¢,...,0,, if 01,...,0, can be unified.
e "“Fail" if 01,...,0, can't be unified.

Definition o is a principal type for the untyped A-term M if

e M :0inSTT ala Curry

e for all types 7, if M : 7, then 7 = S(o) for some substitution S
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Theorem: Principal Types

There is an algorithm PT that, when given an (untyped) A-term M,
outputs

e A principal type o such that M : ¢ in STT a la Curry.

e “Fail" if M is not typable in STT a la Curry.
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Typical problems one would like to have an algorithm for

M :o? Type Checking Problem TCP

M : 7  Type Synthesis or Type Assgnment Problem TSP, TAP
[ Type Inhabitation Problem (by a closed term) TIP

For A—, all these problems are decidable,

both for the Curry style and for the Church style presentation.
Remarks:

e TCP and TSP are (usually) equivalent: To solve M N : o, one has
to solve IV :7 (and if this gives answer 7, solve M : 7—0).

e For Curry systems, TCP and TSP soon become undecidable if we go
beyond A\—.
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e TIP is undecidable for most extensions of A—, as it corresponds to
provability in some logic.
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Properties of A—

e Uniqueness of types
fI'-M:0and ' M : 7, then 0 = 7.

e Subject Reduction
fI'=M:0and M —p, N, then ' = N : 0.

e Strong Normalization
If I' = M : o, then all Bn-reductions from M terminate.

e Substitution property

f,x: 7 AFM:o,'FP:7,then', A+ M[P/x]: 0.

e Thinning
fI'FM:0and ' C A, then A+ M : 0.
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Normalization of 3 for A—

Note:

e Terms may get larger under reduction
(Af Az f(fx))P — 3 Az.P(Px)

e Redexes may get multiplied under reduction.

(AfAz f(f2)(Ay-M)Q) —p Az.((Ay-M)Q)(((A\y-M)Q)x)

e New redexes may be created under reduction.
(Af Az f(fx)(Ay.N) — 5 Az.(Ay.N)((Ay.N)zx)

First: Weak Normalization

e Weak Normalization: there is a reduction sequence that terminates,

e Strong Normalization: all reduction sequences terminate.
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Towards Weak Normalization

There are three ways in which a “new” (3-redex can be created.
e Creation
(Az....x P..)(M\y.Q) —p5 ... \y.Q)P...

e Multiplication

e |dentity
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Towards Weak Normalization

Definition
The height (or order) of a type h(o) is defined by

o hia) : =0

e hic1—...—op—a) :=max(h(o1),...,h(o,)) + 1.
NB [Exercise] This is the same as defining

e hic—7):=max(h(c)+ 1,h(7)).

Definition
The height of a redex (Az:0.P)Q is the height of the type of \z:0.P
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Towards Weak Normalization

Definition
We give a measure m to the terms by defining m(N) := (h(N),#N)
with

e h(N) = the maximum height of a redex in N,

e #N = the number of redexes of height A(N) in N.

The measures of terms are ordered lexicographically:

(h1,x) <; (ha,y) iff hy < hg or (hy = hy and = < y)

19



Theorem: Weak Normalization

If P is a typable term in A—, then there is a terminating reduction

starting from P.

Proof

Pick a redex of height h(P) inside P that does not contain any other
redex of height h(P). [Note that this is always possible!]

Reduce this redex, to obtain (). This does not create a new redex of
height h(P). [This is the important step. Exercise: check this; use the
three ways in which new redexes can be created.]

So m(Q) <; m(P)

As there are no infinitely decreasing <; sequences, this process must
terminate and then we have arrived at a normal form.
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Strong Normalization for A— a la Curry

This is proved by constructing a model of A—.

Definition
e [a] := SN (the set of strongly normalizing A-terms).
o [o—7]:={M |VN € [o](MN € [1])}.

Lemma

1. Ny ... Ng € [o] for all z, 0 and Ny,..., Ny € SN.

2. [o] €SN

3. If M[N/z]P € [o], N € SN, then (Az.M)NP € [o].

21



Strong Normalization for A— a la Curry

Lemma

1. Ny ... Ng € [o] for all z, o and Ny,..., Ny € SN.

2. [o¢] €SN

3. If M[N/z]|P € [o], N € SN, then (\z.M)NP € [o].

Proof: By induction on o; the first two are proved simultaneously.

NB for the proof of (2): We need that [o] is non-empty, which is

guaranteed by the induction hypothesis for (1).
Also, use that M N € SN = M & SN. Think of it a bit and see it's true.
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Proposition

T1:Tlye oy T Tn - M 0

Ny € [11],..., N, € [1a] = M|Ny/x1,... Ny /x,] € [o]

Proof By induction on the derivation of I' = M : 0. (Using (3) of the
previous Lemma.)

Corollary A— is SN

Proof By taking IN; := z; in the Proposition. (That can be done,
because x; € [1;] by (1) of the Lemma.)
Then M € [o] € SN, using (2) of the Lemma. QED

Exercise Verify the details of the Strong Normalization proof. (That is,
prove the Lemma and the Proposition.)
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A little bit on semantics

A— has a simple set-theoretic model. Given sets [«] for type variables

«, define
[o—71] = [7] o] ( set theoretic function space [o] — [7])

If any of the base sets [«] is infinite, then there are higher and higher

(uncountable) cardinalities among the o]

There are smaller models, e.g.
[c—7] :=={f € [o] — [7]|f is definable}

where definability means that it can be constructed in some formal

system. This restricts the collection to a countable set.

For example

lo—7] :={f € [o] — [7]|f is A\-definable}
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