Huygens College Reflection
Assignment 6, Tuesday, Jan. 5, 2016

Exercise 1

(i) Given is the data type Nat with z : Nat, s : Nat — Nat.
Write down the codes (following Béhm, Guerrini, Piperno) of

2 = s(sz), 3 =s(s(sz2)).
(ii) Predecessor on Nat can be defined recursively:
p(0) = 0
p(n+1) = n.

Using the theory you learned, construct a term P of the form ((Bj, Ba)),
to act on codes of Nat, such that

P(1) = o
P("sn') = Tnl
(i) Verify Pf31 = 21,
Solution:
(i) The codes of 2 = s(sz) and 3 = s(s(sz)) are defined by
F27 = rg(s2)7 = Ae.eU2s27e
Csz1 = Af.fUSf
27 = \g.gU3%g and
M37 ="s(s(s2))" = Ae.eU3 s(s2)7e
Filling in gives the precise codes:
727 = Xe.eU3(\f.fU3(\g.gU%g) f)e
T37 = Mh.hU%(Ne.eUZ(\f.fU%(A\g.gU%g) f)e)h.
(ii) We want
P(Tz)=r0"= AP
P("sn7)="n"= A"nP
This is the case if Ay = K"07 en Ay = K.
Choose By = Az.A41(z) and By = Atz.Ast(z), then the following works
P = ((B1, B2)) = (A2 K072, M2 Kt(z))) = ((A2.707, Atz.t)) = ((KT07, K)).

(ili) Pr3

((Azy.m0K)) s(s(s2))" Fs(s(sz)) Y Azy.m07, K)
= Qzy. 0, K)U3 s(s2) /Aoy 0, K) = Ts(sz2)”

= M



Exercise 2

(i) Given is Tree, the data type with
1:Tree,j: Tree® — Tree.
Write down the codes (following BGP) of
t1=7GI0l and ta=j1(511).
(ii) Write down a A-term F = ({D1, D)) (to act on codes of Tree) such that
F' =1
Fljts' = Tit(jts).

(iii) Verify for the F you found that indeed F'j1(511)" = Tj1(51(j11))".

Solution:
(i) T = TN = )\el.elUg'_jllTl—‘el
T = )\eg.egU%'_l—“_ljeg
'_l—l = )\63.€3U%€3
Tt = TG = )\el.elU%'—F'—jll—'el.

Filling in gives
rtl—l = )\61.elUg()\eg.egUg()\63.63U?€3)()\63.€3U%e3)62)()\63.63U%63)€1
I—tQ—l = /\61.61U§(/\€3.€3U?63)(()\62.egUg()\63.€3U§€3)()\63.€3U%€3)62))61.
(ii) We are looking for an F' with
Frl—l — l_l—l
Frjts™ = jt(jts)”

Following the BPG-coding we try F' = ((Dy, D5)). We want Dy (Dy, Ds) =
"7, Which is what we get in case Dy = Az."[™.

Furthermore we want

Dy"t s Dy, Dg) = Tjt(jts)”
= de.cUdt"jtsTe

= AUt (\f.fUZ 757 f)e.
This we get if we take Dy = Azyz.Me.eUdx(Af.fU32yf)e.

(iii) Now we have Fjl(jll)Y = ™jl(jll) Dy, Dy)
= DyTIjlI(Dy, D)
= Ae.cUZTTI(N. LU0 f e
= Ae.cUZ 17Ul
Ae.eUZr I ji(jll) e
GG



Exercise 3

Check the statement on Slide 10 of the course slides, that

H\Varz) = AizH
H(hppry) =5 AsayH
H(Absz) =g AszzH

if we take H = <<Bl, BQ, B3>> with

By = M\xz.Ajx(z)
By = Azxyz.Ayxy(z)
Bs = Arz.Asz(z).

and Var, App and Abs as on the slides. (Verify 2 of the equations for H.)

Solution: Fill in the values for the B; and do the S-equalities

Exercise 4
Show that there is no term F' such that

F(M N) =g N for all terms M, N.
Solution:  Suppose F(M N) = N for all M, N. Then F(IK) = K but also
F(IK) =F(K) = F(KKI) =1I. So K =1, which is a contradiction.
Exercise 5
Remember the definitions of true := Azy.z(= K) and false = Azy.y(=g KI).

(i) Construct a A\-term G such that

G'z! = true
G'PQ' = false
G"\z.P' = false.

(ii) Construct a A-term V such that

Vizg! = true
ViPQ' = VP
Vidz.P!' = false.

Solution:

(i) Try G = ({B1, Ba, Bs)) for some By, By, Bs. Then
G2 ="2(B1, By, Bs) = (B1, By, Bs)UP (B, By, Bs) = B1(B1, B, Bs),
so take By = Axy.true

G"PQ" = "PQY(By,Bs,B3) = (Bi,Bs,B3)U3"P"Q(By, By, Bs) =
Bs"P"Q(By, Ba, Bs). So take By = Azxyz.false.



G \x.P7 = <B17 BQ, B3>U§’()\$I—Pj)<31, BQ, Bg> = Bg()\.’b.rp—l)<B1, 327 B;3>
So B3 = Axy.false.

Conclusion: G = ((Azy.true, \xyz.false, \xy.false))
(ii) Because V and G are the same for "z and "Az. M7, their By and Bs are

also the same.

VIPQ" = By" P"Q By, By, B3) = VTP = ((By, By, B3))" P ="PY(By, Ba, Bs).
So By = Axyz.zz.

Conclusion: V = ((Azy.true, Azyz.xz, Azy.false)).



