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Overview

Topics
Languages: regular context-free [natural languages] [enumerable]
Automata:  finite push-down [bounded Turing machine] [Turing machin
Grammars:  regular  context-free [context-sensitive] [NL grammars?
Automata: accept words of a language
given a word, compute if it is in the language
Grammars: generate words of a language
produce all correct words in the language
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Alphabet
An alphabet ¥ is a (finite) set of symbols

Examples
Y1 = {a}
Y2 = {0,1}
s = {ACG,T}
Y4 = Ha,bc,d,...,x,y, 2z}
Y5 = {s| s is an ascii symbol}

e = {}

Japanese alphabet: 2 X 52 signs

Y = {,...}
Chinese alphabet: 4= 40.000 signs

dig = {0,1,—|—,X,$0,ZL‘1,$2,...}
mathematical alphabet, number of signs: countably infinite
dg = {0,1,—|—,X,xo,xl,xg,...}U{crITER}

mathematical alphabet, number of signs uncountably infinite
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Words

A word (string) over X is a finite sequence of elements from X

The set X* consists of all words over .

Inductive generation of words

A E DT, A denotes the empty word
wedX = wsedX", forallseX

Note that Aw is just w

Note the difference between a € > and a € X*

Think of a word as a chain of letters on a necklace:
A = —

Fva —F-v-a—

The difference between a and —a— is clear
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Operation on words; Language

Operations on words

ueX,vedX = wu-veX concatenation
ueX, neN = u"eX” repeating words

Inductive definitions

u-A = u u’ = A
u - (vs) (w-v)s| [uF™ = uF-u

usually we write concatenation u - v as uv

A language over Y. is a subset of X*, notation L C »*

Examples
L1 ={w € {a,b}" | abba is a substring of w}
Lo ={w € {a,b}" | abba is not a substring of w}
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Examples of languages

Let > = {a, b, c}.

1.
: ng{a”b”\nEN}
. Ly ={a™b"c" | n € N}

0 ~N o g~ W N

L ={a" | n € Nis even}

. Ly ={a" | n € Nis prime}

. Ls = {n | n denotes an integer number}

L¢ = {e | e is a well-formed arithmetical expression}

L; = {P | P is a syntactically correct Java program}

. Lg =45 | S is a grammatically correct English sentence}
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Operations on languages

Given languages L1, Lo, L. C >* we can define

again languages over X

Ly U Ls
Ly Lo
LO

Ln—i—l

L*

£

L1 U Ly
Ly Lo
L*

{w|w e Ly orw € Ly}
{furws | wy € Ly & wy € Lo}
{A}

L"L

| Jrr=r'ur'vrru...
neN

{fw" |we L, ne N}
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Regular expressions & languages over X

Let > = {a,b}. Then a(ba)*bb is a regular expression denoting

L = {a(ba)"bb|n € N}
= {abb, ababb, abababb, ababababb, . ..  a(ba)"bb, ...}

For general X2 the regular expressions over X are generated by

rexpy =0 | A\ | s | rexp; rexp; | rexp; U rexp, | rexp;

with s € X

This means () € rexps,, A € rexpy, and s € rexpy, for s € X

and

e1,€ € rexpy. = (€1 Uesy) € rexps,
e1,6s € rexpy, = (e1e2) € rexps,

e € rexpy = (€') € rexpy

For example (abb)*(a U \) is a regular expression
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Regular languages

For a regular expression e over 3. we define the language L(e):
L®) = 0
) = A
) = {5}
L(eies) = L(ey)L(es)
) = L(e1)U L(es)
L) = Le)
A language L is called regular if L = L(e) for some ¢ € rexp

Examples
L = {w | bb occurs in w} over ¥ = {a, b} is regular:

L=L((aUb)*bb(aUb)")
Also L' = ¥* — L = {w | bb does not occur in w}:
L' = L(a"(baa™)* Ua”(baa™)"b)

HG Formal languages, grammars, and automata Week 1, spring



To come

Regular | Context-free | Context-sensitive | Enumerable
Languages Languages Languages | Languages
Finite | Push-down | Bounded Turing Turing
Automata Automata Machines Machines
Regular | Context-free | Context-sensitive General
Grammars Grammars Grammars | Grammars

Topics described in the last two columns are treated in other course
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