Proving with Computer Assistance, 2IMF15

Herman Geuvers, TUE

Exercises on Higher order logic and the Calculus of Con-
structions

NB All exercises can also be made with Coq. Please look at the web site for the
.v file. You can create a new file under your proofweb login and work with it.

1. Definition in CC (for ¢,q: A):
t =4 q:=T1IP:A—*.(Pt — Pq)
(a) (basic) Prove that this equality is reflexive by giving a term of type

Ix:Ax =4 x.

(b) (basic) Prove that this equality is transitive by giving a term of type
Me,y,ziAx =4y > y=42 > x =4 2.

(¢) (advanced) Prove that this equality is symmetric by giving a term of
the type Iz, y:Ax =4y >y =4 x.

2. The transitive closure of a binary relation R on A has been defined as
follows.
trclos R = Az, y:A.
(VQ:A—A— * (trans Q—(R C Q)—(Q z y))).
(a) (basic) Prove — by giving a proof-term — that the transitive closure
of R contains R.

(b) (medium) Prove — by giving a proof-term — that the transitive closure
is transitive.

(¢c) (basic) Prove — by giving a proof-term — that, if P is transitive and

P contains R, then P contains trclos R.
3. The existential quantifier has been defined by
Iz:0.¢ :=Va: x .(Vri0.9 = @) >

(a) (medium) Given ¢ : ¢ and ¢ : Pt, give a term M such that M :
Jx:o.Px

(b) (medium) Given ¢ : 3a:0.Px and h : Vy:0.Py — C with y ¢ FV(C),
give a term N of type C.

4. For D : %, A,B : D—x, we define A C B as Vx:D.Axz—Bx. We now
define

ANB := A:DNP:D—x.Vy:D.Ay—By—Py)—Px
AUB = Me:DVP:D—x ACP—-BCP—Px



Prove the following, by giving a (proof) term of the type. Remember that
X VY is defined as Va: * .(X—a)—=(Y —a)—a.

(a) ACAUB.

(b) (This is a hard question) Va:D.(AU B)z—Az V Bzx.

(¢c) AnBCA.

(d) Vo:D.Ax—Bz—(ANB)x.



