
Proving with Computer Assistance, 2IMF15

Herman Geuvers, TUE

Exercises on Polymorphic type Theory

1. Recall: ⊥ := ∀α. α, ⊤ := ∀α. α→α.

(a) Verify that in Church λ2: λx:⊤. x⊤x : ⊤→⊤.

(b) Verify that in Curry λ2: λx. x x : ⊤→⊤
(c) Find a type in Curry λ2 for λx. x x x

(d) Find a type in Curry λ2 for λx. (xx)(xx)

(e) Find a type in Curry λ2 for λz. z(λx. x x)

2. Let x : ⊤ and remember that ⊤ := ∀α: ∗ . α→α.

(a) Give a type to the term

λy. x y x(λz. z x z)

in λ2 à la Curry and give the typing derivation of your result.

(b) Give a type to the term

λy. x y (x(λz. z z))

in λ2 à la Curry. Also give the typing derivation of your result.

3. Define:

σ × τ := ∀α. (σ→τ→α)→α,

σ + τ := ∀α. (σ→α)→(τ→α)→α

(a) Define inl : σ → σ + τ .

(b) Define pairing : [−,−] : σ → τ → σ × τ

(c) Define the first projection : π1 : σ×τ → σ and show that π1[x, y] =β

x.

4. Define the type of binary tress with leaves in B and node labels in A:

TreeA,B := ∀α.(B→α)→(A→α→α→α)→α.

(a) Define leaf : B → TreeA,B and join : TreeA,B → TreeA,B → A →
TreeA,B .

(b) Give the Tree-iteration scheme for TreeA,B and define h : TreeA,B →
Nat that counts the number of leaves of a tree.

(c) Define g : TreeA,B → B that computes the left-most leaf of a tree.
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