1.

Semantics and Domain theory
Exercises 6

(a) Show that if S and T are chain-closed, then S UT is chain-closed.

ANSWer: ..
Let (d;);en be chain in SUT. Then there are infinitely many ¢ for which
d; € S or there are infinitely many 4 for which d; € T. (It is possible
that both are the case, but it is impossible that the chain contains only
finitely many elements from S and only finitely many elements from 7'.)
Suppose there are infinitely many ¢ for which d; € S. (The case for T is
similar, so we only treat the case for S.) We consider this sub-chain of
(di)ien, consisting of the elements that are in S, and we call it (e;) en.
Now, U;end; = Ujene; because of standard chain-properties. (For each
i there is a j with d; C e; and the other way around: for each j there
is a ¢ with e; T d;.) Now, Ujene; € S, beacuse S is chain closed and so
Ujend; € SUT.

End answer. ... ...

(b) Show that if S; is chain-closed for every i € I, then (;c;S; is chain-
closed.

A SWET: ..
Let (d;)jen be chain in (,.; S;. Then (d;);en is a chain in each of the
S; (for ¢ € I). As each S; is chain-closed, U,end; € S; for each i € I, so
LljeNdj € miel S;.

End answer. ... ...

2. (Exercise 4.4.2. of Pitts’ notes) Give an example of a subset S of D x D that

is not chain-closed, but which satisfies:

(a) Vd € D, {e|(d,e) € S} is chain-closed
(b) Ve € D, {d|(d,e) € S} is chain-closed.

[Hint: consider D = D = Q, the cpo in Figure 1.] (Compare this with the
property of continuous functions given on Slide 33 of Pitts’ notes.)

ANSWET: ...
Take D := 1, the well-known domain with elements NU {w}. Define

S :={(n,n)|n € N}.

(Note: this looks very much like the set A that we have defined generally for
each domain D, but note that we have removed (w,w) from A.)

Now, for a fixed d € Q, {e € Q|(d,e) € S} is chain-closed, because if d € N,
then {e € Q|(d,e) € S} = {d} and if d = w, then {e € Q|(d,e) € S} = 0.
Similarly, for a fixed e € Q, {d € Q|(d, e) € S} is chain-closed.

On the other hand, S is not chain-closed: the lub of the chain (7,7);¢y is (w,w)
which is not in S.

End answer. ... ...



3. The collection of chain-closed sets is not closed under arbitrary union. (It
is not the case, in general, that Vi € I(S; is chain closed) implies | J;c; S; is
chain-closed.)

(a) Conclude this from the previous exercise.
ANSWEr: ...

Q|(i,e) € S} is chain-closed, but S = U;enS; is not chain closed.
End answer. ... ...

(b) Conclude this by directly constructing a counterexample in €.

ANSWET: L
S; := {i} is a chain-closed subset of Q for each i € N, but U;en{i} = N
is not chain-closed.

End answer. ... ...

4. Prove that for f: D — FE monotonic,
! preserves chain-closed sets = f is continuous,

where f~! preserves chain-closed sets means that, for all S C E, if S is
chain-closed, then f~1(9) is a chain-closed subset of D.

ASWET: .ot
Suppose that f is monotonic and f~! preserves chain-closed sets. Let (d;);en
be a chain in D. We need to prove that f(U;crd;) E Usenf(d;). We consider
the following set S C E: S := {f(d;)]i € I} U{Uienf(d;)}. This set is clearly
chain closed. So f~1(S) is chain-closed. Let’s take a look at f~1(9): it
contains all d; (because f(d;) € S for all i € N). Therefore f~1(S) contains
Uiend;. This means that f(U;end;) € S, which implies that f(U;end;) C
Uien f(d;).

End answer . .. ...

5. Show that the untyped A-term w (= Az.xz x) is not typable in PCF. That is:

show that there are no 71 and 73 such that Ffnz: 7. (z x) : 7.
A S WS ..o
Suppose - fn z : 1. (x &) : 72 for some types 71 and To. We consider the

possible derivation of this judgment and show that such a derivation cannot
exist.

A derivation looks like this:

rz:T1 bz o1—09 z:m1bFxz: o1
(*app)
z:mbFzxxr @ T (o)
Ffhz:m.(z2) @ fn

where we must have 7y = 01—09 and 71 = 01 and 7 = 09. Then o1—05 = 07,
but there are no types in PCF for which this equation holds. So, there is no
such typing derivation.

End answer. ... ...



6.

(a)

Suppose that the term mult : nat — nat — nat defines multiplication
in PCF. Give a PCF term that defines the exponentiation function exp :
nat — nat — nat. (So expnm should denote n™; you don’t have to
prove that exp correctly defines exponentiation.)

ANSWET: .
We first write down the fixed-point equation that exp should satisfy: for
n,m : nat we want

expnm = if zero(m) then 1 else (mult n (expn (pred m))

So we take exp := fix f where f : (nat—nat—nat) — (nat—nat—nat)
is defined by

f:= fne:nat—nat—nat.fnn,m : nat.
if zero(m) then 1 else (mult n (e n (pred m))

End answer. ... ...

Let p : nat — nat. Define a term N : nat that denotes the smallest
number n such that p(n) = 0 and Vi < n(p(n) > 0). (You don’t have to
prove the correctness of N.)

ANSWer: .
We first write down the fixed-point equation that N should satisfy. We
cannot do this directly so we introduce a “helper function” search :
nat — nat, which searches N starting from a start-value n:

searchn = if zero(p(n)) then n else (search (succn))

We define search := fix f where f : (nat—nat) — (nat—mnat) is defined
by
f:=fns:nat—nat.fnn : nat.if zero(p(n)) thenn else (s (succn))

Now we take N := search zero.
End answer. ... ...



