Semantics and Domain theory
Exercises 9

. Prove the following properties (by induction on 7). Here, M, My, M> range
over closed terms, dy, dy are domain elements.

(a) If d2 C dl and d1 <- Ml, then dg <- Ml.
(b) If dy < My and YV (M; » V = My ., V), then

dy < Mo

These properties constitute Lemma 7.2.1 (iii).

. Remember that <. denotes the approximation relation (Slide 64).
Show that, if d dpat M, € <pat N and b <peo1 P, then

if(b, d, €) dpat if P then M else N

(This is basically the ”if” inductive case in the proof of the Fundamental
Property, Slide 65)

. Prove that fnz : nat.succ(predz) <., fnz : nat.z in the following two
ways:

(a) By using the Proposition on Slide 68.

(b) By using the Extensionality properties on Slide 69.

. Consider the terms M; := fix(fn f : nat — nat.f) and
My :=fnz : natfix(fny : nat.y) of type nat — nat. Use the Extensional-
ity property of <.ix at function types (Slide 69) to show that My Z.x Ma.

. Prove that for all My, M, € PCF,,

My <ctx Mo : 7 if and only if

VP € PCFT—>bool(P My Ubool true = P M5 |bool true).
(Remember that PCF, are the closed PCF-terms of type 7.)

. (Exercise 7.4.1.) For any PCF type 7 and closed terms M;, M, of type 7,
show that

(VV ' T (Ml UT V& M2 ‘U’T V)) = Ml gCtx M2 LT (**)

[Hint: combine the Proposition on Slide 68 with Exercise 1 above (or Lemma
7.2.1(iii)).]

. (Exercise 7.4.2.) For any PCF type 7 and closed terms My, M; of type 7, we
have

VVir,(My ), Ve M, V)) = M Zex My 7. (xx)

Use (**) to show that S-conversion is valid up to contextual equivalence in
PCF, in the sense that for all closed terms fnx : 7. P : 71 = 7 and Q : 71,

(fnz : 7. P)Q ey PlQ/x] : To.

. (Exercise 7.4.3.) Show that the converse of (**) is not valid at all types by
considering the terms M; and Ms of Exercise 4



