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1 Untyped M-calculus

We briefly recapitulate notions from the untyped A-calculus. See [2] for a brief didactic introduction
to untyped A calculus and [1] for a full overview.

Definition 1.1. The terms of the untyped A-calculus, A, are defined as follows.
A =Var | (AA) | (AVar.A)

We omit brackets in the way of [1], by letting them associate to the left in applications, so
M N P denotes (M N)P. Furthermore, we omit the top brackets around a A-abstraction and
we compress a sequence of abstractions, so Axyz.z denotes (Az.(Ay.(Az.z))). The X binds the
variable z in M in the term Az.M and we work modulo a-conversion also called modulo renaming
of bound variables. So we identify Az.x with Ay.y for which we write Az.x = Ay.y. Similarly we
have Az y.xz = Ay z.y. We write FV(M) for the set of free variables of M, and we say that M is
closed in case FV(M) = (). The substitution N for x inside M is denoted by M|z := N] and it
is done with the usual care, renaming bound variables before replacing = by N, if needed. For
example we have (Az.y z)[y := Az.x] = (M.yv)ly := Az.2] = (Av.(Az.x) v).

Examples are the well-known combinators: I:= \z.z, K := Azy.x S := Aryz.x2(yz). Here
are some more well-known untyped A-terms: K, := Az y.y, w := Av.xz, Q= ww.

The way to encode natural numbers as closed terms is as follows.

en = Af Az 1 (@)

where
f"(x) denotes f(...f(f xz))
—_———
n times f
So ¢y := AfAx.f(fx). These are also known as the Church numerals. A Church numeral ¢,

denotes the n-times iteration: it can be seen as a “higher order function” that takes a function f
and returns the n-times iteration of f.

Definition 1.2. The notions of one-step S-reduction, — g, multiple-step S-reduction, — 4, and
B-equality, =g are defined as follows.

Ae.M)N —p3 Mlz:=N]
M-—gN = MP-—gNP
M-—gN = PM-—3PN
M-—sgN = AI.M-—gI.N

We define — 3 as the transitive reflexive closure of — g and =g as the transitive reflexive symmetric
closure of — 3.

A term M is in normal form if there is no N with M — 3 N. A term M is normalizing if
there is an IV with M —3 N and N in normal form.



Example 1.3. We show a computation with the Church numeral co: we apply it to the identity
I

Az.eolz = Az (AfAx.f(fz)lz
—p Az I(Iz))z
—5 AzI(I2)
—3 Azdz
—g A2z =1

In general there are many rederes within a term that can be reduced. (A redex is a sub-term
of the form (Az.M) N.) The Church-Rosser theorem states that one can always converge. See [1]
for a proof.

Theorem 1.4 (Church-Rosser). If M —3 Py and M — g P», then there is a term Q with Py —3 Q
and P, -3 Q.

As corollaries of the Church Rosser Theorem one also has the following.
o If M =3 N, then there is a @ with M —3 Q and N —3 Q.

e (Uniqueness of Normal Forms, UN) If M =g N1 and M =g Ny, with N1, N» in normal form,
then Ni1 = Ns.

Often we want to fix a certain method for reducing terms, or we only want to contract redexes
of a certain shape. This can be observed in the following example.

Examples 1.5. Define the S combinator as follows.
S =Xz \y A zxz(y2)

Then
SKI —3 Ay z.Kz(yz))I

There are several ways of reducing this term further:

Ay Az Kz(y 2))I is a redex

Kz is a redex

Ay Az Kz(yz)I —p A2 Kz(Iz)

Az.(Apq.p)z(Iz)
—5 Az.(Ag.z) (I%)

Call by Value —g Az.(Ag.2)z
—g Az.2
But also
My AzKzyz)I = Ay z.(Apgp) z(y 2))1

— (AyAz.(Ag.2)(y 2)I
—p Az (Aqg.z) (I2)
Call by Name —g A2z
In the previous example we have seen that the term Az.(Ag.z) (Iz) can be reduced in several

ways. Call-by-name is the ordinary S-reduction, where one can contract any S-redex. In call-by-
value, one is only allowed to reduce (Axz.M)N if N is a value, where a value is an abstraction term



or a variable ([7]). So to reduce a term of the form (Az.M)((Ay.N)P) “call-by-value”, we first
have to contract (Ay.N)P. Call-by-value restricts the redexes that are allowed to be contracted,
but it does not prescribe which is the next redex to contract. More restrictive variations of (-
reduction are obtained by defining a reduction strategy which is a recipe that describes for every
term which redex to contract. Well-known reduction strategies are left-most outermost or right-
most innermost. To understand these notions it should be observed that redexes can be contained
in another, e.g. in (Az.M)((Ay.N)P) or in (Az.(Ay.N)P)Q, but they can also be disjoint, in which
case there’s always one to the left of the other. Other reduction strategies select a set of redexes
and contract these simultaneously (a notion that should be defined first of course). For example,
it is possible to define the simultaneous contraction of all redexes in a term, which is usually called
a complete development. We don’t go into the theory of reduction strategies or developments here,
but refer to the literature [1].
We can also have infinite reductions. The simplest infinite reduction is the following loop:

Q—>BQ

A term that doesn’t loop but whose reduction path contains infinitely many different terms is
obtained by putting w3 := Az.x x x, 23 := wsws. Then:

Qg —p W3W3W3 —p W3W3W3 W3 —3 ...

The untyped A-calculus was defined by Church [4] and proposed as a system to capture the
notion of mechanic computation, for which Turing proposed the notion of Turing machine. An
important property of the untyped A-calculus is that it is Turing complete, which was proved by
Turing in 1936, see [5]. The power of A lies in the fact that you can solve recursive equations.

A recursive equation is a question of the following kind:

e Is there a term M such that
Mx=gxMzx?

e Is there a term M such that

M x =g if (Zero x) then 1 else Mult = (M (Pred z))?

So, we have two expressions on either side of the =g sign, both containing an unknown M and we
want to know whether a solution for M exists.
The answer is: yes, if we can rewrite the equation to one of the form

M = (1)

Note that this is possible for the equations written above. For example the first equation is solved
by a term M that satisfies M =g Az.x M x.

That we can solve equation of the form (1) is because every term in the A-calculus has a fized
point. Even more: we have a fized point combinator.

Definition 1.6. e The term M is a fized point of the term P if PM =g M.

e The term Y is a fized point combinator if for every term P, Y P is a fixed point of P, that
is if
P(YP)=3YP.

In the A-calculus we have various fixed point combinators, of which the Y-combinator is the
most well-known one: Y := Af.(A\x.f(zz))(Ax.f(zx)).

Exercise 1.7. Verify that the Y as defined above is a fixed point combinator: P(Y P) =3 Y P
for every A-term P.

Verify that © := (Azy.y(xzy))(Ary.y(zzy)) is also a fixed point combinator that is even reduc-
ing: © P —3 P (© P) for every A-term P.



The existence of fixed-points is the key to the power of the A-calculus. But we also need natural
numbers and booleans to be able to write programs. We have already seen the Church numerals:

cn = ANfAxf f(o. f(f )
—_——
n times f

The successor is easy to define for these numerals: Suc := An.\f x.f(n f z). Addition can also be
defined quite easily, but if we are lazy we can also use the fixed-point combinator. We want to
solve

Addnm = if(Zeron)thenmelse Add (Predn)m (2)

where Pred is the predecessor function, Zero is a test for zero and if...then...else is a case
distinction on booleans. The booleans can be defined by

true = K:=Jryzx
false = K, :=Xxy.y
if bthen Pelse@ := b0PQ.

Exercise 1.8. 1. Verify that the booleans behave as expected:
if truethen Pelse Q@ = P and if falsethen Pelse Q =5 Q.

2. Define a test-for-zero Zero on the Church numerals: Zerocy =g true and Zeroc,1 =g false.
(Defining the predecessor is remarkably tricky!)

We can now solve (2) using the fixed point combinator by taking
Add := Y (Aanm.if(Zeron) then melse a (Pred n) m),
because if we write H for Aan m.if(Zeron)then melse a (Predn) m, we see that

Addnm =3 HAddnm
=g if(Zeron)thenmelse Add (Pred n) m)

Exercise 1.9. 1. Give a term Add that represents addition that does not use the fixed point
combinator (so Add should be a term in normal form.)

2. Give a term M such that for all terms NV, we have M N =3 N M N.

3. Give a term F such that Fx =g if (Zerox) then 1 else Mult z (F' (Pred z)). (So F represents
the faculty function. You may assume that Mult represents multiplication and Pred repre-
sents predecessor.

Apart from the natural numbers and booleans, it is not difficult to find encodings of other
data, like lists and trees.

Definition 1.10. A A-theory is a set of equations between A-terms that is closed under the
following rules.

(8) M=N P:Q(app) M=N ©
(Az.M)N = M[z := N] MP=NQ \z.M = \z.N
——— (refl) M=N N=F (trans) M=N (sym)
M=M M=P N=M

The theory Ag is defined as the minimal A-theory, so the equations derivable using only the six
rules above. One can extend this theory by adding more equations, or more rules, for example
Agy is the theory one obtains by adding the n-rule:

—/\x.Mx Y (n) if x ¢ FV(M)



If FE is a set of equations between A-terms, Th(FE) is the A-theory that takes the equations of E
as additional axioms and uses the rules of \g.

Note that M = N in A\g if and only if M =g N: the minimal A-theory is just the well-known
[B-equality. Later, when we have defined a notion of model, we will define the theory of a model as
the set of equations that are true in that model. This is always a A-theory and it is an interesting
question what theory it is, or put differently: which new equations hold in the model? We can
also start from the other side and think about adding equations to Az and see if there is a model
in which these equations hold. An important question is which equations can be added “safely”,
in the sense that they don’t make the theory inconsistent.

Definition 1.11. A A-theory T is inconsistent in case T = {M = N | M,N € A}, that is: all
terms are equal in 7. A A-theory is consistent in case it is not inconsistent.

There are all kinds of equations one could add to Ag, and wonder if the theory becomes
inconsistent. Some examples:

1. K=K,

2. K=1

3. K=Q

4. 1 =1

5. cp =c1

6. ¢, = ¢ for some n,m € N with n #m

7. {M =N | M and N don’t have a normal form }

8. Add a new constant ¢ to A and the equations 6 M N = true (for M, N € A with M = N)

and 6 M N = false (for M, N € A with M #5 N).

9. Add a new constant € to A and the equations ¢ (M N) = M and ¢ P = P in case P is not
an application.

Some of these (sets of) equations make the theory inconsistent. This is shown by proving that
M = N holds if we add the equation(s), which is usually not difficult (but a nice puzzle). Proving
consistency of a set E is harder and is usually done by defining a model in which all equations of
FE hold, but e.g. K = K, does not.

Example 1.12. The first two equations above yield an inconsistent A-theory. (That is: Th(FE) is
inconsistent for these equations.)

1. Suppose K = K. Then we have, for all M, N,

M=KMN=K,MN =N.

2. Suppose K =1 . Then we have, for all M, N,

M=KMN=IMN=KIIMN=IKIMN=KIMN=IN=N.

One motivation for studying the consistency of A-theories is that one might want to add
equations to A-calculus, or add constants with new equations. Then we don’t want these new
equations to make the theory trivial (i.e. equate everything). Another reason is that we want to
capture undefinedness in A-calculus: when do we consider a term M to be “undefined”. Of course,
this is not a formal notion inside A-calculus, but we have an intuitive grasp of what it should
be: M is undefined in case we cannot use it in any way to produce meaningful output. Later in



Section 3 we will come to a somewhat more refined analysis of “undefined”, but for now we can
observe as a criterion that it should be safe to equate all undefined terms, because if we can’t do
anything with M and we can’t do anything with NV, it should be safe to add M = N. This makes
that we have to conclude that “M does not have a normal form” is not a proper definition of M
is undefined”, because we have the following Lemma.

Lemma 1.13. Of the equations above, the following are inconsistent: (1), (2), (5), (6), (7), (8),
(9). The following are consistent: (3), (4).

Proof. We have just seen the proof for (1) and (2). For the others: (5), (6), (7) and (8) are exercises
and (3) is a consequence of deep technical result and can be found e.g. in [1]. For the consistency
of (4): 1 = Afdx.fo =, Af.f =T and Ag,, is certainly a consistent theory. For the inconsistency
of (9), suppose we have added such an e. Then K = ¢ K = ¢ (IK) =1, so we have K = I which is
inconsistent. Note that any term € that “can take apart an application” is inconsistent, no matter
what it does when applied to a non-application, because, e.g. K =¢ (KI) =¢(I(KI))=1. 0O

2 Models of untyped A calculus

In this section we present models of untyped A-calculus as they were defined by Scott [10], Plotkin
[8] and Engeler [6]. In our presentation we follow [3], which gives a very broad overview of models
of untyped A-calculus and also shows how they have been used to prove properties about the
A-calculus itself. Another great source for models is of course [1].

2.1 What we need for a model

In a model we should in any case have a binary application operator, so one usually starts from
an applicative structure.

Definition 2.1. An applicative structure is a tuple (D, -) with - : DxD — D. Given an applicative
structure, there is a map F from D to D — D given by F(d)(z) :=d - z.

The binary operation is sometimes omitted and then one write d x for d - z. As in A-calculus,
omitted brackets associate to the left, so dy ds d3 denotes (d; - da) - ds.

There are many applicative structures, like (N, +), (R, %), (p(X),U), but only very few of them
give rise to a model of A-calculus. (As a matter of fact, applicative structures with a commutative
operation do not.) To interpret A-calculus, we need to be able to view a d € D as a function from
D to D (which is done via F'), but also we need to be able to view a function from D to D as an
element of D, because we will need e.g. to view Az € D.x as an element of D. So we would like
to have an inverse of F":

with Go FF=1Idp and F o G =1Idp_,p. Given an applicative structure with such maps F and G
we can define an interpretation of untyped A-calculus in D as in Figure 1.

The problem with the definition in Figure 1 is that there is no isomorphism between D and
D — D. (Unless of course |D| = 1, but then all A\-terms are interpreted as the same element, so
the theory of the model is inconsistent.) So we have to replace D — D by a suitable subset of the
full function space. This may well be possible, because we don’t need all functions: we need at
leas the one that are given by “left application of an element from D”, the functions of the shape
X eDd- .



Letting Val = Var — D, we define [-] : A — Val — D as follows. For p € Var — D we define
[M], by induction on M as follows.

[z], = »pl2)
[rPQ), = r(rllel,) (=I1rl,-[Ql,)
[\e.P], = GAde D.IP], . ,q),

>

where p[z — d] is p with the value for x updated to d.

Figure 1: Interpreting untyped A-terms

Definition 2.2. Given an applicative structure (D, -), we say that f : D — D is representable if
there is a d € D with f(z) = d - x for all xz. We define

R(D):={f:D — D| f is representable}.
We see that |R(D)| < |D|, so these sets could be isomorphic.

Definition 2.3 (Model, first definition). A model of untyped A-calculus (also A-model) is a tuple
(D,-,G) with (D,-) an applicative structure and

1. G: R(D) — D with F o G = Idg(p) (where F(d)(x) :=d - x),
2. [-] of Figure 1 is well-defined.

It is not obvious that the two conditions in the definition can be satisfied, and therefore it is
far from obvious that models exist at all. So this is a very preliminary definition. For the second
requirement, the crucial point is to show that Ad € D.[[P]]p[w,_)d] is in R(D) for every P and p.
This amounts to a kind of combinatory completeness of the model, stating that each term-with-

free-variables over (D,-) can be represented as a function (from D to D) that is an element of
R(D).

Remark 2.4. It should be noted that the notion of A-model in Definition 2.3 is different from
what is defined as a A-model in e.g. [1]. In fact the notion above is closer to what is called a
“syntactic A-model” in [1]. As these are course notes, meant to introduce the ideas and intuitions
behind models of untyped A-calculus, and to actually construct one or two, we will not take the
time and space to give further comparisons with the literature. See the references for further
reading.

The first condition in the definition states that R(D) is a so called “retract” of D and it
implies that |R(D)| < |D|. This is crucial to ensure that the interpretation of the A-calculus in a A
model is sound, that is: the S-equality between terms implies equality in the model. Or, phrased
differently: the equational theory of a A-model is a A-theory.

Definition 2.5. For M := (D,-,G)a A-model, we define the theory of M, notation Th(M) as
follows.
Th(M):={N=P|ME N =P},

where M |= N = P denotes Vp : Var — D ([N], = [P] ).
Proposition 2.6. For M := (D, -, G) a A-model, the interpretation [—], : A — D is sound, that
is, for all N, P € A and for all p we have

N =3 P= [N], = [P],-

As a consequence, Th(M) is a A-theory.



Proof. By induction on the derivation of NV =g P. The only interesting case to check is the S-rule.
We have

[(Az.N)P], = F(G(Ad e D.[N],q,q)([P],)
— (Ad€D.N,uy)([P]) by FoG=1d
= [N ]]p[m[[Pu ]
= [N[z:=P]],d by Substitution Lemma 2.7.

O

So, as always we need a Substitution Lemma, to show that “substitution and interpretation
commute”.

Lemma 2.7 (Substitution Lemma). For M := (D, G) a A-model, p a valuation, N, P € A, we
have

[N jorspy,) = [N Tz = Pl

Proof. By induction on N. O

2.2 Complete Lattices

In the previous section we have given a first definition of model without constructing one and even
without showing that they exist. Scott (see [10]) was the first to notice that the semantics of a
formal system describing computation, be it a programming language, (partial) recursive functions
or A-calculus, should be given in terms of ordered structures, where the ordering represents the
degree of definedness or the information content of the mathematical object. This gives rise
to domain theory and cpos (complete partial orders) and has been developed further by Scott,
Plotkin (see [8]) and many others. The simplest setting that is good enough for untyped A-calculus
is provided by complete lattices, which are a specific type of cpos.

Definition 2.8. A partial order (D, C) is a complete lattice if all subsets have a least upperbound
(lub). To be precise, we have VX C D(| | X exists), where | | X satisfies the following properties.

(luby) Vz € X(z C || X).
(luby) Yy e DVx € X(z Cy)) = | | X Cy.

In a partial order, lubs —if they exist— are unique , so we are justified to use the notation | | X
for the least upperbound of X, which has as defining properties (luby) and (lubs). A complete
lattice is also a complete partial order (cpo), so all of the theory about cpos applies to complete
lattices.

Example 2.9. e The powerset is a complete lattice ordered by set-inclusion: For A a set,
(p(A),C) is a complete lattice. If Y C p(A), we define | |Y := |JY, which is indeed the
least upperbound of Y.

e Our usual flat domains are not complete lattices, but if we add a top element they become
complete lattices. See IB%I and C in Figure 2.

e (N, <) is not a complete lattice because N has no lub, but if we add a top element w it is a
complete lattice which is often called Q2. See Figure 2.
Proposition 2.10. In a complete lattice, every subset X has a greatest lower bound, the glb of

X, denoted by [ | X. The defining properties for [ | X are
(glby) Vo € X([1X C ).



oO— = —0n—

Figure 2: Some complete lattices

(glbe) Vye DVz e X(yCx)) -y C[]X.
Proof. Exercise. O

Like with least upper bounds, greatest lower bounds are unique in a partial order (if they exist),
so the notation [ | X denotes the unique glb of X. Complete lattices are lattices and we can define
the lub of two elements d, e € D, also called the join of d and e, by dUe :=| |{d, e}. Similarly we
can define the meet of d and e as the glb, by dMe :=[|{d, e}. Their defining properties are

x C Uy zly C x
y L zUy zMNy Ly
rC2AyCz — zUyLCz zExANzCy — zLCzxzMy

It should be noted that complete lattices are not necessarily distributive. Distributivity says that
xM(yUz) = (zMNy)U (xMz). Distributivity does not hold in the example complete lattice (C)
of Figure 2. There aM (blUc¢) =a# L = (aMNb)U (aMec). The absorption law holds in complete
lattices: z U (x My) = x. (Exercise.) Furthermore, complete lattices have a top element (| | D)
and a bottom element (| |0).

Definition 2.11. For (D,C) a complete lattice, we say that X C D is directed if X # ) and
Ve,ye X3Jze X (x C2zAyLC 2).
For (E,C) also a complete lattice and a function f: D — E, we say that

1. fis monotone if Ve,y € D (x Ty — f(z) C f(y)).

2. f is continuous if it preserves lubs of directed sets: for all X C D with X directed, we have
SUX) =L fX).
(Here, f(X) ={f(z) |z € X}.)

Proposition 2.12. For complete lattices, continuity implies monotonicity but not the other way
around.

Proof. Let f: D — E be continuous and suppose z < y. Then {z,y} is a directed set, so we have
f) = (W=, y}) = LH{f(@), f(y)}, so f(x) T f(y).

A counterexample for the reverse direction is given by considering f : Q — Q (see Figure 2)
with f(n) =0 (for n € N) and f(w) = w. This f is monotone, but not continuous. O

Much of the theory for cpos can be restated (and proved) directly for complete lattices. Some
of the results apply directly, as a complete lattice is also a cpo, while for other results the proof
has to be re-checked to see if it also works with the slightly adapted notions. We therefore state
the following without proofs.



Proposition 2.13. If (D,Cp) and (E, Cg) are complete lattices then (D x E,Cpyxg) and ([D —
E],Cp_g) are complete lattices where

e Dx E:={(d,e)|de D,e€ E}, (d,e) Cpxg (d',e/) if dCp d and e Cg €.
e D E:={f:D— E| fiscontinuous}, f Cpp g if Vd € D.f(d) Cg g(d).
Proposition 2.14. For (D,Cp), (E,Cg) and (F,Cr) complete lattices we have the following.

e m:DxFE— Dandme:DxFE — E are continuous and for f; : ' — D and fo: F — E
continuous, the pairing function <fi, fo>: F — D x E is continuous.

e f: D x FE — F is continuous (monotone) if and only f is continuous (monotone) in each of
its arguments.

eIf f:D— Eandg: E — F are continuous (monotone), then go f : D — F is continuous
(monotone).

Eval: ([D — E] x D) — E defined by Eval(f,d) := f(d) is continuous.

Cur: [Dx E— F| = (D — (E — F)) defined by Curr(f)(d)(e) := f(d,e) is continuous.
(That is: for f and d given, Curr(f)(d) : E — F' is continuous, for f given, Curr(f) : D —
(E — F) is continuous, and Curr itself is continuous.)

Proposition 2.15 (Least fixed point). For (D,C) a complete lattice and f : D — D continuous,
f has a least fized point Ifp(f) given by

Ifp == | J{f'(L)|ieN}

Like for cpos, it can also be shown that Ifp is a continuous function from [D — D] to D.
Using the framework of complete lattices we can get a model of untyped A-calculus if we can
find a complete lattice D with D ~ [D — D]. As a matter of fact, we can do with a little less.

Definition 2.16. A complete lattice (D, C) is called reflexive if [D — D] is a retract of D (notation

[D — D] < D), that is: there are continuous maps F': D — [D — D] and G : [D — D] — D such
that F oG = Id[D—>D]

We could take a more general (abstract) perspective and talk about reflexive objects in cartesian
closed categories, but the plan is to present models of untyped A calculus using only domain theory,
so we will not use categorical terminology. See e.g. [1] for a categorical description. A reflexive
complete lattice now gives rise to a model of the untyped A-calculus.

Theorem 2.17. A reflexive complete lattice yields a model of the untyped A-calculus as defined
in Definition 2.3.

Proof. So we have M = (D, C) with continuous maps F : D — [D — D] and G : [D — D] — D
such that F o G = Idp_,p). Of Definition 2.3 we only have to check the second item: that [—]
of Figure 1 is well-defined. This follows from the property that Ad € D.[P] plarsd) 85 defined in
Figure 1 is continuous. That is the statement of Lemma 2.18 below. O

Lemma 2.18. Let M = (D,C) be a complete lattice with continuous maps F': D — [D — D]
and G : [D — D] — D such that F oG = Id|p_,p.
The interpretation [—] of Figure 1 is well-defined and for every P € A and p € Val, the function

Ad € D.[P] ., q is continuous.

Proof. We prove the two properties simultaneously by induction on P.

e P =gx. Then Ad € D.[z] is just Ad € D.d which is continuous.

plz—d]

e P=y. Then Ad € D'[[y]]p[:m—)d] is just Ad € D.p(y), a constant function, which is continuous.
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o P=NQ. Then [NQ], = F([N],)([Q],) is well-defined. Furthermore, Ad € D.F([N] ) :
D — [D — D] is continuous, because it is I o Ad € D.[N],,, 4, a composition of
continuous functions. So Ad € D.F([N],,q4)([Q],q) is continuous, because it is
Eval o <Ad € D.F([N],,q) Ad € D.[Q],(,q>, which is a composition of continuous
functions. (See Proposition 2.14.)

o P =Xy.Q. Then [My.Q], = G(Ad € D.[Q],,.q) is well-defined, because we know (by
induction) that Ad € D.[Q] ply—d) 18 continuous. By induction, we also know that, for every
d € D, Xe € D.[Q] 1y sq,20¢) Is continuous. So A(d, ) € D x D.[Q] ) sq.1se)
(because it is continuous in each argument separately). So by Currying: Ae € D.Ad €
D.[Q],ysd,zrse) 1 continuous. We can conclude that Ae € D.G(Ad € D.[Q] )y yq.00s¢)) 18
continuous, because it is just G o Ae € D.Ad € D.[Q]

is continuous

ply—d,z—e]’

O

2.3 Graph models

The idea is now to consider a complete lattice of the form (p(D), C) for some set D and consider
the continuous functions from p(D) to p(D). We are looking for a set D such that [p(D) — p(D)]
is a retract of p(D), that is: we have F' : p(D) — [p(D) — p(D)] and G : [p(D) — p(D)] — p(D)
such that F o G = Id[,(p)—e(p))- We can identify a function f with its “graph”, the set of pairs
{(z, f(z) | x € D} and for continuous function between power-sets these graphs can be represented
quite concisely as a so called “trace”.

Definition 2.19. For f : p(D) — p(D) continuous, we define the trace of f, Tr(f), as follows.
Tr(f) := {(a,a) | « finite and a € f(a)}.

To fix notation, we will use «, 3,7, ... for finite subsets and a, b, ¢, . .. for elements. To express
that a subset « of X is finite, we write @ Cg, X. We denote the set of finite subsets of a set X
by ofin(X).

Clearly, the trace of f : p(D) — p(D) gives partial information about f: for finite sets « it
tells us what f(«) is by telling us which are the elements a such that a € f(a). As a matter of
fact, for continuous f, the trace fully determines f.

Lemma 2.20. A continuous function f : p(D) — p(D) is completely determined by its trace
Tr(f). More precisely, we have, for X € p(D),

f(X) ={a]3a Cn X (o, @) € Tr(f))}-
Furthermore, Tr is a continuous injective function from [p(D) — p(D)] to p(pan(D) x D).

Proof. The proof of the first part relies on continuity of f. It is an exercise. For the second part,

we note that (exercise)
C g < Tr(f) C Tr(g),

f
so Tr is injective. For Z C [p(D) — p(
Tr(|_|Z) = {(a,a)|aCan DAa€ |_|Z(a)}
= {(0a)|aCm DAae | fla)}
fez
= {(v,a)|aCan DAIf € Z(ac fa))}
= J{la,a)|aCum Drac fla)}

fez

= Umnw

fez

D)] a directed set, we have
a
a

)
)
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p(D) =~ [p(D) = p(D)]

P(pan(D) x D) '

Figure 3: Graph model: the general picture

Coming back to the diagram in the beginning of Section 2.1, immediately after Definition 2.1,
we can observe that we have made some progress, because we have a continuous injection Tr from
[p(D) = p(D)] to p(pan(D) x D). It now suffices to construct a specific D and an injection i from
p(psn(D) x D) to p(D). The situation is summarized in Figure 3.

Of course, we also have to define the inverse map, F', but that is simpler.

Definition 2.21. Given the continuous injection Tr : [p(D) — p(D)] — p(pan(D) x D) of
Definition 2.19, if we have an injection i from @(pan(D) X D) to p(D) we can define F' : p(D) —
[p(D) — p(D)] as follows. For X, Y C D we define

F(X)(Y) :={a|3a Ca, Y(i(a,a) € X)}.

So, we view X as a function from (D) to p(D) by looking at the (codes of) pairs («,a) it
contains. Each such pair gives partial information about the function, because it says that for «
as input, we have that a is an element of the output. So if we apply this function to Y we need
to look which a occur in the output of X for some input a Cgp, Y.

Lemma 2.22. For the function F', defined in Definition 2.21, we have that F(X) is continuous
for every X C D and F is continuous.

Proof. The proof is by writing out the definitions and some set-theoretic reasoning. To give the
idea we prove that for P,Q C p(D), directed, we have F(UP)(UQ) = Uxepyecq F(X)(Y). So

let P,Q C p(D).

FJP(J@) = {al3aCm|JQ(i(a,a) e JP)}

Y (43X € P3Y € Q3a Can Y(i(aya) € X))

= U {Cl | Ja Ctin Y(i(a,a) € X)}
XePYeQ

U rew).

XePYeQ

—

Here, () uses the fact that if a finite set « is in | @, then each element a; of a is in some Y; € Q,
so —because @ is directed— there is an X € @Q that contains all a;. O

We now collect all this together in the notion of a graph model.
Definition 2.23. A graph model is a pair (D, i), where i : p(pan(D) x D) — p(D) is injective.

A graph model yields a A-model (as in Definition 2.3) if we define G := io Tr : [p(D) —
p(D)] = o(D) (Definition 2.19 and Figure 3) and F : p(D) — [p(D) — p(D)] (Definition 2.21).
We collect this in the following Proposition.

Proposition 2.24. A graph model (D, i) is indeed a model of untyped A-calculus if we define F
and G as follows.

G(f) = {i(laya)|aCsn DAac fla)},
FX)Y) = {a]|3aCan Y (i(a,a) € X)}.

12



Proof. Following Theorem 2.17, we have to check that {(p(D), C) is a reflexive complete lattice via
F and G. We have already established that F' and G are continuous, so we only have to show
that F oG = Id[D—>D]

FGEUNY) = {af3aCan Y (i(a,a) € G(f))}
= {a|3aChn Y (a € f(a))}

= U f

aCenY
= fY)
where the final equation uses the continuity of f. So F(G(f)) = f. O

A simple way of defining the injection i (it is actually a bijection) is by taking D = N and
using well-known bijections between N and finite subsets of N and between N x N and N. If we
write finite sets as ordered sequences {ni,...,n;} we can encode them as natural numbers by
e({n1,...,nx}) = X¥_ 27 and e(P) = 0. The inverse of e is defined by writing n as a binary
number and then “reading off” from this sequence, in reverse order, which number is in the set.
(For example, 11 = 23 4 21 + 20 giving 1011, producing the set {0,1,3}.) Then we can define, for
X c §fin (N) X N,

i(X) == {<e(e),a> | (a,a) € X}

where <n,m> := w + n is the well-known bijection between N x N and N. This
amounts to the model P,;, independently defined by Plotkin [8] and Scott (see [9], but the definition
occurs in earlier notes by Scott).

Definition 2.25. The model P, of Plotkin and Scott is the graph-model defined by taking D = N
and i : p(pan(N) x N) = o(N) as just defined.

The model P, is about the first concrete model of untyped A-calculus that has been defined.
Scott had already defined other versions, now known as D, but P, seems to be the first that
appeared in print. The theory of P, Th(P,) is interesting to study, as it will equate more terms
than just the -equal one, so we can observe which equalities can be safely added to A-calculus
without making the theory inconsistent. It might be that Th(P, ) is sensitive to the precise
injection from p(pan(N) x N) to p(N) that we choose, so the theory of P, is not necessarily the
easiest to study. We now introduce Engeler’s model, often called D 4, but we will call it £, following
[3] (which also gives an overview of other models and their theories). This model has been defined
by Engeler [6], based on ideas of Scott [10].

The idea is to construct D in such a way that i is just the identity. This avoids the need for
computing with actual encodings when we want to determine the interpretation of a term, or if
we want to determine if two terms have the same interpretation. So we should let D consist of
pairs (o, a) where a Cgp, D and a € D.

Definition 2.26. Given a nonempty set A, we define D4 by induction using the following rules.

ac A aCsnDa a€ Dy

a€ Dy (a,a) € Dy

An alternative is to define D; for i € N by Dy := A and D;y; := D; U{(a,a) | @ Cgn Di,a € D;}.
Then define Dy := J;cy Di-

The rank of an element d € D4, rk(d), is the smallest ¢ such that d € D;. The rank of
a Cgn D4 is the maximum of the ranks of the elements of o, and 0 if o = 0.

An alternative way of defining the rank is
rk(a) = O0forac A,
rk((or, a)) 1 + max(rk(a), max{rk(b) | b € a}).

Definition 2.27. The model £ of Engeler is the graph-model defined by taking D = D4 and
it p(pan(Da) x Da) — D4 the identity.

13



For p € Var — p(Da), the interpretation [M] ) in p(D4) is inductively defined as follows.

[z], = p(z)
[PQ], = F(PI,)([C],)
= {a| 30 Can [Q], (o, a) € [P],)}
[\z.P], = G(Ad€D.[P],,q)
= {(v,a)|aCan DAa€ [P, 0}

Figure 4: Interpreting untyped A-terms in &

3 The theory of £

We will now take a closer look into the theory of the Engeler model, Th(E). It is one of the few
theories of models that is very well described and understood. It turns out that Th(£) = Th(F,,).
We can easily compute the interpretations of some A-terms if we just follow the definition that we
concretize in Figure 4.

Example 3.1. We give some interpretations of A-terms in £.

—

-, ={(a,a) |aca}.

- K], ={(e, (8,0)) [ a € a}.

- [, = {38 Can [1], ((8,6) € [1],)} = {6 | 38 Sm [T, (b€ B)} ={b|be [1],} = [T,
-

-

Do

W

AZy. . ]] - {(Bla ( . (an b) - )) | be [[M]]p[zl»aﬁl,...,wm—)ﬁn]}'

Q]] = (). This is not so easy to prove and left as an exercise. It uses the fact that D, is
nductlvely defined, and so every element in D4 has a rank.

ot

In Section 1 we have already touched upon the question of what makes a A-term “undefined”
and we pointed out that —no matter what we choose as definition— it should be the case that we
can equate all undefined terms and arrive at a consistent theory. So “not having a normal form”
is not a good definition of “undefined” in A-calculus, as the theory that equates all terms that
don’t have a normal form is inconsistent.

It turns out that “not having a head-normal form” is a better definition of “undefined”, as this
captures much better when a term cannot be used in any way. We will define this notion and show
that Th(E) equates all terms that don’t have head-normal form. We already know that Th(E) is
consistent (because, e.g. [I], # [K],). The theory of £ is precisely charachterized by Béhm tree
equality, a notion we will also define, and we will indicate how the proof proceeds of

EEM=N < BT(M)=BT(N).
Lemma 3.2. Every A-term M is of one of the following two forms
1. M=Xxy....xpy Py ... Py with n >0, £ > 0.
2. M =Xry....2p.(AyN)Py ... Py withn >0, k > 1.
Proof. By induction on M.
e M =y, a variable is of the first form

e M = A\z.M’, then, if M’ is of the first form, then M is as well, and if M’ is of the second
form, then M is as well.

14



e M = M’ M", then, if M’ is a variable, M is of the first form, if M’ is a A-abstraction, then
M is of the second form, if M’ is an application, then M is of the first form in case M’ is of
the first form with £ = 0 and otherwise it is of the second form.

O
The two forms in the Lemma do not overlap, so any A-term is of either one of the two forms.

Definition 3.3. If M is of the form M = Azy....z,.y P ... Py (with n >0, k > 0), we say that
M is in head-normal form, and has head variable y.

If M is of the form M = Ax;....2,.(Ay.N) Py ... B, (with n > 0, k& > 1), we say that
(Ay.N) Py is the head-redex of M.

If @ =g M and M is in head normal form, we say that M is a head-normal form of Q, or Q
has head-normal form M, often abbreviated to the hnf of M.

Example 3.4. 1. T and K are head-normal forms and in general, every normal form is a
head-normal form.

2. Q:= (Ar.zz) (Azr.z x) is not in head-normal form, and it has no head-normal form. Similarly
for Q3 := Az.xzz)(Az.xzx).

3. Y = Af.(x.f(xx))(Az.f(x x)) is not in head-normal form, but it has a head-normal form
A (O f(zz) Az f (2 ).

4. K11 is not in head-normal form, but it has a head-normal form I.

5. M := SII is not in head-normal form, but Az.z (Iz) is a head-normal form of M and so is
Az.z 2.

The head-normal form of a term (if it exists) is not unique, as the last example shows. It is in
fact somewhat unique, in the sense that its structure is fixed, as the following Lemma states.

Lemma 3.5. If M has head-normal forms Axy....z,.y P1 ... Pyand Axy....2,.2Q1 ... Qg, then
om=n
o y=12
e k =/ and for all i <k we have P; =5 Q.

Proof. Using the Church-Rosser Theorem: if Axy.... 2,y Py ... Py =3 AZ1....20.2Q1 ... Qy,
then these terms have a common reduct, but reduction does not affect the number of leading
abstractions, the head variable or the number of arguments of the head-variable. O

Proposition 3.6. For M a closed term: M has a head-normal form if and only if M is solvable,
that is, there are terms @1, ..., Qx (for some k) such that M Q1 ---Qr =g L

Proof. From left to right: If M =g Azi....2,.y P ... P, and M is closed, then y = x; for
some i, and we must have n > 1. So if we apply M to n arguments Q1,...,Q, where we take
Q; =Xz1....z;. X then M Qq,...,Q, = I. From right to left, see [1]. O

The terminology “solvable” emphasizes that a term that has a hnf is “meaningful” and hence
should never be considered “undefined”. The terms that we should consider as “undefined” are
the terms that we cannot “make use of” in any way, i.e. the terms M that we cannot produce
I from by giving arguments. We will show that in £ all unsolvable terms are interpreted as L
(which is @) in &), and therefore they are all equated. More precisely, £ equates terms that have
the same Bohm tree.

Definition 3.7. For M a A-term, the Béhm tree of M, notation BT (M) is defined as follows.
e If M has no hnf, BT(M) = -, an unlabeled node represented by a black dot.
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o If M =5 Azq....2,.y Pi ... Py, then BT(M) is the tree

P RN
BT(F) a BT(Px)

a tree with top node labelled Az;....z,.y, and sub-trees BT(Py),BT(P,),...,BT(Py).

Boéhm trees are usually drawn as if the top node has label y, with the edges to the sub-tree
starting from y and the part Az;....x,. acting as a affix to the node, so we will adhere to that
habit. It should be noted that the definition of Bohm tree is not an inductive definition, but a
co-inductive one. BT (M) can be infinite and to compute the BT of Axy....2z,.y Py ... Py we will
have to compute the hnf of P;, which may be larger than M.

Example 3.8. We give some examples of Bohm trees.
1. BT(I) and BT(K) are trees with only a top node labelled by the full term:
BT(I)= Az.z BT(K)= Xzy.z
2. BT(Q2), BT(S), and BT(Y) are as follows.

BT(Q) =

BT(S) = Azyz. x

The hnf of Y is Af.f (Az.f(zx))(Az.f(zx))) and if we write wy for Az.f(z x), we see that
BT(Y) is the infinite tree generated as follows.

" M. A f
BT (wywy) d f
BT (wywy) d

BT (wswy)

To generate the Bohm tree of a term M, one has to determine the hnf of M, say N and then
determine the hnfs of sub-terms of NV etcetera. As hnfs are not unique, this may at first glance
seem like a process that depends on the actual hnf of M that we happen to pick. However, that is

not the case: hnfs are not unique, but they are “unique enough”, as we have seen in Lemma 3.5.
We state this in the following Lemma.
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Lemma 3.9. The notion of Béhm tree of a term M, BT(M) as defined in Definition 3.7

well-defined and we have
M =3 N = BT(M) =BT(N).

Proof. The statement in the Lemma follows from Lemma 3.5 in combination with the cases
Definition 3.7.

Boéhm trees give a semantics of A-terms and —as a consequence of Lemma 3.9— Th(BT)

is

of
O

{M = N | BT(M) = BT(N)} is a A-theory. Some simple equations that hold in Th(BT) are
Q = Qg, because they both don’t have a hnf, and hence their BT is the trivial one. Another

simple observation is that (1) does not hold in Th(BT): just compare BT(y) and BT (A\z.y x).

We don’t have to know the precise definition of a term to be able to compute its BT, as we only
need to know its hnf. For example, if we know that term B satisfies the equation B =3 = B B,

then BT(B) is the infinite binary tree with nodes labelled z.

It is also nice (or in any case a pleasant pass time) to draw a tree and ask if there is a A-term

that has that tree as its Bohm tree.

Example 3.10. We consider the following trees 77,75, T5 and construct terms M7, Ms, M3 such

that BT(M;) =T; for i = 1,2,3. NB. in T3, the number of y’s between two z’s is increasing.

Ty = AT y. x

y

|

x

|

T = ATy. T T = Ax. T Y
| |

| /1IN |
x x x T x
| |
Yy x Y
| AN |
x x x T Y
| |
Yy x Y
| AN |
a‘c x x x a‘c

e For T} we observe that we are looking for a term M; with My =g Axy.N; where N; =g

2 (y N1). So we take Ny := Y (An.z (yn)) and M; := Az y.N;.

e For T, we observe that we are looking for a term Ms with My =5 Az.Ny where Ny =g

x (xx Nax). So we take Ny := Y (An.z (xznz)) and My := Az.Ns.

(Alternatively, one could start from M, =g Ax.x Ny with Ny =g xx (x Na)x, then take

Ny :=Y(M.zz(zn)x) and My := Az.x N».)

e For T3 we observe that we are looking for a term M3 with M3 =g Az y.N3 where N3 has to
be parameterized over a natural number that represents the number of ys in between two
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xs. This can be done by defining N ¢, in a clever way. We want the following: N ¢, =3
Z (cny (N cny1)) because this produces x (y (... (y (N ¢cpt1))...)), with nx a y. So we take
N =Y (Mncx(cy(n(Succ)))), where Suc is the successor function on the Church numerals,
see Section 1. Now we take M := Az y.N c;1.

We now develop some more theory towards proving that
BT(M)=BT(N)<~— & M =N.

A full proof of this result can be found in [1] and in [3] (using a different technique). Here we
just study the implication from left to right, and we give the “Approximation Theorem” (with
out full proof) from which the left to right implication follows immediately. It has independent
interest as it defines an ordering on untyped A-terms, indicating how we can view A as a partially
ordered set. To clarify the situation we extend A with a L-term.

Definition 3.11. We define AL as A extended with a constant 1, where we add the following
reduction rules

Ar.l — ) 1,
1M — 1.

e The extension of () reduction with this new (L) reduction will be called 5_L-reduction, and
it extends immediately to multiple step reduction and S_L-equality. We also have the usual
notion of S1-normal form.

e The interpretation in graph models is extended to include L by defining [L] p = 0.

e The interpretation of A_L-terms as Bohm trees is immediate by letting BT(L) := -.

The notion of Béhm tree for A_L-terms is well-defined, because we have (compare Lemma 3.9)
M =5, N=BT(M)=BT(N).

For the semantics and for Bohm trees, 1 acts just like . In graph models, [Az.1] p = 0 and
[L N], = 0, so graph models are sound for =, : if M =g, N, then [M] = [N],.

The ordering on A-terms will be inherited from the ordering on Bohm trees, which is defined in
the obvious way: a tree 77 is included in T, when some of the sub-trees in 75 have been replaced
by a - to obtain T7. We write 17 C T for this sub-tree relation.

Example 3.12. We see two Bohm trees that are sub-trees of BT(S) of Example 3.8, as indicated
in the figure below. The rightmost Béhm tree is a sub-tree of BT(Y).

ALy z. x C ALY z. x C ALYz, x Af

- f
SN SN, SN f
| | |

z

Definition 3.13. Let M, N € A L.
1. We say that N approzimates M, notation N C M, if BT(N) C BT(M).
2. We say that N is an approzimate normal form of M, or N is an anf of M, if

e N is a f1-normal form, and
e NL M.

3. A(M):={N € AL | N is an anf of M}.
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Remark 3.14. The ordering on AL is reflexive, transitive and anti-symmetric, so it is a partial
order. Using the Scott topology on Béhm trees, one can also define a topology on ALl. We will
not pursue that here, but see [1].

Example 3.15. 1. A(Y) = {LAf.f LA 2L N f31,...}. Notethat Y ¢ A(Y), because
it is not in B_L-normal form.

2. AS)={L, Axyz.el L xyz.eyl, yz.el(zl),xyz.zy(xzl),xyz.al(xz),
Note that, e.g. AMxyz.L and Azyz. Ly (z L) are not in A(S), because they are not S.L-
normal.

We now state, without proof, the Approximation Theorem, from which one side of the equiva-
lence between Bohm tree equality and equality in £ follows. A proof of the Theorem can be found,
e.g. in [1].

Theorem 3.16 (Approximation Theorem). For M € AL, we have, for all p € Val,

[M], = IV, | NV € A(M)},
where [—], is the interpretation in Engeler’s model €.
Corollary 3.17. For all M, N € A,
BT(M) =BT(N) = £ £ M = N.
Proof. Immediately from the Approximation Theorem: If BT(M) = BT(N), then A(M) = A(N),

so [M], = [N], for all p. O
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