Stably tame automorphisms

Engelbert Hubbers* David Wright'

Abstract

In this paper we explore two different methods to find a factorization of FI™
by triangular automorphisms, showing that it is tame, for all F' = X + H with
H € H,(A) as described in [1]. Furthermore we give an explicit upperbound for
this m in both methods.

1 Introduction

Throughout this paper X denotes the sequence Xj, ..., X, and A denotes an arbitrary
commutative ring. Hence A[X] := A[Xq,...,X,] denotes the polynomial ring in n
variables over A. Definition 1.1 below defines H,(A) for all n € N. Now if H €
Hi(A[Xkt1,---,Xn]) (B <n and with respect to the variables Xi,...,X}) and S =
(S1,...,S,) is a vector, we denote by H(S) the vector H where each X; is replaced
by S;. This looks like a composition H o S, but because of the different dimensions it
is not exactly the regular composition: in fact it is a real composition in the variables
Xi,...,X, and a substitution in the scalars Xj41,...,X,. Unless otherwise stated
0; = aixi' In this paper we use ‘o’ for composition of polynomial maps and ‘x’ for
matrix multiplication. In fact we often even omit this ‘x’. Furthermore if g is a vector,
we denote the derivation g10;1 + -+ - + 9,0, by D(g;01,--.,0,). And hence applying
this derivation on h gives: D(g; 01, --.,0,)(h) = g101h + - -+ + g,0,h.

In order to make the contents of section 2 and 3 understandable we must recall
some of the definitions and results from [1] and [3]. In [1] a new class of polynomial
maps, denoted by H,,(A), was introduced and it was shown that for each H € #H,,(A)
the Jacobian matrix JH is nilpotent and the polynomial map F' = X + H is invertible
over A with det(JF) = 1. We recall the definition of H,(A).

Definition 1.1 If n = 1 then H;(4) := A. If n > 2 we define H,(A) inductively:
let H € A[X]", then H € H,(A) if and only if there exist T € M,(4), c € A" and
H € H,—1(A[X,]) such that

H = Adj(T) ( f)f )TX +e
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2 Introduction

In [3] the notion of D, (A4) was introduced, providing a tool to describe each H €
H,,(A) in terms of a sequence of matrices and vectors:

Definition 1.2 Let n > 2. Then D, (A) is the set of (2n — 1)-tuples
(T,c) :== (Ts,...,Thyc1,---yCn)

where T, € Mp(A), T; € M;(A[Xit1,...,Xp]) forall 2 <i <n-1,¢, € A"(=
Mn,l (A)) and c; € Mi71(A[XH_1, - 7Xn]) for all 1 S ) S n — 1.

From certain points of view it is nice that these matrices and vectors all have different
dimensions. However, in order to really work with these tuples, coercions are needed.
As in [3] these coercions are made explicitly by writing T; and é&;:

5o T,' 0 s C;
Tz—< 0 In—i) andc,—( 0)

such that we have n x n matrices and n-dimensional vectors. Because these coercions
are so obvious we often omit the tildes.

Now for n > 2 and 0 < p < n — 2 we define a mapping E, , : D,(4) - A[X]"
such that each H € H,(A) can be written as ¢, + Ez;g E, »(T,c). For the exact
definition we refer to [3]. Here we’ll only use proposition 1.3 below. We sometimes
omit the (T, c) part and simply write E,, ,. This E, ,-mapping is used to provide a
link between polynomial maps and derivations. Normally we compute these E; ,’s
using proposition 1.3. This proposition uses a non-standard, associative, matrix mul-
tiplication denoted by ‘A’; which is defined by:

SAT :=S(T«X)*T
for all S,T € M,(A[X]).

Proposition 1.3 Letn >2,0<p<n—2 and (T,c) € D,(A). Then

En,p(TJ C) = Adj(Tn—pA T ATn—lATn) * (én—P—l |(Tn_pA---ATn_1ATn)*X)
See the proof of [3, proposition 1.5].

Remark 1.4 Note that proposition 1.3 means that E, ,(T,c) only depends on the
tuple (Tp—p,...,Ty) and the vector ¢,—p—1. Therefore we introduce a small modifi-
cation to the notation of definition 1.2. We write

Enp(T; en—p-1)
if we mean E, ,(T",¢') for some (T",c') € Dp(A) where (T",¢') = (T3,...,T)

> tn—p—1>
n—ps-**"7-ny s tn—p—2y+*n—p—Ly*n_pr---s%n/

So the semicolon shows that we use a ‘stripped’ version of (T, c¢) € D, (A). We make
further abuse of the notation by still saying (T'; ¢) € D,(A).
We try to clarify these notions by giving an example.
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Example 1.5 Take F' = X + H where
H = (X4(X3X1 + X4 X5)?, —X3(X3X1 + X4 X3)?,X3,0) € Hy(C)

Then we can find (T, ¢) € D4(C) such that H = ¢, + ZZ;S E, »(T,c). For instance

take
1 0 00
r (1 0 ol 0100
T X3X4’001’0010
0 0 01
and
oy [0 [ o
e=[(x).(0)-[ o )
0 X3 0
4 0
Simple computations yield:
0 0 X4(X3X1 + X4 X2)?
0 0 —X3(XsX1 + X4 X5)2
E4,0= XZ ) E4,1= 0 ) E4,2: 3( 3 (1) 4 2)
0 0 0
And from this we get the derivations:
D(E1o(T,c);01,...,04) = X303
D(E4’1(T,C);81,...,64) = 0
’D(E4’2(T, c);61, Ce ,64) = X4(X3X1 + X4X2)261 - X3(X3X1 + X4X2)262

The H in this example is the crucial part of the counterexamples to the Discrete
Markus-Yamabe Problem and the Deng-Meisters-Zampieri Conjecture. See [2] for
details.

2 The quick method

The first approach we present in this paper only deals with #,(A). It acts on the
level of polynomial maps; no D, (A) or derivations are used. This method provides
an explicit recipe to factor FIH by triangular automorphisms.

We start by looking at the two-dimensional case.
Example 2.1 Let F = X + H with H € Hy(A). From [1] it follows that F' can be
written as

X . f Xi+arf(ar Xy +axXs) + ¢
Adij(T =
( X2 ) * dJ( ) ( 0 )TX+C ( XZ_alf(ale +a2X2)+02



4 The quick method

where T = ( 10 ) € My(A), c= ( a ) € A? and f € A[X>]. Now extend this
a; Qs C2

F to FI!l .= (F}, Fy, X3). Define P := (Xy, X5, X5 + f(a1 X1 + a2X5)). Then

Xi+aflaiXi +aXo)+a
F[l] oP = X2 —alf(ale +GQX2) + Co
X3+ fa1 X1 + a2X>)

Define also Q = (Xl —CI,XQ —027X3) and R := (Xl — 02X3,X2 +a1X3,X3). Then

X1 —ax X3
ROQOF[I]OP: X2—|—a1X3
X3 + f(ale + a2X2)
And hence

X1

RoQoF[l]oPoR_1 = X,
X3+ fa1 (X1 + a2 X3) + a2 (X2 — a1 X3))

X1
X3+ fla1 X1 + a2 Xy)

which is triangular.

If we take another look at the definition of P, ) and R, we see that we can describe
these maps directly in terms of 7', ¢ and f:

P:(X3+)J£(TX))’ Q=<Xx_gc>a R= X_Adj(z()ég)

And it is exactly this idea that gives us the quick method of factorization. Note that
QoFM =R 'oPoRoP !, acommutator.

Before we can present the main theorem of this section, we present the following
lemma which is an extension of [1, Lemma 2.1].

Lemma 2.2 Let H(X3,...,X,) € Hy(A),d € A and a = (a1,...,a,) € A™. Then
also H(dX, + a1, ...,dX, + a,) € Hp(A).

Proof. Induction on n. If n = 1 we get H(X;) € H1(A) = A and hence H(X;) is
a constant and hence also H(dX; + a1) € Hi(A). Now assume n > 2. We want to
show that H(dX; + a1,...,dX,, +a,) € H,(A). Note that we can write this map as
the composition of three maps: H, a translation Tr, over a and a multiplication Dy
with d, where

Tr, = (Xi+ai,...,X,+a,)
D; = (dXi,...,dX,)
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Hence we get:

H(dX1 +a1,...,an+an):
= HoTr,o0oDy

- (TrcoAdj(T) ( {)I ) oTX) oTry oDy
(
(

= Tr, o Adj(T) ( (

= Tr.oAdj(T oTrzoTX oDy (@:=Ta)

)
= Tr.oAdj(T) oTrzoDz0TX

N— N———

H
0
H
0
H

dX, +ay,...,dX, +an) )OTX
0

Now we are done if we can show that H(dX; + d1,...,dX, + d,) € Hp—1(A[XR])-
Note that X7,...,X,_1 are variables and X, is a constant in H,_;(A[X,]). By this
notion we can apply [1, Lemma 2.1] with the substitution homomorphism

AlX,] = A[X,]
X, — dX,+ap

to see that H = H(dX,, + dn) € Hn_1(A[X,]). But now we can apply the induction
hypothesis on H and the ring A[X,] to get that H(dX; + @1,...,dXp_1 + Gn_1) €
Hp—1(A[X,]). And hence

H(dXy +ay,...,dXn + an) =
= H(dXy+d1,...,dXp_1 +dn_1) € Hn1(A[Xn)).

This proves the lemma. O

Now we can formulate the main theorem of this section:

Theorem 2.3 Let F = X + H with H € H,(A). Then there exist tame automor-
phisms U and V of A[X1,...,Xn,Y1,...,Yu_1] such that U o FI""U oV is of the
form (X,Y + H') where H' € Hp_1(A[X1,...,Xy]) (with respect to the variables
Yiyeoo,Ynot).
Proof. Let ~
H = Adj(T) ( Ig ) +e
|TX

M,(A), ¢ € A" and H € H,_1(A[X,]) (with respect to the variables
n). Put d = det(T) and TX = (L4,...,Ly). Define

X
P::<Y+£I((TX) ) Q:(X;C)’ RZZ<X_Adj(;)<§> )
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U:=Ro@R, V:=PoR!

Then
X

1] g1 — )
UoF™ HoV = Y+H<TX+d<}(;>)

And if we can show that H' := H(TX + d(Y,0)) € Hn_1(A[X4,...,X,]) with re-
spect to the variables Yi,...,Y,, 1, this theorem is proved. To do this, note that

H(Xy,...,X,) € Hn1(A[X,]) with respect to the variables X;,...,X,, ;. In par-
ticular X,, is not a variable but a scalar. So obviously

A[X"][Xli"';anl] — A[Xn][Yl,,Yn,l]
X, —» X,
X, = Y, for i<n

shows that H(Y1,...,Yn_1) € Hn_1(A[X,]) with respect to the variables V1, ..., V;,_1.

Now consider the homomorphism ¢ : A[X,,] = A[X;,...,X,] with ¢(X,,) = L,,.
Apply [1, Lemma 2.1] and see that H:= H(Yy,...,Yy q,Ly) € Hp1(A[X1, ..., X5])
with respect to the variables Y7, ...,Y,, 1. Finally apply lemma 2.2 to fI(Yl, ces Y1)
and the ring A[X1, ..., X,] to conclude that

H' = H(TX +d(Y,0))
= H(dYy+Ly,...,dY,_1 + L, _1,L,)

= H(}fla"an—l)(d}/l+L17--')dYn—1+Ln—1)
€ Hpa(4A[X1,...,X3))

with respect to the variables Y7,...,Y,, 1. This completes the proof. O

n(n—1)
Corollary 2.4 Let F be as in theorem 2.3. Then F[ 2 ] is tame.

Proof. With induction on n. If n =1 all is clear. So assume n > 2. By theorem 2.3
we have that there exist tame automorphisms U and V such that

G=UoFr oy = (XY +H'
with H' € Hp—1(A[X1,...,X,]). Now by induction we know that

c [ (nfl)z(n*Z)]

is tame and hence A
F["71+ (n71)2(n72):|

(n—1)(n—2) _ n(n—1)
- 2

5 , which proves the corollary. O

is tame. Obviously n — 1 +
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We conclude this section by applying this quick method to the map of example 1.5.
Although this is basically a simple example, the computations are already pretty
complicated. Hence all computations are done using Maple. In order to save some
space, we display the vectors horizontally.

Example 2.5 Let F' and (T, c) € D4(C) be as in example 1.5. Then by theorem 2.3
we can define:

Py i= (X1, Xo, X5, Xa, Xs 4+ Xa (X3 X1 + X X0)°,
Xg — X3 (X3 X1 + X4 Xo)?, X7 + X° )
Ql = (X17X2aX3;X4;X55X67X7)
Ry = (X1 — X5,X5 — X6, X3 — X7, X4, X5, Xg, X7)
Composition of the maps in the appropriate order gives:
RlleoFB]oPloRl_l:

(X17X25X37X4a
X5+ Xy (X7 X1 + X3 X1 + Xg Xy + Xy Xo + X5 X7 + X5 X3)?,
Xo — (X34 X7) (X7 X1 + X3 X1 + Xe X4+ X4 Xo + X5 X7 + X5 X5)°,
Xy +X43)

Now if we restrict ourselves to the last three components, we can find a describing
tuple (T",¢') € D3(C[X1, X2, X3, X4]) for this three-dimensional map:

OO =

v (ol 2) (010
3+ X7 Xy 0 1
= ((XG (2X, Xo+2X3 X, +2X7 X, + Xg)),
(X7 Xy X1 (2X3 X1+ X7 X1 +2X0 Xa) , — X7 (4X5 X1 X4 Xo
2 X7 Xa X1 X 43 X2 K02 43X Xa X + X2 X0 + X2 X)),
(X4 (X3 X1+ X4 X2)2 ,—X3 (X3 X1+ Xy X2)2 ,X43))

Now applying theorem 2.3 on this tuple (T",c') gives the maps! P, Q2 and Ry such
that the last two components of

3] _1\ 1
R20Q20(R10Q10F oPloRl) oPyoR;

1Tn order to save some space we do not present all details in this example. The computations can
be checked easily by a computer.
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can be seen as an element of Ho(C[Xy, Xs, X3, X4, X5, X6, X7]) and hence we can find
a describing tuple (T", ") € Do (C[X1, Xz, X3, X4, X5, X6, X7]). We use this tuple to
define the last couple of automorphisms following the scheme of theorem 2.3: P3, Q3
and R3. And combining all these automorphisms one gets:

2] (1]
R3°Q3°(R2°Q2°(R1°Q1°F[3]°P1°R11) OP2°R2_1) oPso Ryl =
(X1, X3, X3, X, X5, X, X7, Xs, Xo, Xuo + (X3 X + X1 Xs + X4 Xo)
(X3 Xs + X7 Xg + X4 Xo + 2 X5 X7 +2 X7 X; +2 X4 Xy

+2X4X2+2X3X1+2X5X3))

which is a triangular map and hence tame. In correspondence with corollary 2.4 we
have added 6 new variables.

3 The stronger method

The quick method in the previous section is based on the H,(A)-structure. The
method in this section also uses the notion of D, (A) and derivations. The benefit of
adding this extra structure lies in the fact that we get a sharper upper bound if n > 3
for the number of extra variables needed compared to corollary 2.4: n — 1 instead of
@. Therefore we named it the stronger method.

We recall the main theorem of the paper [3].

Theorem 3.1 Let FF = X + H, where H = Z;:Oz E,p(T,c) + cp, for some (T,c) €
Dn(A). Then

n—2
F = exp(D (cn; 1, --.,0n)) || exp(D (Bnp(T,c); 01, ..., 0n)).
p=0

From remark 3.2 it follows that we can restrict ourselves to the automorphism X +
E,p(T,c) withp=mn—2.

Remark 3.2 If (exp(a;D;), t1,...,tm,;) is a tame automorphism for ¢ = 1,...,k and
m;, k € N, then

k k
[H(exp(@iDi), t1, .. tm) = (J] exp(@iDi), t1, - . tm)
i=1 i=1
where m = max{my,...,my}, is a tame automorphism.

So if we can show that we can reduce X + E,, ,(T,c) by adding p + 1 new variables
we have accomplished our goal.
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Proposition 3.3 If F = X + E,, ,(T,¢) then FIPt1] is tame.

The proof is split into several parts.

By remark 1.4 we see that we can focus on E,, ,(T’; ¢,—p—1) instead of E, (T, c).
Now write ¢,—p—1 as f = (f1,.--, fn—p—1) Where each f; € A[X,,_,,...,X,]. The
next lemma provides another reduction without loss of generality.

Lemma 3.4 Let (T;c),(T;d) € Dp(A). Then
(X +Epp(T;¢) o (X + Epp(T;d)) = X+ Ep p(T;c+ d)
Proof. The key step here is to prove that
Enp(Tic) o (X + Epp(T;d)) = Ep p(T;¢) (1)

For c=(c1,...,¢n—p-1,0,...,0) and d = (d1,...,dpn—p—1,0,...,0). Both ¢ and d are
in A[X,,_p,..., Xp]". The proof of (1) goes by induction on p.

e p = 0. By definition we have

E"’P(T; C) = Ad.](T") ((Cl; vy Cn1, 0)\THX)

where ¢; € A[X,]. The same holds for E, ,(T;d). Since the coefficients of
T,, are scalars, this can be written in the following way as the composition of
polynomial maps

[Adj(T,)X] o (c1,..-,6n-1,0) 0 T X
Let 6 = det(T,,) € A. Then

Eno(T5c) o (X + Eno(T;d))
= [Adj(T,)X]o(c1y---yen1,0) 0T, X
o (X +[Adj(T,)X] o (d1,---,dn_1,0) 0 T, X)
[Adj(T,)X] o (1, yen—1,0) o (Tp,X + (6X) o (dy,...,dp-1,0) 0 T, X)

(2)
We note that the n'* coordinate function of (6X) o (di,...,dp 1,0) 0o T, X is
0, and since ¢1,...,¢, 1 only involve X,,, the composition (c1,...,¢,-1,0) 0

(ThX 4+ (6X)o (di,-..,dn1,0)0T,X) is equal to (c1,...,¢,1,0) 0T, X. Thus
the composition of (2) is equal to

[Adj(T,)X] o (c15..+,¢n-1,0) 0T, X = E,, o(T¢)
as desired.

e p > 0. By the inductive definition we have

En,p(T§ C) = Ad.] (Tn) ((En—l,p—l(Tl; cl); 0)|T,,X)
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(in the notation of [3]), which, again since T, is a scalar, can be written as the
polynomial composition:

[Adj(T,)X] o (Bp—1,-1(T";¢'),0) o T, X
And hence

Enp(T;c) o (X + Ep p(T;d))
= [Adi(T.)X] o (En_1, 1(T",¢),0) 0 Tu X
o (X + [Ai(T) X] 0 (By_1,p1(T'; ), 0) 0 T, X)
= [AdJ(Tn)X] ° (En—l,P—l(TIJ Cl): O) o
(ToX +  6(En1, 1(T;d),0)  oT,X)

~ v

=(En_1,p_1(T';5;'r),o) (prop. 1.3)
[Adj(Ty)X] 0 (En—l,p—l(T'a Cl)a 0) o (TnX + (En—l,p—l(TIQ 5dl)7 0) o T X)
[Adj(T)X] 0 (En—1,p-1(T",¢),0) o (X + (Ep_1,-1(T";6d'),0)) oI, X

~ /
~~

=En_1,-1(T",¢") (induction)
= [Adj(Tn)X] o (Ep-1,p-1(T",¢"),0) 0 T, X
Enp(Ts0)

(where again § = det(T},) € A).

It now easily follows that (X + E, ,(T;¢)) o (X + Ep p(T;d)) = X + Ep p(T;c + d)
using (1) and proposition 1.3. O

In some sense this lemma says that X + E, ,(T’;c) is additive in ¢. The impact is
that we can split our X + E, (T’ f) into

(X + EH,P(T; (flaoa e aO)))O
(X + En,p(T; (07f250a s 50))) 6---0 (X + En,p(T; (05 e 0, fnfpfl)))

And for the purpose of reducing to a tame automorphism this means that we can

restrict to one general X + E, ,(T;(0,...,0, f;,0,...,0)) forsome 1 <i<n-—p—1.
The next step in the process is the observation:

Lemma 3.5 X+E, ,(T;(0,...,0, f;,0,...,0)) = exp(hD) where D is a locally nilpo-
tent derivation and h € A[X4,...,X,].

Proof. Proposition 1.3 shows

En,p (Ta f) =
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Adj (Tn_pATn_p_HA - ATy) fi (Xn_p, X))

(TnepATn—py18--ATH)X
It is obvious that we can split this object into two smaller parts:
9= Adj(Tp—pATp_py1A--- ATy )e;
where e; is the i-th unit vector and

h = fi(Xn—pa e ’Xn)‘(Tn—pATn—p+1A"'ATn)X

Multiplying these two factors gives back the complete result. Lemma 3.6 below shows
that

h = filXo pr s Xn)|(Tuep XoTp—pp1 Xom-oTy X)
fillh—pX oTy_py1X 0---0T,X)

Now let D = D(g;01,...,0,). Then hD is the same derivation as presented in
corollary 3.4 in [3]. And there it is shown that this derivation is locally nilpotent and
X + Enp(T,c) = exp(hD). O

Lemma 3.6 The ‘A’ operator has the property:
(SlASQA cee ASk)X =851X085Xo---085,X fO'I“ all k> 2

Proof. The proof goes by induction on k. Note that (S1AS2)X = (51(52X) * S2) *
X =851(52X) xSy %« X = 51(5:X) * 52X = 51X 05,X, which proves the case k = 2.
Now for k£ > 2 we have:

(S1AS2A ---ASE)X = (S1A(S2A---ASE))X
S1X o (SQA s ASk)X
= SlXOSQXO"'OSkX

which proves the lemma. O

At this point we introduce a new set of matrices. We use it in the next step of the
proof of proposition 3.3.

g _fr=0: T,
Tl r>0: Tn_T(Sn,(T,l) - SpX)
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Note that the matrix S,,_, has the form

S 0
0 I,
for some S because T,,_, has this form. Furthermore this means that

s - (49 1)

where § = det(S).

Lemma 3.7 T),_pATyp_pi1d -+ ATy = Sp—p - Sp—pt1 -+ - S, where Sy, is defined as
above.

Proof. The proof is with induction on p. As usual, the case p = 0 is clear, hence
assume p > 0. Then

TnpATypi1D -+ AT,
= T pA(Tp—pt1A---ATy)
= T p((Tnpr1s--- ATR)X) - (T pi18 -+ ATy))
= T p(Sneps1- - SnX) - (Snepr1 - Sn)
= Sy pSn_pi1---Sn

O

Now that we have written X + E, ,(T'; f) as exp(hD), the next step in the proof
is using Martha Smith’s result of [4]. From her paper it follows that if a € ker(D)
and p = (X,t + a) then

(exp(aD),t) = exp(tD)pexp(—tD)p~"

and hence we are reduced to factoring exp(¢tD). In order to exploit this step we have
to show that h € ker(D).

Lemma 3.8 D(h) =0.

Proof. Let (Hi,...,H,) be the coordinate functions of the map (T,_pA --- AT},)X.
We have

h = fi(Xn—py s Xo)|(TuepaaTo)X
= fi(Hp_p,..., Hp)

So it suffices to show that D kills H,,_p,..., Hp.
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o D(H,) = 0. Since (Ty_pA---AT)X = T_pX 0+ 0T, X (lemma 3.6) and
since T;,_pX,...,Tp_1 X fix X,,, it is clear that H, = a,1 X1 +--- + apnX,
where T, = (a;;) € M, (A). Let (b; ;) = Adj(T},) = Adj(S,). Then

D(H,) = D(Adj(T,—pAr---AT,)e;;01,-..,0,)(Hy)

D(Adj(Sp—p---Sn)ei; 01, .. -,0,)(Hy)

D(Adj(Sp) Adj(Sp—p - Sn-1)e€i; 01, ...,0n)(Hy)

= (O1H,,...,0,H,)Adj(S,) Adj(Sp—p - Sn_1)e€;

(@n,1s---58n,n)(bi;) Adj(Sn—p---Sn—1)e;

= (0,...,0,0) Adj(Sp—p - - Sn—1)ei

where ¢ = det(T},). We have seen before that Adj(S,,_,---Sp—1) has the form

* * 0
* * 0
0 0 =x
and therefore
D(Hn) = (07 .- 707 6) Ad.](Sn—p T Sn—l)ei
= (0’ ) 0) * e’b

sincet<n—p—1<mn.
e D(H,)=0forn—p<r<n. Let G € A[X,,]""! where
Xq
G=(Gy,...,Gp1) = (Tyhpr--- 2T, 1) :
anl
Let L = (L4,...,L,) =T, X. Then
(Hla"'aH‘n) = (G7X7I)OL

= (G1(L),...,Gp_1(L),Ly)
So in particular H, = G.(L).
Furthermore let S = S, -8, and §' = S}, --- S} _; = T, pA--- AT,
and note that

S=8"(L)-T, (3)
S0
0 1
be disturbed by the slight abuse of notation in the double use of S’.) Hence

AdJ (Sl) haS the form
A.d‘ SI 0

As an n X n matrix, S’ has the form . (We assume the reader won’t
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where d = det(S’) and therefore Adj(S’(L)) has the form

(Adj(S’)(L) 0 )

0 d(L)
Now
D(H,) = D(G.(L))
= D(Adj( n— pA AT )627617 --76 )(GT(L))
= D(Adj(Sp—p---Sn)ei; 01,--.,00)(Gr(L))
= (AdJ(Tn)AdJ(S'( ))ei; On,...,0,)(Gr(L))  (by (3))

(
(01Gr(L),...,0,Gr(L)) Adj(T,,) Adj(S'(L))e;
As before let T,, = (a; ;) and let Adj(T,,) = (b; ;). The above is then equal to:

Z Z 9; (GT(L))bj,uSu,i(L)

j—l u=1

- zzzaL )(0vGr)(L)bjusu,i(L) (by chain rule)

]lulvl

ZzamuaG YL)sui(L)  (Ly = ayi X1+ -+ aynXp)

u=1v=1

> 60 ud(0uGr)(L)sui(L) (5 = det(T,); 8y, is Kronecker delta)

=1v=1

j=1
u=1
= 526,@ )$u,i(L)

= 626(? )8u,i(L) (because s,; =0, sincei <n—-—p—1<mn)

= 5D (Gr)(L)

where D' = D(Adj(S;,_, - Sp_1)€i; 01, ..,0,—1). By induction on n —r, we
know that D'(G,) =0, hence D'(G,)(L) =0, and D(H,) = 0 as desired.

Hence D(h) = 0. O

The last step in the proof of proposition 3.3 is given by lemma 3.9. We have
already added one new variable in order to get this exp(¢D), hence if we can show
that exp(tD)[! is tame, we have shown that (X + E, ,(T; f))P+! is tame, the claim
of proposition 3.3.

Lemma 3.9 The map exp(tD)!?! is tame.
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Proof. If we consider A[t] to be the new base ring, we see that exp(tD) = X +
E, ,(T';q) where g is the (n—p—1)-tuple (0,...,0,¢,0,...,0). By using proposition 1.3
again we see that the middle part of E, ,(Tq) is given by the composition

Adj(T—p)(0, ...,0,t,0,...,0,0,...,0)7,_, x

However since t is in the base ring, the substitution has no effect. Only the product
remains and we get:

(t Adi(Tn—p)1.i,- - -t A} (Tn—p)n—pii, 0, - - -, 0)

Now let g be the tuple of the first n —p entries. If p = 0 then g is an n-tuple over A[t]
and X + E, ,(T;q) is clearly tame and we have reduced the original X + E, (T’; f)
using one new variable. If p > 0 then we have E, ,(T;q) = E, ,—1(T;g). And this
expression can be factored using p new variables by induction. O

Theorem 3.10 Let F = X + H with H € H,(A). Then FI"=1 is tame.

Proof. Proposition 3.3 shows that (X + E, ,(T;c))P* is tame. Theorem 3.1 and
remark 3.2 show that it suffices to prove that (X +E, ,(T’; c))*~!is tame for p < n—2.
Because p+ 1 < n — 1 this is obviously the case. O

We show on our running example that this method really works:

Example 3.11 Take F as in example 1.5 and use the same (T, c) € D4(C):
F =X+ (X4(X3X; + X4 X0)?, - X3(X3X; + X4 X2)%, X3,0)
The first step is splitting F' into
F=(X+c)o(X+ Eso(T,c)) o (X + Es1(T,c)) o (X + Es2(T,c))

Because this F' has a simple structure the first three components of this composition
are already tame. Hence we only have to look at X + E42(7T,c). We have seen that

X -+ E4,2 (T, C) = X + E4’2(T; Cl)
= X+E4,2(T§ (X22707050))
= eXp(thl)

where hl = (X3X1 + X4X2)2 and D1 = X481 — X362. Obviously Dl(lh) = 0. Now
Smith tells us that

(exp(h1Dy), X5) = exp(XsD1)py exp(—XsDq)p; "

where pP1 = (Xl,Xz,X3,X4,X5 + (X3X1 + X4X2)2) and exp(X5D1) = (Xl + X4X5,
X2 — X3X5,X3,X4,X;5). In this example we see that both p; and exp(X5D;) are
compositions of elementary maps and hence tame. This means that we can stop
here and claim that F' can be factored into tame automorphisms by adding only one
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variable.? However, for the sake of the argument, we continue with this algorithm to
show that it really ends after n — 1 = 3 steps. However we will not display all details.
Note that
exp(XsD1) = X + E41(T;Adj(T2)(X5,0,0,0))
= exp(haD>) o exp(hzD3)

where hy = X4 X5, Do = 01, h3 = —X3X5 and D3 = 0,. Using Smith’s result again
we can write

(exp(h2D3), Xg) = exp(XgDs)ps exp(—XeD2)py '

(exp(h3Ds), X¢) = exp(XgDs)ps exp(—XgDs)ps "
where ps = (Xl,Xg,Xg,X4,X6 + X4X5), eXp(.XGDQ) = (Xl + Xﬁ,XQ,X3,X4,X6),
p3 = (X1, X2, X3, Xy, X6 — X3X5) and exp(XeD3) = (X1, Xa + X6, X3, X4, X¢)-

The final step gives exp(XgD2) = exp(hsDy) and exp(XgD3) = exp(hsDs) where

h4 = h5 = XG, D4 = 61 and D5 = 62. Then

(exp(haD4), X7) = exp(X7Da)ps exp(=X7Da)py"

(exp(hsDs), X7) = exp(X7Ds)ps exp(—X7D5)p5 "
where pPs = ps = (Xl,XQ,X3,X4,X7 +X6), exp(X7D4) = (Xl +X7,X2,X3,X4,X7)
and exp(X7Ds) = (X1, X2 + X7, X3, X4, X7).
And now we have exp(X;D,),exp(X7D5) € C[X7] and hence the algorithm ends.
Coercing to seven-dimensional mappings in the logical way gives:

p1 = (X17X27X3,X4,X5—|—(X3X1+X4X2)2,X6,X7)

pr = (X1,Xo,X3,Xy, X5, X6+ X4 X5, X7)
ps = (X1,X2, X3, Xy, X5, X6 — X3X5,X7)
pa=ps = (X1,X0,X3, Xy, X5, X6, X7+ Xg)
exp(XsD1) = (Xi + XaX5,Xo — X3X5, X3, X4, X5, X6, X7)
exp(XeD2) = (X1 + Xg, X2, X3, Xy, X5, Xg, X7)
exp(XeD3) = (X1,Xo+ X6, X3, X4, X5, X6, X7)
exp(X7Dg) = (X1 + X7, Xo, X3, Xy, X5, X6, X7)
exp(X7D5) = (Xi,Xo + X7, X3, X4, X5, X6, X7)

And with these tame automorphisms we can write down the factorization:
(X + Ey5(T, c), X5, X¢, X7)
= exp(X7Dy)ps exp(—X7Da)py ' p2ps exp(X7Dy)py * exp(=X7Dg)p5*t
exp(X7Ds)ps exp(—X7Ds)p5 ' psps exp(X7Ds)ps ' exp(—X7Ds)p3 " p1
ps exp(X7Ds)ps exp(—X7Ds)ps ' p5 " p5 exp(X7Ds ) p5 * exp(—X7Ds)pa
exp(X7Da)ps exp(—X7Da)py ' p3 ' paexp(X7Da)py " exp(—X7Da)py

2This is a consequence of the fact that we can view the first two components of F' as (X1, X2) +
(Hl, Hz) with (Hl , Hz) c Hz(C[Xg, X4])
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We see that (X + E4 (T, c))Pl is tame and hence FI*l is tame.
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