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ProcessGraphs
Graphrepresentationof processes:edge-labeled,directed
graphswith multiple roots.
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Graphrepresentationof processes:edge-labeled,directed
graphswith multiple roots.
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Synonyms: Automata,LabeledTransitionSystems(LTS’s)
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Conventions
A (finite) alphabet of atomicactions.
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Conventions
A (finite) alphabet of atomicactions.
A singlestep/transitionis denoted .
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Conventions
A (finite) alphabet of atomicactions.
A singlestep/transitionis denoted .
A (partial)run of theprocess:

) * +

where is a root.
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Conventions
A (finite) alphabet of atomicactions.
A singlestep/transitionis denoted .
A (partial)run of theprocess:

) * +

where is a root.

Thetraceof this run: .
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ProcessSemantics
A binaryrelation is a bisimulationif:

Every root of is relatedto somerootof ;

Given and , thereexists in such
that and ;

Similarly from to .
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ProcessSemantics
A binaryrelation is a bisimulationif:

Every root of is relatedto somerootof ;

Given and , thereexists in such
that and ;

Similarly from to .

Wesay is bisimilar to ( ) if thereis abisimulation
suchthat .
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Mor edefinitions
A bisimulation is functionalif

for some ���
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No minimal bisimulation
Considerthefollowing processes.
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Minimal, not least,bisimulations
Considerthefollowing process.

EF GH IKJLL
LL

LL
LL

L

���MMMMMMMMMMMMMMM

� ��� ��� � �� � � � ��	 
� � 
 � � 
 � � � � �	 �� ��� N �� �
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Clearly, theidentity is aminimalbisimulation.
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Minimal, not least,bisimulations
Considerthefollowing process.

EF GH IKJLL
LL

LL
LL

L

���MMMMMMMMMMMMMMM

EF GH IKJLL
LL

LL
LL

L

���MMMMMMMMMMMMMMM

This is anotherminimalbisimulation.
Note: It is not comparableto theidentity!
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Categoryof ProcessGraphs
: thecategory of processgraphsandfunctional

bisimulations
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Categoryof ProcessGraphs
: thecategory of processgraphsandfunctional

bisimulations

Why functionalbisimulations?
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Categoryof ProcessGraphs
: thecategory of processgraphsandfunctional

bisimulations

Why functionalbisimulations?

Wefollow Ariola andKlop (1996)on termgraphs;
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Categoryof ProcessGraphs
: thecategory of processgraphsandfunctional

bisimulations

Why functionalbisimulations?

Wefollow Ariola andKlop (1996)on termgraphs;

if f thereis with functionalbisimulations

��� and ��� ;

Functionalbisimulations (strong)historyrelations.
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Bisimulation asProcessGraph
Transitionstructureon :

if f:

and

iff:
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Bisimulation asProcessGraph
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Bisimulation asProcessGraph
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Bisimulation asProcessGraph
If is abisimulation,then
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Reachability in
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Example:unreachablenodein .

Let denotethereachablepartof .
is abisimulation(sounreachablepairsare

“redundant”).
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Reachability in
If is minimal, then .
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If is minimal, then .
(Conversenot true.)
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ConciseGraphs
A processgraph is conciseif:

containsnodistinctbut bisimilar roots;

in :
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ConciseGraphs
A processgraph is conciseif:

containsnodistinctbut bisimilar roots;
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Existenceof LeastBisimulation
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Existenceof LeastBisimulation

Remarks:

Concisenessgivesbothminimality anduniqueness.
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Existenceof LeastBisimulation

Remarks:

Concisenessgivesbothminimality anduniqueness.

is theintersectionof all bisimulations
between and .
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Example: UselessBooleanTest

m n

BoolExp

o prq s q tru q
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Example: UselessBooleanTest

m n

BoolExp

o prq s q tru q

If and representbisimilar states,thenthisprogramhas
anon-concisestategraph.
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Example: UselessBooleanTest

m n

BoolExp

o prq s q tru q

If and representbisimilar states,thenthisprogramhas
anon-concisestategraph.

Algorithm to suppresssuchtests:Fernandezetal. (1995)
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CheckingConcisenss
Checkingconcisenesshasthesametime complexity as
checkingbisimilarity.

� ��� ��� � �� � � � ��	 
� � 
 � � 
 � � � � �	 �� ��� � 1 �� �



CheckingConcisenss
Checkingconcisenesshasthesametime complexity as
checkingbisimilarity.

Modifieddefinition(dueto Frits Vaandrager): is
obviouslyconciseif

distinctroots ;

in ,

and and

Note: denotesinitial actionsof .
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CheckingConcisenss
Checkingconcisenesshasthesametime complexity as
checkingbisimilarity.

Modifieddefinition(dueto Frits Vaandrager): is
obviouslyconciseif

distinctroots ;

in ,

and and

Note: denotesinitial actionsof .

Obviousconcisenessis a localizedversionof conciseness.
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CheckingObviousConcisenss
Linearalgorithmto checkobviousconciseness?
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CheckingObviousConcisenss
Linearalgorithmto checkobviousconciseness?

Assumeactionalphabet hasafixedsize .
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CheckingObviousConcisenss
Linearalgorithmto checkobviousconciseness?

Assumeactionalphabet hasafixedsize .

Store asasortedarray.
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CheckingObviousConcisenss
Linearalgorithmto checkobviousconciseness?

Assumeactionalphabet hasafixedsize .

Store asasortedarray.

Stepthroughstategraphandcheckeachnode.
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CheckingBisimilarity
deterministic thereis a linearalgorithmto check

.
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CheckingBisimilarity
deterministic thereis a linearalgorithmto check

.

Similarly for determinateprocessgraphs.
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CheckingBisimilarity
deterministic thereis a linearalgorithmto check

.

Similarly for determinateprocessgraphs.

Openquestion:Does(obvious)concisenessprovideany
improvementto checkingbisimilarity?

� ��� ��� � �� � � � ��	 
� � 
 � � 
 � � � � �	 �� ��� � D �� �



CheckingBisimilarity
deterministic thereis a linearalgorithmto check

.

Similarly for determinateprocessgraphs.

Openquestion:Does(obvious)concisenessprovideany
improvementto checkingbisimilarity?

Synchronousproductvs. partitionrefinement.
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Coequalizer/Quotient
Thecategory hasall coequalizers.
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Coequalizer/Quotient
Thecategory hasall coequalizers.

As aconsequence,givenbisimulation , wecan
form thequotientprocess :

is , where is theleastequivalence
relationgeneratedby ;
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form thequotientprocess :

is , where is theleastequivalence
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is a root if ;
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Thecategory hasall coequalizers.
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is , where is theleastequivalence
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if thereis with .
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is imagefinite if for all andfor all word over ,

is finite.
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Without Conciseness
Outlineof proof:

Verify thattheintersectionof adecreasingchainof
bisimulations(indexedby theordinals)is againa
bisimulation;

This is non-trivial! Requiresimagefiniteness.

Apply (well-orderedversionof) Zorn’s Lemma.
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Considerfunctionalbranchingbisimulation.
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