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ProcesdGraphs

Graphrepresentationf processesedge-labeledjirected
graphswith multiple roots.
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Synoryms: Automata,LabeledTransitionSystemgLTS’s)
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Conventions

A (finite) alphabet4 of atomicactions

A singlestep/transitionis denoteds — t.
A (partial)run of theprocess:

r s S Bos,(ll),

wherer IS aroot.
Thetraceof thisrun: aias . . . a,.
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ProcessSemantics

A binaryrelationR C G x H Is abisimulationif:
e Everyrootof (G is relatedto someroot of H;
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ProcessSemantics

A binaryrelationR C G x H Is abisimulationif:
e Everyrootof & Is relatedto somerootof H;

o Given(s, t) € Rands = s', thereexistst’ in H such
thatt = ¢ and(s’, t') € R;
e Similarly from H to G.

We says Is bisimilarto ¢ (s < t) If thereis abisimulation
R suchthat (s, t) € R.
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Bisimulation example
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Bisimulation example
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Mor e definitions

A bisimulation? is functionalif

R =®(f) forsomef.G—H.
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Mor e definitions

A bisimulationR is functionalif

R = o(f) forsomef:G—H.

A bisimulationZ is minimal if

R’ C R andR' bisimulation = R’ = R.
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No minimal bisimulation

Considerthefollowing processes.
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Minimal, not least,bisimulations

Considerthefollowing process.
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Minimal, not least,bisimulations

Considerthefollowing process.
a b a b

Clearly, theidentity is aminimal bisimulation.
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Minimal, not least,bisimulations

Considerthefollowing process.
a b a b
T

Thisis anotheminimal bisimulation.
Note: It Is notcomparablgo theidentity!
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Category of ProcessGraphs

P: thecatgory of procesgraphsandfunctional
bisimulations
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Category of ProcessGraphs

P: thecatgory of procesgraphsandfunctional
bisimulations

Why functionalbisimulations?

o We follow Ariola andKlop (1996)ontermgraphs;

e (G «— H Iff thereis R with functionalbisimulations
g:R—G andh:R—H ;

e Functionalbisimulations< (strong)historyrelations.
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Bisimulation asProcesgsraph

Transitionstructureon R C G x H:
e (ry, ry) € roots(R) iff:

r1 € roots(G) andry € roots(H);
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Bisimulation asProcesgsraph

Transitionstructureon R C G x H:
o (ry, ry) € roots(R) iff:

r1 € roots(G) andry € roots(H);

o (s, 1) 5 (s, t)iff:
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Bisimulation asProcesgsraph

Transitionstructureon R C G x H:
o (ry, ry) € roots(R) iff:

r1 € roots(G) andry € roots(H);
o (s, t) = (s t)iff:

iE :<37 t>: i > 1

e

T )
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Bisimulation asProcesgsraph

If R isabisimulationthen

R
w/ \YQ
G H

arefunctionalbisimulations.
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Reachability in R

Example:unreachabl@odein R.
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(5,5) (t,t)
S t S t

Letreach(R) denotethereachablgartof R.

A Solution in Search of a Problem — p.12/23



Reachability in R

Example:unreachabl@odein R.

r— 7 a | b
(5,5) (t,t)
S t S t

Letreach(R) denotethereachablgartof R.

reach(R) is abisimulation(sounreachabl@airsare
“redundant”).
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Reachability in R

If Risminimal,thenR = reach(R).
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Reachability in R

If Risminimal,thenR = reach(R).
(Corversenottrue.)

r— a 7' a
o (s,8)  (ts)  (t,1)
S t S t
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ConciseGraphs

A procesgraph( is concisef:
e (G containsnodistinctbut bisimilar roots:
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ConciseGraphs

A procesgraph( is concisef:
e (G containsnodistinctbut bisimilar roots:

e inreach(G):
o/ \;

t1 £ 1o
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ConciseGraphs

Equwalently giventwo partialrunsp andg,
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Existenceof Least Bisimulation

Theorem. G is concise if and only if, for any
bistmilar H and any bisimulation R, reach(R) is the
least bisimulation between G and H.
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Theorem. G is concise if and only if, for any
bistmilar H and any bisimulation R, reach(R) is the
least bisimulation between G and H.

Remarks:
e Concisenesgivesbothminimality andunigueness.
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Existenceof Least Bisimulation

Theorem. G is concise if and only if, for any
bistmilar H and any bisimulation R, reach(R) is the
least bisimulation between G and H.

Remarks:
e Concisenesgivesbothminimality anduniqueness.

e reach(R) istheintersectiorof all bisimulations
between and H.
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Example: UselesBooleanTest

if BoolExp then A else B
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Example: UselesBooleanTest

if BoolExp then A else B

If A andB represenbisimilar statesthenthis programhas
anon-concisestategraph.
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Example: UselesBooleanTest

if BoolExp then A else B

If A andB represenbisimilar statesthenthis programhas
anon-concisestategraph.

Algorithm to suppressuchtests:Fernandeztal. (1995)
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Checking Concisenss

Checkingconciseneshasthe sametime compleity as
checkingbisimilarity.
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Checking Concisenss

Checkingconciseneshasthe sametime compleity as
checkingbisimilarity.

Modified definition (dueto Frits Vaandrager)G Is
obviously concisef

o 11,79 distinctroots=- I(ry) # I(rs);
e inreach(G),

(s = t; ands = ty andty # to) = I(t1) # 1(ts).

Note: /(s) denotesnitial actionsof s.
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Checking Concisenss

Checkingconciseneshasthe sametime compleity as
checkingbisimilarity.

Modified definition (dueto Frits Vaandrager)G Is
obviously concisef

o 11,79 distinctroots=- I(ry) # I(rs);
e inreach(G),

(s = t; ands = ty andty # to) = I(t1) # 1(ts).

Note: /(s) denotesnitial actionsof s.
Obviousconciseness alocalizedversionof conciseness.
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Checking Obvious Concisenss

Linearalgorithmto checkobviousconciseness?
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Checking Obvious Concisenss

Linearalgorithmto c

e Assumeactiona

neckobviousconciseness?

phabetd hasafixedsize V.

e Storel(s) asasortedarray
e Stepthroughstategraphandcheckeachnode.
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Checking Bisimilarity

( deterministic=- thereis alinearalgorithmto check
G« H.
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Checking Bisimilarity

( deterministic=- thereis alinearalgorithmto check
G« H.

Similarly for determinatgrocesgyraphs.

Openguestion:Does(obvious)concisenesprovide ary
iImprovementto checkingbisimilarity?
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Checking Bisimilarity

( deterministic=- thereis alinearalgorithmto check
G« H.

Similarly for determinatgrocesgyraphs.

Openguestion:Does(obvious)concisenesprovide ary
iImprovementto checkingbisimilarity?

Synchronougroductvs. partitionrefinement.
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Coequalizer/Quotient

Thecataory P hasall coequalizers.
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Thecataory P hasall coequalizers.

As aconseguencgjivenbisimulationk C G x G, wecan
form the quotientprocess~/ R:

e G/Ris G/ =, where= istheleastequialence
relationgeneratedy R;
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form thequotientprocess~/ R:

e G/Ris G/ =, where= istheleastequivalence
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e |r]isarootif r € roots(G);
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Coequalizer/Quotient

Thecataory P hasall coequalizers.

As aconseguencgjivenbisimulationk C G x G, wecan
form thequotientprocess~/ R:

e G/Ris G/ =, where= istheleastequivalence
relationgeneratedy R;

e |r]isarootif r € roots(G);

o [s] = [t]if thereist’ =t with s = ¢’
R ¢ G » K

>(
/
/
/

G/R
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Coproducts

If G &~ H andd Is concisethenthecoproducof G and
H existsin P.
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Coproducts

If G &< H andd Is concisethenthecoproducof G and
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Coproducts

If G &< H andd Is concisethenthecoproducof G and
H existsin P.

e disjointunionG + H asaprocesgraph;

e leastbisimulationk C G x H givesbisimulation
RC(G+H)x (G+ H);

e coproducin P: quotient(G + H)/R.
(G+H)/R
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Products

A graphG is restrictedf reach(G) = G. Let RP denote
thefull subcatgory of restrictedgraphs.
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A graphG is restrictedf reach(G) = G. Let RP denote
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In RP, the productof G and H exists,providedG <= H
andd Is concise.

o TaketheleastbisimulationZ.
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Products

A graphG is restrictedf reach(G) = G. Let RP denote
thefull subcatgory of restrictedgraphs.

In RP, the productof G and H exists,providedG <= H
andd Is concise.

o TaketheleastbisimulationZ.

S,
NS
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Without Conciseness

G Is Imagefinite If for all s € G andfor all word o over A,

{t € G|s > t}isfinite.
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Without Conciseness

G Is Imagefinite If for all s € G andfor all word o over A,

{t € G|s > t}isfinite.

If G andH areimagefinite andG <~ H, thenminimal
bisimulationexists (but not necessarilynique).
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Without Conciseness

Outline of proof:

e Verify thattheintersectiorof adecreasinghainof
bisimulationgindexed by the ordinals)is againa
bisimulation;

ROQ...2R53R5+13...RQ...
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Without Conciseness

Outline of proof:

o Verify thattheintersectiorof adecreasinghainof
bisimulationg(indexed by the ordinals)is acain a
bisimulation;

Ryo...20R3 2 Rgy1 2 ... Ry ...

Thisis non-trvial! Requireamagefiniteness.
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Without Conciseness

Outline of proof:

o Verify thattheintersectiorof adecreasinghainof
bisimulationg(indexed by the ordinals)is acain a
bisimulation;

Ryo...20R3 2 Rgy1 2 ... Ry ...

Thisis non-trivial! Requireamagefiniteness.
e Apply (well-ordereaversionof) Zorn’s Lemma.
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Silent Steps

Modify concisenes® accommodate-steps.
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Silent Steps

Modify concisenes® accommodate-steps.
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Silent Steps

Modify concisenes® accommodate-steps.

Considerfunctionalbranchingbisimulation.
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