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Introduction

» All biological knowledge is encoded in the DNA
» DNA consists of A,C,T,G nucleotides

» Human DNA forms a helix of two strands (complementary),
roughly 1.3 x 10° base pairs.

» Genes are regions in the DNA, e.g., encoding proteins
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Introduction
» Gene expression is translation of genes into proteins
(transcription, splicing, translation)
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» Identification of functional relations among genes is an
important challenge in bioinformatics

Figure: Left: co-regulation. Right: control regulation.
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» Microarray measures mRNA levels indicating gene
expression levels, but with a lot of noise

Brepare cDNAPIone:

RrepareMicroarray,




Introduction  Scale-space Local Extrema in Scale-Space Bivariate Gaussian integration ~Empirical Validation ~Conclusions

Introduction

» Local extrema invariant under scaling and vertical shifting
» Local extrema significant feature [Gilissen et al.]
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Figure: Functional relations between gene expression profiles.
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Scale-space theory

» Multi-resolution representation from computer vision

» Given a one-dimensional continuous signal f : T — R and

continuous scale parameter s € R, derives a family of
signalsL : T x RT™ — R such that

» For each s a linear shift-invariant smoothing, i.e., a
convolution with a kernel

K>|<f:/OO K(r)-f(t—7)dr

» s = 0 original signal: L(t; 0) = f(t)
» Increasing s corresponds with less structure
S1 <8 implies#extremal—(t; Sl) < #extremal-(t; 52)

» Each s samedomainasf:L(;s): T —R
o = =
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» For continuous signal, Gaussian kernel is unique solution

Figure: Signal along the dimension of the scale parameter. A larger
scale parameter results in a smoother signal, i.e., with less structure.
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Scale-space theory

» Observing local extrema is equivalent to finding
zero-crossings of the derivative

» Differentiation and convolution commute

D(Ks xf) = Kg * (Df) = (DKs) * f
» Continuous scale-space representation
L(t;s) = (DKs *f)(1)
= ffooo 2;3\%

e /2 f(t—7)dr
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Local Extrema in Scale-Space

» Discretise resulting equations

L(tis) =0 w5l

ne"°/25" f(t —n)

= 2ne—oo kn - f(tr =)
» Conditions for zero-crossings

L(t;;s) < OandL(tj+1;8) >0 (loca minimum)
L(t;;s) > 0and L(tj+1;8) <O (loca maximum)
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Local Extrema in Scale-Space

» Add Gaussian distributed, additive noise

g(t) =f(t) +e

e ~ N(O, ag)
» Derive distribution of p(L(t;;s),L(tj+1;S)),

DA
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Local Extrema in Scale-Space

» Rules (with X and Y independent variables):
var(aX) = a?var(X)

var(X +Y) =va(X)+va(Y)
» Variance:

var(L(t;s)) = var (302 kn - 9(ti-n))

= 2o Vo (kn - 9(ti—n))

_ o] 2 2
= Zn:—oo & Og
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Local Extrema in Scale-Space

:
» Co-variance, intermediate step:

os(ti,tira) =L(tis) — L(titass)

= Zg“;—w kn : g(t|—n) - Z;)O:—oo kn : g(t|+1—n)

= Zr?;_oo(kn - kn+1) : g(tl—n)
» Variance intermediate step:

var(ds(tr, t+1)) = Z (kn —kn41)70g
n=—oo
o (=3 = = DaAlx
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Local Extrema in Scale-Space

» Rule (with X and Y independent variables)

var(aX + bY) = a?var(X) + b?var(Y ) + 2ab cov(X,Y)
» Hence:

(X=Y)

= var(X) + var(Y) — 2cov(X,Y)
cov(X,Y) =3 (var(X)+var(Y)—var(X —Y))
» Co-variance

dOLE

IS

n+1 )
I’l——OO
o = =

cov(L(t;s),L(ti+1:8)) =
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Local Extrema in Scale-Space

» Covariance matrix

(o} (o}
Y, = 1,1 012
021 022

o0

_ _ 2 2

011 =022 = 0g E kn
n=-—o0

[e9] 1 o0
2 2
012 =021 = 0g Z ks —

> (kn — kn+1)2)
n=—oo 2n=—oo
> p(L(t| ; S), L(t|_|_1; S)) ~ G(NL, ZL) with

pe = (L(t;s),L(tis1;8))".
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Local Extrema in Scale-Space

Lt s)

local

minimum

Lt s)

Figure: Bivariate distribution of the two time-points through which the
smooth first-order derivative changes sign.
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Local Extrema in Scale-Space

» Error probability for missing a local minimum

Pmin(L(ti;s), L(tipai8) pup, X)) =

1—[ ) G(u,xo)dtdty
1, L(t|; S) <0,
tis1, L(tiy1;8) >0

» Error probability for missing a local maximum

Pmax(l—(tl ; S)a L(tl+1; S); oy, zL) =

1-[ [ G(u,xo)dydt
tIaL(tl;S) > 07

t|+1, L(t|+1; S) < 0
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Bivariate Gaussian integration

» Fundamental formulas

T(h,a): arctan a B

1 o0
A2j+1
27 ZWZC]a
j=0
I i
-1 112 h
= (-1) = 1—e(2") S 2
G=CUgg|t-e iZ;ZIi!
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Bivariate Gaussian integration
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Figure: Left: area over which T (h, a) gives the volume of a
standardised bivariate normal with correlation zero. Right: a typical

area for computing the bivariate normal integral over a polygon
(T (h,a2) £ T (h,a;) depending on C).
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Bivariate Gaussian integration
» Transformation to standard bivariate Gaussian distribution

ulx,y) = \/2+2p [ngx t y;\;{tv]

vixy) = gk [t - o]

such that (x,y) is mapped to (u(x,y),v(X,y)), for example:
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Bivariate Gaussian integration

px = (Ks #F)(t),  py = (Ks xF)(tita),
(Z kiz) -05,

(Zi ki2 - %Zj(ki - kj+1)2) : US
(X0ik?) -8

ox = 0y —
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» Formulas for obtaining parameters given two polygon
vertices (ug,vy) and (uz,Vz)

h

lugva—upvy |

v/ (Up—ug )2+ (v2—vy )2

aq = [a(Uz—u1)+va(va—vy)|
1 [ugvo—Uovy |

a, — 1U2(Uz—U1)+Va(vo—vy)|
2 [u1va—upvy |
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Bivariate Gaussian integration
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Empirical Validation
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Figure: Acquisition of the model signal.
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Empirical Validation

Figure: Left: Original time series f; together with one noisy realization
g = fi + ¢, where e ~ N(O, %). Right: The convolved signal of a noisy
time series with a discretely sampled differentiated Gaussian.
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Empirical Validation

Figure: Left: Empirical data of a general correlated bivariate normal.
Right: The same data after transformation, corresponding to an
uncorrelated bivariate normal distribution with zero means and unit
variances on the right. The lines in the right figure correspond with
the x- and y-axis in the left figure after transformation.
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Empirical Validation
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» Number of experiments: 10.000

» Estimated error of probability: 0.0016
» Computed exact probability: 0.0018
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Conclusions

» Starting point fundamental theory of scale-space
» Derived conditions for local extrema in scale space

» Derived bivariate Gaussian distribution of not re-observing
local extrema

» Derived error probabilities in terms of integrating tails of a
bivariate Gaussian distribution

» Applied techniques for bivariate Gaussian integration to
obtain precise error probabilities
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