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Abstract. In this paperwe studydynamicpropertiesof knowledge-basedsys-
tems.We arguethe importanceof suchdynamicpropertiesfor theconstruction
andanalysisof knowledge-basedsystems.We presenta case-studyof a simple
classificationmethodfor whichwe formulateandverify two dynamicproperties
whichareconcernedwith theanytimebehaviour andthecomputationtraceof the
classificationmethod.Weshow how DynamicLogic canbeusedto formally ex-
pressthesedynamicproperties.WehaveusedtheKIV interactive theoremprover
to obtainmachine-assistedproofsfor all thepropertiesandtheoremsin thispaper.

1 Intr oduction

1.1 Moti vation

A characteristicpropertyof KnowledgeBasedSystems(KBSs) is that they dealwith
intractablecomputationaltasks:diagnosis,design,andclassificationareall tasksfor
which eventhesimplevarietiesareintractable.As a result,simpleuninformedsearch
procedurescannotbeusedto constructrealisticknowledge-basedsystemsfor complex
tasks.

A traditionalapproachin KnowledgeEngineeringis to equipa KBS with strong
control-knowledgethatis usedto guidethecomputation[1,4,12]. Suchcontrolknowl-
edgeconsistsof knowledgeonthesequenceof reasoningstepsduringproblemsolving,
andis an essentialpart of expertise.Examplesof suchcontrol knowledgearethe or-
der in which observationsmustbe obtainedduringdiagnosticreasoning,or the order
in which componentsmustbe configuredduringdesignreasoning.Many Knowledge
Engineeringmethodologiesprovidesomeform of expressingthecontrolknowledgein
a KBS [28,20,3,27].

A morerecent,andlessexploredapproachto dealingwith theintractabilityof KBSs
is the developmentof anytime algorithms[19]. An anytime algorithmgraduallyap-
proachestheperfectsolution.As runtimeincreases,thequalityof thesolutionincreases.
Thealgorithmcanbeinterruptedat any moment,for instancewhenno morecomputa-
tion time is available,at which point thecurrentlyavailablesolutionis returned.Such
methodshavebeenemployedin planning[6] anddiagnosis[22] amongothers.�
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Bothof theseapproachesto dealingwith theintractabilityof KBSs (addingcontrol
knowledgeanddevelopinganytime algorithms)areconcernedwith “how” solutions
are computed, andnot (or: not only) with “what” countsas a solution. This distinc-
tion between“what” and“how” correspondsto thedistinctionbetweenfunctionaland
dynamicpropertiesof asystem.Purelyfunctionalpropertiesareconcernedwith there-
lationbetweeninputsandoutputsof thesystem.Dynamicpropertieson theotherhand
areconcernedwith thecomputationprocessitself, andnotonly with thefinal outputof
thisprocess.

Thetypicalexampleof a functionalpropertyis theI/O-relationof asystem.Exam-
plesof dynamicpropertiesarethenumberof requiredcomputationsteps,thesequence
in which thesecomputationstepsaretaken,etc.

In this view, dynamicpropertiesarea refinementof functionalproperties:two im-
plementationsof thesamefunctionalI/O-relationcanhaveverydifferentdynamicprop-
erties.Ontheotherhandany two systemsfor whichall thedynamicpropertiescoincide
necessarilyhavethesamefunctionalI/O-relation.

In this paperwewill investigatehow to formally expressandverify dynamicprop-
ertiesof KBSs.

1.2 Approach

As statedabove,we areaimingat studyingthedynamicpropertiesof KBSs: formally
statingsuchproperties,andprovingwhetherornotsuchpropertiesholdfor agivenKBS.
In SoftwareEngineering,many formal frameworkshave beendevelopedfor a formal
analysisof dynamicproperties.See[24] andreferencesincludedthereinfor a number
of theseapproaches.

Within KnowledgeEngineeringformalanalysisof propertieshasbeenmostly lim-
ited to functional properties([10,11,26,23], with DESIRE [5, 15] as an exception).
Suchfunctionalanalysiscanbefruitfully formalisedandcarriedout in DynamicLogic
[14,17], asillustratedin [25,7,9].

Theapproachwe will take in this paperis to usethesamelogic thathasbeenused
for analysisof functionalproperties(DynamicLogic), but now for theanalysisof dy-
namicproperties.This is in contrastwith work in [5,15], wherea formalismis used
which is specificallydesignedto dealwith dynamicproperties.The useof Dynamic
Logic hasasimmediateadvantagethatwe canexploit thesupportofferedfor this for-
malismby interactive theoremproverslike the KIV system[18], which hasbeenused
with somesuccessbeforefor theformal analysisof functionalpropertiesof KBSs [10,
11].

The useof DynamicLogic for the analysisof dynamicpropertiesis not unprob-
lematic.In DynamicLogic it is notpossibleto directlysaysomethingaboutaninternal
stateof aprogram.In DynamicLogic aprogramis seenasapairof states:(start,end).
Thusprogramswith thesame(start,end)stateareequivalent,irrespectiveof thebehav-
ior thatgetsthemfrom thestart stateto theendstate.By usingconstructslike � α � φ we
canonly concludeφ after terminationof programα.

Wecansolvethisproblemin thefollowing way:givenaprogramα, weconstructa
new programα � whichhasadditionalparameters.Theseparametersareusedto encode
someof thebehaviour of theoriginal programα in theI/O-relationof theprogramα � .



For example,we might encodethesequenceof internalstatesof theprogramα in an
additionaloutputargumentto α � . This additionaloutputargumentthenconstitutesa
traceof theprogramα andcanbeusedto formulatedynamicpropertiesof α in terms
of theoutputfrom α � . In effect,we areencodingsomeof thedynamicpropertiesof α
asfunctionalpropertiesof themodifiedprogramα � . This will thenallow usto express
andprovedynamicpropertieswithin thelimitationsof DynamicLogic.

1.3 Structur eand contributions of this paper

In thispaper, wewill take theapproachoutlinedaboveandapplyit to two simplecase-
studies.In Sect.2 wedescribeasimpletask-definitionandproblemsolvingmethodfor
classification.In Sect.3 we presentan anytime adaptationof this PSM. We formally
expressandprove a numberof dynamicpropertiesof this PSM, suchasits behaviour
whenrun-timeincreases,andits eventualconvergenceto thenon-anytimePSM. In Sect.
4 we encodepart of the computationtraceof the classificationPSM in an additional
outputargument,andusethis to prove somepropertiesaboutthe control knowledge
thatwasexploitedin thePSM. In thefinal section,wediscussthepro’sandcon’sof the
approachtaken in this paperandhow well thesetwo case-studiesgeneraliseto other
dynamicproperties.

Thispapermakesthefollowing contributions:

Analysing dynamic properties Whereasexisting literatureon KBSs typically deals
with functionalproperties,we study a numberof simpledynamicproperties,in
particularthe anytime natureof our classificationalgorithmandthe computation
traceof thisalgorithm.

UsingDynamic Logic We show how suchdynamicpropertiescan be formally ex-
pressedin a logical formalism,namelyFirstOrderDynamicLogic.

Machine-assistedproofs We have formally verified thesepropertiesin machineas-
sistedproofsusingtheKIV interactiveverifier.

Generalisation We suggesthow our analysisof thespecificdynamicproperties(any-
timebehaviour andcomputationtrace)for a simpleclassificationalgorithmcanbe
statedin thegeneralcase.

2 A simpleProblemSolvingMethod

For our casestudywe usea very simplePSM, namelylinear filtering. It iteratesovera
setof candidatesto producea setof solutionswhich all satisfiya givenfilter criterion.
Thisfilter criterionis appliedto individualcandidatesci , andwill bewrittencorrect� ci � .
Thetask-definitionof thePSM is then:

ci 	 output� cs��
 ci 	 cs � correct � ci ��
 (1)

or equivalently:output� cs����� ci � ci 	 cs � correct � ci ��� .
Thisis averygenerictask-definition,whichcomprisesany taskfor whichtheoutput

criteriacanbestatedin termsof individual candidates.Simpleformsof classification,



diagnosisandconfigurationcanall bephrasedin this format,usinganappropriatedef-
inition for correct� ci � 1.

Theproceduraldefinitionof our linear-filtering PSM is asfollows:

filter#(cs; var output)
begin

if cs = /0 then output := /0 else
var candidate = select(cs) in
if correct(candidate) then

begin
filter#(cs � candidate;output);
output := insert(candidate, output)

end
else
filter#(cs � candidate;output)

end

Fig.1. PSM for classificationby linearfiltering

First,wecheckif nocandidateclassesareleft. If so,wereturntheemptyset,if not,
weselectanarbitrarycandidate.If thecandidateis correctit is insertedin theoutputset
thatis computedrecursively. Theonly requirementweneedto imposeon theselection
stepis thatit doesindeedselectoneof theavailableclasses:

cs �� /0 � select� cs� 	 cs (2)

The linear filtering methodthat we use is quite naive. It only works for small
candidate-sets,but it is adequateto demonstratetheideasin thispaper.

In termsof thespecificationframework of [8], formula(1) is thegoal-definition.In
oursimpleexample,thisgoal-definitioncoincidesexactlywith thecompetencedescrip-
tion of thePSM from Fig.1.Wethereforedonotgiveaseparatecompetencedescription
for theabove PSM. Below, we will usefilter � cs� whenwe meanthecompetenceof the
filter# program.2

Useof KIV: TheKIV interactive verifier for dynamiclogic [18] wasusedto automat-
ically generatethe proof obligationsthat arerequiredto show the terminationof the
PSM from Fig. 1 andits correctnesswith respectto its competencedescription(which
is equalto thepredicateoutputfrom formula(1)). Both proof obligationswereproven
in the KIV system.Theterminationproof consistedof 16 proof stepsof which 8 were
automatic,thecorrectnessproof required67proofsteps,of which38wereautomatic.

1 Taskswhichconcernsomerelationbetweencandidates,suchassomeminimality or maximal-
ity criterion,cannotbestatedin this form, for exampleoptimisationproblems,or computing
minimaldiagnoses.

2 Symbolsendingin # areusedto denoteoperationaldescriptions.The samesymbolwithout
thetrailing# denotesthecorrespondingcompetencedescription.



3 Anytime ProblemSolvers: PSMs with boundedrun-T ime

In this paperwe arestudyingthe dynamicpropertiesof KBSs. In this sectionwe will
studyananytime PSM, sincefor sucha PSM theanalysisof its dynamicpropertiesare
of centralimportance.Rememberthatananytime algorithmgraduallyapproachesthe
perfectsolution,andcanbeinterruptedatany momentwhennomorecomputationtime
is available,atwhichpoint thecurrentlyavailablesolutionis returned.

Wewill beinterestedin dynamicpropertiesof this PSM, suchasits behaviour when
run-timeincreases,andthegradualconvergenceof theanytimebehaviour to theoptimal
solution.

3.1 Operationalisation of an anytime PSM

Our original programfilter# returnedthe subsetof all correctelements(solution
classes)of a given input set(candidateclasses)andwassoundandcompletew.r.t. its
competencedescription.But this is only trueundertheassumptionthat it canhave all
thetime it needsto computeits output.With this in mindwecanadjustourprogramto
anotherprogram,whichwewill call filter-bounded, whichgetsanintegerasadditional
parameter. This integerwill beaboundonthenumberof stepstheprogramcandoand
canbeinterpretedasa boundon theprogramrun-time.

Thisadditionalparametern makesthis PSM into ananytimealgorithm:themethod
returnsa sensibleapproximationof thefinal answer, evenwhenallowedonly a limited
amountof run-time(i.e.whenthetime-boundis smallerthanthenumberof classesthat
mustbeconsidered).Theprogramterminateswhenn reacheszeroandn decreasesby
one in every recursive call, and is shown in the figure below. We have indicatedthe
differenceswith theoriginalcodeof thefilter# program.Thesedifferencesareonly:
anadditionalparametern, which is decreasedin everyrecursivecall, plusanadditional
testonn � 0 to prematurelyendtherecursion.

filter-bounded#(cs, n ; var output)
begin

if cs = /0 � n = 0 then output := /0 else
var candidate = select(cs) in
if correct(candidate) then

begin
filter-bounded#(cs � candidate, n-1 ;output);
output := insert(candidate, output)

end
else
filter-bounded#(cs � candidate, n-1 ;output)

end

Fig.2. Anytimeversionof thelinearfiltering PSM



3.2 Competencedescription of an anytime PSM

We will now give a declarative descriptionof thecompetenceof theanytime PSM de-
scribedabove. In this competence-description,we will make useof the competence-
descriptionfor thenon-anytimeversiongivenabovein formula(1).

filter-bounded� cs
 0��� /0 (3)

filter-bounded� cs
 n��� filter-bounded� cs
 n � 1� (4)�
filter-bounded� cs
 n � 1� � � �

filter-bounded� cs
 n� ����
filter-bounded� cs
 n � 1� � � �

filter-bounded� cs
 n� � � 1 

(5)

�
cs
���

n � filter-bounded� cs
 n��� filter � cs� (6)

Axiom (3) statesthatfilter-boundedreturnstheemptysetwhenit getsno computation
time. Axiom (4) statesthat the outputsetof filter-boundedcanonly increasemono-
tonically with increasingrun-time.Axiom (5) statesthat thenumberof outputclasses
(indicatedby thefunction

�! "�
) increasesby atmostoneelementif weallow onemore

computationstep.Finally, axiom(6) statesthat if thenumberof allowedcomputation
stepsis at leastaslargeasthenumberof candidateclasses,thenfilter-boundedis iden-
tical to filter.

Observe thatall axiomsarenecessaryto characterizethefilter-bounded# pro-
gram.Omittinganaxiomwouldallow unwantedbehavior. Two simplecounterexamples
aregivenasfollows:

filter-bounded#(cs, n; var output)
begin
filter#(cs;output)

end

filter-bounded#(cs, n; var output)
begin
output := /0

end

Neitherof theseprogramshave anytime behaviour. The left program(which simply
calls thenon-anytimeversionof theprogram)satisfiestheaxioms(4), (5) and(6) and
theright program(whichalwaysreturnstheemptyset)satisfiestheaxioms(3), (4) and
(5), but both violate the remainingaxiom.Similar counterexamplescanbe found for
theothercases.

Useof KIV: The terminationof filter-bounded# andits correctnesswith respect
to axioms(3)–(6)wereall provenin KIV with thefollowing statistics:terminationwas
proven in 16 steps,of which 8 wereautomatic;axiom (3) only took 3 steps,axioms
(4)–(6)tookaround80stepseach,with anautomationdegreeof around30%3.

3 BecauseKIV is asemi-automatictool, theseandsubsequentdegreesof automationareto some
extenddependenton theskill of theuser. More sophisticatedKIV usersassureusthat for the
rathersimpleproofsperformedfor thispaper, thedegreeof automationcouldhavebeenmuch
higher.



3.3 Anytime properties

The PSM specifiedabove doesindeedhave a numberof propertieswhich are to be
expectedof a reasonableanytime algorithm.We have statedandprovena numberof
suchpropertiesin KIV, andwewill discussthesepropertiesbelow.

First of all, noticethat axiom (6) above canbe interpretedasthe adapter[8] that
is requiredto bridge the gapbetweenthe goal descriptionfrom formula (1) andthe
competenceof the anytime algorithm.Sincefilter � cs�#� output� cs� , axiom (6) states
thatfilter-boundeddoesindeedachieve theclassificationtaskundertheassumptionof
sufficient run-time(namelyn at leastas large as the numberof classesthat mustbe
checked).

Two otherpropertiesare

�
filter-bounded� cs
 n� �$� n %

This statesthat thenumberof elementsin theoutputsetis boundedby thenumberof
computationsteps,and

n & �
filter � cs� � � filter-bounded� cs
 n��' filter � cs� %

This statesthatgiveninsufficient time, theanytime algorithmalwayscomputesonly a
strict subsetof theclassicalalgorithm.

Useof KIV: Bothpropertieswereprovenin KIV with thefollowing statistics:thefirst
propertywasprovenin 14 steps,of which 8 wereautomatic;thesecondpropertywas
provenin 45steps,of which28wereautomatic.

Propertiessuchastheseguaranteethat the PSM doesindeedbehave in a desirable
anytimefashion,graduallyapproachingtheidealcompetencewhenrun-timeincreases.
The above resultsshow that it is possibleto useDynamicLogic to both specifyand
implementsuchanytime behaviour, and to prove the requiredpropertieswithin this
logic.

Notice that all of thesepropertiesareformulatedin termsof thedeclarative com-
petenceof theanytime PSM (the functionfilter-bounded, specifiedin axioms(3)–(6)).
Sincewehaveproventhecorrectnessof theoperationalisationfilter-bounded#with
respectto thiscompetence,all of thesepropertiesarealsoguaranteedfor theoperational
behaviour.

3.4 Generalapproachto specifyinganytime PSMs

In this subsectionwe will suggesta moregeneralcharacterizationof programswith a
boundon their computationtime. If we look at the 4 axiomsfrom the filter-bounded
specificationwecanfind thefollowing underlyinggeneralconditions:

– axiom(3): startcondition,
– axiom(4): growth direction,
– axiom(5): growth rate,
– axiom(6): endcondition.



Thefirst conditiondescribesthestartof theprogram.For thefilter-bounded#
programthis was just one axiom which statedthat the programreturnedthe empty
setwhengiven no computationtime. Otherversionsof this axiom arealsopossible.
As anexample,considera classificationalgorithmthatworksby graduallyeliminating
incorrectclassesfrom thelist of candidates(insteadof graduallyaddingcandidates,as
our currentalgorithmdoes).Suchanalternative algorithmwould returnthe entireset
of candidateswhengivenno computationtime, insteadof theemptysetasour current
algorithmdoes.

The conditionson growth directionandgrowth ratestatewhat happenswhenthe
programis allowed one additionalcomputationstep.Again, other algorithmsmight
satisfydifferentvariationsof theseconditions,for examplea candidateeliminational-
gorithmwouldhaveadecreasingoutputwith increasingcomputationtime.

Finally, thefourth conditionstatesthat,givensufficient computationtime, thepro-
gramwill computeexactly thedesiredoutput.

Furthercase-studiesarerequiredto determineif this generalpatternis indeedap-
plicableto thespecificationof more(andperhapsall) anytime PSMs.

4 Writing History

Thefirst casestudywasconcernedwith aparticularclassof algorithmswith interesting
dynamicbehaviour (namelyanytime algorithms).Our secondcasestudyis concerned
with thecontrolknowledgeof KBSs.As arguedin theintroductionof thispaper, control
knowledgeis a typeof knowledgethatis characteristicfor a KBS.

In this sectionwe adaptthe original programfilter# from Fig. 1, suchthat we
encodethesequenceof someexecutedstepsexplicitly in a traceof thealgorithm.This
traceis anoutputparameterof theslightlyadaptedprogramfilter-trace#. Weshow
how we canusesucha tracefor proving propertiesof a program.As simpleexample
of a dynamicpropertyof filter# we usetheorderin which thecandidateclassesare
selectedby thePSM.

As alreadyannouncedin our motivationin Sect.1, thesepropertiesarefunctional
propertiesof theadaptedprogram,but dynamicpropertiesof theoriginalprogram.

4.1 Operationalisation of a PSM extendedwith a trace

Again,we startfrom theoriginalprogramfilter# (Fig. 1). Theslightly adaptedver-
sionof filter# is our new programfilter-trace# in Fig. 3. This programhasan
additionaloutputparameter, namelyalist of classes.This list reflectstheorderin which
theclassesaretestedby thePSM. If a classc1 is selectedbeforea classc2, thenthis is
encodedin theorderof theelementsin thelist. Theonly differenceswith respectto the
original filter# programaretheextra parametercalledtrace anda statementthat
addstheselectedclassto thetrace.

Previously, the only requirementon the class-selectionstep(select) was that it
did indeedselectoneof theavailableclasses(axiom(2)). In orderto incorporatesome
meaningfulcontrolknowledgein thealgorithm(aboutwhichwewantto proveproper-
tiesby exploiting theencodedtrace),weplaceanadditionalrequirementontheselect



filter-trace#(cs; var trace , output)
begin

if cs = /0 then
begin output := /0; trace := nil end

else
var candidate = select(cs) in
begin

if correct(candidate) then
begin
filter-trace#(cs � candidate; trace , output);
output := insert-class(candidate, output)

end
else

begin
filter-trace#(cs � candidate; trace , output);

end
trace := candidate :: trace

end
end

Fig.3. Versionof thelinearfiltering PSM whichcomputesa trace

function, namelythat the classesof the input areselectedusinga heuristicfunction
whichselectstheclasswith thehighestheuristicvalue.

� c 	 cs� � measure� c� � measure� select� cs�(� %
Theadaptedfilter-trace# programhastwo outputparameters:trace andoutput.
However, in aspecificationa functioncanonly returnoneoutput.This technicalobsta-
cle canbe avoidedby introducingtwo auxiliary programs:oneprogramfor returning
thetrace parameter, andonefor returningtheoutput parameter. The trivial imple-
mentationof theseauxiliaryprogramsis asfollows:

filter-trace-1#(cs; var output)
begin

var trace = nil in
filter-trace#(cs;trace, output)

end

filter-trace-2#(cs; var trace)
begin

var output = /0 in
filter-trace#(cs;trace, output)

end



4.2 Competenceof PSM extendedwith a trace

The programfilter-trace# performsthe sametaskasthe original filter# pro-
gram,in thesensethat thesamesolutionswill becomputed(theoutput parameter).
Furthermorethemodifiedprogramproducessomeextracontrolknowledgeinformation
in thetrace parameter.

As result,thecompetencespecificationof filter-trace# containstheaxiomsof
thespecificationof thefilter# programplussomeadditionalaxiomsto specifythe
trace parameter4:

filter-trace-1� cs�!� filter � cs� (7)

in-list � c 
 filter-trace-2� cs�)�*
 c 	 cs (8)

filter-trace-2� cs�!� c1 ::cl � in-list � c2 
 cl � � measure� c2 � � measure� c1 �+
 (9)

filter-trace-2� cs�!� c1 ::cl � filter-trace-2� cs , c1 ��� cl % (10)

Axioms (7) specifiesthat the original outputwill not be affectedby the introduction
of the trace.Axiom (8) statesthat the traceconsistsonly of classesthatweregivenin
the input. Axioms (9) and(10) specifythat theelementsin the traceareordered:if a
classc1 precedesclassc2 in thetrace,thenwe musthave that theheuristicvalueof c1

is greaterthanor equalto thatof c2.

Useof KIV: Again, theterminationandcorrectnessof thefilter-trace# program
hasbeenprovenwith respectto thiscompetence:

– terminationin 20stepsof which12automatic;
– axiom(7) in 75steps(42automatic);
– axiom(8) in 99steps(58automatic);
– axiom(9) in 37steps(21automatic);
– axiom(10) in 30steps(21automatic).

Thesefiguresconfirmtheabovementionedstatisticof - 30%proof-automationby KIV.
Notice that the traceaxioms(9)–(10)werenot hardto verify, becausethey reflect

the recursive natureof the program,andlend themselvesto rathereasyproofsby in-
duction.However, finding theseaxiomswasquite difficult. We considereda number
of alternative formulationsof theseaxioms.Although thesealternative formulations
wereall logically equivalent,they did not reflectasnicely the recursive natureof the
filter-trace# program,andwerethereforemuchharderto prove.

We considerthis to bea generaltrade-off. On theonehandwe would like compe-
tenceformulationsto beasindependentaspossibleof the implementation(leadingus
in the directionof naturalspecificationswhich arehardto prove). On theotherhand,
thecompetenceformulationswhich areeasyto proveareoftenveryunnatural,exactly
becausethey reflecttoomuchof theimplementation.In ourexperience,thecompetence
formulationswhicharebothnaturalandstill easyto proveareoftenhardto find.

Two pointsremainto benoticedconcerningtheabovecompetencespecificationof
filter-trace: first, thedynamicbehaviour of the original filter# programhasindeed

4 Thenotationx::y denotesthelist with headx andtail y.



beenspecifiedasa functionalpropertyof thefilter-trace# program.Secondly, the
specificationfilter-trace“inherits” theentireoriginal specificationof filter by virtue of
axiom(7). Thisensuresthatwhenmodifyingfilter to filter-tracein orderto capturethe
dynamicbehaviour, wehavenot interferedwith thesolutionsetof theoriginalprogram.

4.3 Generalapproachto specifypropertiesof control knowledge

Fromthecase-studyof thepreviousparagraphswecanagaindistill ageneralpatternfor
dealingwith dynamicpropertiesconcerningcontrol knowledge.Given a competence
specificationandanoperationalisationof a PSM, thestepsinvolvedin formulatingand
proving suchdynamicpropertiesareasfollows:

1. Choosethe “trace semantics”:Firstof all, wemustof coursedecidewhichaspects
of thecontrolknowledgemustbecaptured.In our examplethis concernedtheuse
of theheuristicfunctionin determiningthesequenceof candidateclasses.Another
possibility in theabove would have beento restrictthe traceto only thesequence
of solutionclasses(insteadof the sequenceof all consideredcandidateclasses).
Alternatively, we could have chosena morerefinedtrace,for instancemodelling
for every failedcandidateclasstheobservationsthatcausedit to beexcludedfrom
the final solution.In general,the “grain size” of the traceis oneof the important
choicesthatmustbemade.
A secondchoiceconcernstheorderingof thetrace.In ourexamplewehavechosen
to modelthesequenceof theintermediatestates.An alternativechoicewouldhave
beento abstractfrom thesequenceof the intermediatestates,treatingall histories
thatgo throughthesamesetof statesasequivalent.This latteroptionwould have
preventedus from stating(let aloneproving) the requiredpropertyexpressedin
axiom(9)-(10).This illustratesthatin general,thesechoicesaredeterminedby the
dynamicpropertiesthatonewould like to prove.

2. Intr oduceadditional output parameter(s) for the trace: The semanticchoice
madein thepreviouspointmustbeencodedsyntacticallyby modifyingtheoriginal
program.This amountsto addingcodeto the original algorithmplus additional
outputparametersto returntheresultsof thisextracode.In ourexample,theboxed
line in Fig.3 reflectsthedecisionto modelonly theclass-selectionstep.Thechoice
of modellingthe history-sequenceis reflectedby the useof a list for the trace
parameter(insteadof a set).

3. Intr oduceauxiliary programsfor additional output parameters:As explained
above, auxiliary programsare neededto side-stepthe technicallimitations that
specificationsareexpressedin functionalterms,andthereforeallow only oneout-
putparameter(in ourexampletheprogramsfilter-trace-1# and-2#).

4. Intr oduceconservation axioms:New axiomsarerequiredto enforcethattheorig-
inal outputwill notbeaffectedby theadditionalcode(axiom(7) above).

5. Intr oducebehaviour axioms: As a final step,addaxiomsthat representthe dy-
namicpropertiesof theoriginal program.In our examplethesewereaxioms(8)–
(10): theoriginal filter# programconsidersthecandidateclassesin decreasing
orderof theirheuristicvalue.Thispropertyis expressedasafunctionalpropertyof
themodifiedprogramfilter-trace#.



5 Discussion,summary and conclusion

5.1 Discussionof our approach

Encodingdynamicpropertiesas functional properties. The limitation of Dynamic
Logic thatany two programswith thesameinputandoutputstatesareequivalentforced
usto encodedynamicpropertiesof oneprogramasfunctionalpropertiesof a modified
program.

Our experienceswith this encoding“trick” in DynamicLogic have beensurpris-
ingly positive. The original structureof the programcould easilybe preservedwhile
makingtherequiredmodifications:thedifferencesbetweenthemodifiedcodein Figs.
2 and3 andtheoriginal codein Fig. 1 areverysmall.Thispreservationof theoriginal
programstructurewasessentialbecauseit enabledus to reuseproofsof the original
programto obtainproofsfor theadjustedprograms.Usingtheproof-reusefacilitiesof
KIV, many of theterminationandcorrectnessproofscouldbeobtainedrathereasily.

AutomaticPSM transformations.In fact, thedifferencesin programcodearesosmall
that onecould easily imaginean automatictransformationfrom the original program
(Fig. 1) to the adjustedanytime and tracingprograms(Figs. 2 and3). Furthermore,
it shouldbe not too difficult to prove somemeta-theoremsthat suchtransformations
arecorrectnesspreserving5, therebyobviating the proof obligationsfor the modified
programs.

Using DynamicLogic. Insteadof Dynamic Logic, we could have chosento usean
alternative logic in which we couldhave directly expressedthedynamicpropertiesin
which we areinterested.In particular, languagessuchasTR [2] andTROLL [16], and
languageswith atemporalsemanticslikeDESIRE [27] andMETATEM [13] haveatrace-
semantics,in whichprogram-equivalenceis determinednotjustby pairsof input-output
states,but by theentirebehaviouraltraceof theprogram.Weseeanimportanttrade-off
here.On theonehandsuchtrace-logicswouldseemto requirenoadditionalencoding
dynamicinformation.However, this is only thecaseif thetrace-semanticsprovidedby
thelogic is exactly whatis neededto expressthespecificpropertiesof interest.On the
otherhand,logicssuchasDynamicLogic requireadditionalencodingeffort, but at the
sametime this allows usto determineexactly which dynamicinformationis required.
Thus,thetrade-off is betweeneaseof useandflexibility .

Non-terminatingprograms. A potentiallyseriouscritiqueis thatwecanonly dealwith
terminatingprograms,sincenon-terminatingprogramsdo not give rise to an output
state.Importantexamplesof suchnon-terminatingprogramsare agent-systems,and
KBS applicationssuchasmonitoring.A possibleway aroundthis problemresembles
ourapproachto anytimealgorithms.Insteadof dealingwith anon-terminatingprogram
α, we would prove propertiesabouta modifiedprogramα �.� n� that terminatesaftern
steps.If we canthenprove that this propertyholds for arbitraryvaluesof n, we can
think of α asrunningfor anarbitrarily long time.In effect,wehavereplacedthenotion
of infinite run-timewith thatof arbitrarily longrun-time.

5 Suchtheoremsareindeedmeta-theorems:they cannotbe expressedin DynamicLogic itself
becausethey requirequantificationoverprograms.



Toy nature of our PSMs. Our examplesareunrealisticallysmall, andcannotbe used
in realisticapplications.For example,in multi-classclassification(wherean answers
containsn classes,insteadof just one),the numberof answer-candidatesgrowthsex-
ponentiallywith n. In sucha case,our linearfiltering PSM wouldnotbeveryattractive.
Nevertheless,webelievethatthesameresultsaspresentedin thispapercanbeobtained
for morerealisticPSM’s. We arecurrentlyworking on obtaininganytime-resultsfor a
collectionof morerealisticmethodstakenfrom a standardKBS textbook[21]

5.2 Evaluation of K I V

Our case-studywasnot meantasa seriousevaluationstudyof KIV. Nevertheless,our
experienceswith KIV have beenquitepositive, for the following reasons.Firstly, KIV

allows thehierarchicaldecompositionof thesoftwaresystem(bothspecificationsand
implementations).Thisachievestheusualadvantagesof modularity. Furthermore,KIV

allows us to prove propertiesof higherlevel functionsandprograms(suchfilter#)
without having to provide implementationsof lower level programs,suchasinsert
which is usedby filter#. Instead,only a specificationof theselower-level functions
is required,abstractingfrom their implementationdetails.

Secondly, KIV performscorrectnessmanagement,keepingtrack of which proofs
aredependenton which others(the so-calledlemma-graph).KIV alsokeepstrack of
which proof obligationshave alreadybeenfulfilled or not, taking thesedependencies
into account.Furthermore,it calculateswhich proofsmust be redonewhen partsof
specificationsandimplementationsarechanged.

Thirdly, KIV is very user-friendly andeasyto learn(certainlyin comparisonwith
other interactive theoremprovers).Importantfeaturesare its graphicaluser-interface
(e.g.proofsdisplayedas trees,which canbe usedfor proof-navigation,proof-replay
andre-use,proof-cut-and-paste),its useof naturalmathematicalnotationin bothediting
anddisplayingformulae,andtheproductionof pretty-printedspecifications,programs
andproofs.

5.3 Summary and conclusions

In thispaperwehaveshownhow despiteits limitations,DynamicLogiccanbefruitfully
usedto expressandprovedynamicpropertiesof problemsolvingmethods.This could
bedoneby encodingdynamicpropertiesof thesemethodsasfunctionalpropertiesof
slightly modifiedmethods.Thesemodificationsweresmallandsystematic,sothatthe
additionalencodingeffort remainedsmall.

We have illustratedour approachin two casestudies.In the first we proved any-
time behaviour of a simplelinear filtering method,andin the secondwe analysedits
behaviour during computationwhena heuristiccandidate-selectionfunction wasem-
ployed.

All theproof obligationsfor thesemethods(termination,correctness,dynamicbe-
haviour) have beenfulfilled via machineassistedproofsusingtheKIV interactiveveri-
fier for DynamicLogic.



Finally, for both casestudieswe have suggesteda generalapproachthatcould be
appliedto otherproblemsolvingmethodsin orderto obtainthesameresultsfor those
methods.
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