A CATEGORICAL APPROACH TO PROBABILITY THEORY
by Michéle GIRY ( Amiens )

The aim of this paper is to give a categorical definition of random processes and provide
tools for their study,
L]
A process is meant to describe something evolving in time, the history before time ¢
«probabilistically » determining what will happen later on. For instance, it may represent a movs
ing point x, being at time ¢ in a space ”: endowed with a g-algebra -F‘c :

1

the problem is then
the exact position of x in 0.
In the very particular example of a Markov process, time is running through N and the

position of x in ) only depends on where it was in Q. So, for each n, a map f from

ntl

Q, x.‘ﬂn 4 to [0,1]) is given: folwpsByyg) is the probability for x to be in i ; at time

n+t
contl if it was on @, attime n. f is thus asked to satisfy the (wo following properties:

for each Wy fufw ) 1s a probability measure on (Qn_”, ER” vl ), and for each B, +1°

nt

« fuf-s By ) is measurable, f is called a transition probability [4], or a probabilistic map-
ping (3] from (Q,,B,) to (4> %n+1 ). The process is then entirely defined by the f 's.

But if time runs through R, we need a transition probability f° from (2, B ) to

(2, %,) for each couple (s, ¢) with s < ¢. Then, if rg s g ¢, there are two ways of comput-
ing the probability for x to be in B, knowing it was on @, at time r: forgetting s, which
gives f:(mr, B, ); or considering how x behaved at time s | it seems then reasonable to take
the mean value of [/(wy, B, ) (for g running through Q) relatively to the probability mea-
sure ff{w,,.) on Qg, which yields to [f7(.,B,)df"(w,,.). This integral is shown to de-
fine a transition probability from (0, to Q,, called the composite of % and [}, which is

. asked, in «good» processes, to be the same as [, This equality is called the Chapman-Kol-
mogorofl relation,

i The composition of transition probabilities is associative, This property is equivalent

. to Fubini Theorem for bounded functions and its proof, as well as that of stability of transition

probabilities for this law, is rather technical. These results will be consequences of the follow

ing one: the transition probabilities and their composition form the Kleisli category of a monad
, on the category of measurable spaces. A similar monad will be constructed on a category of tops
; ological spaces (gencralizing the one defined by Swirszcz [6] on compact spaces ).
As F.W.Lawvere already pointed out in an unpublished paper [3] in 1962, most problems
- in probability and statistics theory can be translated in terms of diagrams in these Kleisli cat-
cpories,
In the sequel we'll mainly study projective limits which will lead us to construct probas

bility measures on sample sets of processes,
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|. THE PROBABILITY MONADS.

1. Notations. Meas is the category of measurable spaces; an object will be denoted by
and its o-algebra by B¢ . The morphisms are the measurable maps. Pal is the category ol
Polish spaces (topological spaces underlying a complete metric space ) ; again, an object
called O and .‘B“ is its Borel g-algebra. The morphisms are the continuous maps.

A monad is going to be constructed on both Mea and Paof ; the definitions being v

much the same, in the sequel } will stand for either of them, unless otherwise notified,

2, Construction,

a) The functor 11 (called P in [3]): If Q is an object of W, () is the set of pr
bability measures on Q (i,c¢,, the g-additive maps from ‘BQ to [0, 1] sending Q to 1),
endowed :

. if J{ = Mea, with the initial g-algebra for the following evaluation maps, where B
runs through B :

Pp: M) - [o,11: P b PrB);
L if J0 = Paf, with the initial topology for the maps

éff.‘ Q) » R: P p [fdpP,
where [ is any bounded continuous map from  to R; 11(Q) is then a Polish space (s
topology is called the weak topology) [5].

If f:9 Q" isamorphism of H ,and P is in [1(Q), the probability measure on
Q' image of P by f is defined by
-1 :

HWef)(P)iB*) = P(f (B')) forevery B'in :B!]"

b) The natural transform n: Idy = 11: The characteristic function of an element #
of B is denoted by yp. For o in Q, the probability measure concentrated on o is
defined by

nQ (w)(B) = XH(‘“)s for each B in T)n

¢) The natural transform p : <= 11; For P' in llg(ﬂ.), a probability measure on {

is defined by :

n(P')(B) = [py dP', forevery B in i;n.
These integrals are well=defined for each PR is measurable from 1 () to [0, 1], henc.
is integrable for P’. The measurability of py if Q is an object of Paf follows from che

fact that, @ being metrizable, we have fﬁn = LJA ‘L“):x , where A is the first uncountal]
a<

ordinal and: ¢, is the set of open sets of



:1';‘“)’“ | B, '}_.’}u | if a is even,

4 +1 i .
: =HURB, | By Y b if a is odd,

r(-"ju = LYRB, | B, e {'il:u ?jﬂ i if o is limit,

proved by induction on the class of B3,

lie geadditvity of pg(P?) is a consequence of the monotone convergence theorem.

corem 1. (ll,7,p) isa monad on W, i

. First let us prove the following properties, valid for any morphism f:Q - Q" of i,
in M(Q), £ in Il 2(0), win Q, 6:Q2-R and 0': Q'R bounded measurable
as: )

p @I (f}(P) = [0 fdP,
pfedgglew) = 0(w),

pif ég is definedby &,(P) = JodP, &, is measurable from [1(Q) to R,

) fOduq(P?) = [EpdP’.
case where ¢ is of the form yp , this follows from the definitions ; by linearity of [
Cstill true if ¢ is a simple function. The general case is a consequence of the mono-
onvergence theorem and the fact that ¢ is the increasing pointwise limit of a sequen-
:imple functions,

Cf:QaQrisin M, sois [I(f): When J( = Nea, measurability of 11¢f) is obvious;
H = Paf, continuity of 11¢[) follows from formula a. Now Il is a functor because, if
. Q" is another morphism of },

(goff(B")= [ (5 (B") for B"eBgu.

q is clearly in } (by definition in Mea and by formula bin Paf ). Sois p
if H = Mea, this will follow from property ¢ above, applied to 11(Q), ¢ = py and I'*;
if { = Pal, it is a conscquence of formulad.

The diagramms

oL qr w2y ") n2car)
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ite: Only the second ene requires some work @ if P' is in 14(0) and B' in By

-1
i 1 ¥y 30 ' % dp
(U(f)opq(l ) (B") = uq(P' ) (B')) _fP],;(H,}

(proN2([)(P))(BY) = [pgedZ([)(P*) = [ppeoll(f)dP’

.. But since =ppeoll(f), the commutativity follows,

Pl gy

nitarity of y is easy. Led's prove the associativity of . If P* is in ndra ) and B

BRIV

, o
(;! Q r:”(f{“]rf” "))[’h’) = [ Pponq ().’.Df' = J‘:PH(!P*

from a and definition of i, and
(kg orma)(PINB) = [rpduy(g)P*).
Equality follows from d. A

4, The Kleisli category of (11,5, p).
The Kleisli category associated to (11,5, ) is called PIEF f, g are morphisms

in P9, we write

Q 'ﬁ/’L/),ru %\g}g'
£K

The canonical functor from H o 9 sends

Z

1% —h——-—--;-ﬂ,' to Qe— 10", where 7&:-' nQre h.

A Kleisli morphism f:Q - Q' is a transition probability in the following way: let
us define
F:QxBgir[0,11 by Ffw,B')=f(w)(B").
Then F(w,.) is a probability measure on Q' and F(.,B') = ppo [ is measurable, so F
is a transition probability. .
If H =MNMea, the transformation f|» I is a one-to-one correspondence between £
and the class of transition probabilitie s,
Moreover, the composition in 4 is the usual composition of transition probabili=
ties, since:
(gx[)w)(B) = fppogdf(w) = [g(.)B)df(w)
= [G(.,B)dF(aw,.)
with the above notations. So, Chapman-Kolmogorofl relation means that a « good» process

( cf. the introduction) is defined by a functor from the ordered set R to P9,

Il. PROBLEMS OF PROJECTIVE LIMITS IN 97 .

In the study of a process, an important problem is to find a probability measure on
the sample set, compatible with the given transition probabilities, This sample set being
the projective limit of the sets of «histories before a time (9, the existence of a limit for
a projective system of probability measures soon adses, which can be translated in tems
of preservation by ¥ of projective limits in }{ (which still represents Mes or Paf ), Let
us recall that Mes admics all limits and ¥of all countable limits,

In the sequel, we consider the following situation: Q is the projective limit of a
functor F from a filtered set (/,>) to H, and is characterized by the commutative dia-

grams, for (> :



- want to know how ¥ preserves the limit, that is: when and how can the dotted arrow of

- following diagram be filled up?

.\

otice that commutativity of the outer diagram means that 11 (ff;-}(gi{w t )= g’-(m') for

«ch @', so that the families (g;(w")); are projective systems of probability measures.

<nce, the first problem will be the existence of a limit g(w') for such a system, and the

cond one the fact that the so defined g is a morphism of 3. The results will be of a

iferent nature in Mea and in Paf .

K
Theorem 1. /f H = Mes and the q;'s are onto : . ). is universal among the cones
9 9iliel &

il with basis K F such that:

(%) Forall increasing sequence (i, ), of | and each (B; ), in Il fﬂﬂ_ such that
n n l“

n

hﬂi (B‘-n) = (), the sequence Pg; ©8i, pointwisely converges to 0.
n

A. Let o' bein Q' (g;(w")) being a projective system of probability measures
e can define an application gl(w ') from the algebra ' = il:li' qu(fﬁnl_} generating
o te [0,1] by

g’ GT(B;)) = gi(w')(B; ).
sanks to condition (*), g({w') is a probability measure on B' and can subsequently
~uniquely extended to fﬁn (cf. [4]). It remains to show that g is measurable from
“to I1(Q), which is equivalent to the mecasurability of all the ppyog for 8 in B .
it the set of B's for which py o g is measurable contains B and is a monotone

ass, so thatit's B itself. A

‘mark, Condition (*) was necessary for the existence of the g(w')'s, Measurability

¢ did not require any further hypothesis,

Theorem 1 bis. /f H = Yul, (1,2)=(N,>) and the q, 's are onto, Q is the projec-
e limit of ¥ F.

A. The Q,"'s and (0 being Polish, a probability measure in the sense we use is
-0 ameasure in the Bourbaki sense, Hence all the systems (g (@ DueN have a
ot gf{w') [1]. (This would be true even if [ had only a cofinal countable subset. )
ow we must show that g is continuous from Q' to [1(Q). We'll use the following
suit {57

A subsct X of 11(Q) is relatively compact iff it is uniformly tight, which means

i, forall ¢ > 0 there is a compact K, in @ such that P (Ké )> 1-¢ forall Pin X,

73

Let (@, ), converge to w' in §': we only need to show that, for any continuous map
R, bounded by I, [0 dg(w, ) convergeto [0 dg(w ). We'll use the following notation:

gP((”;a) :.-Pﬁ s Ep fw')= PP, glawy )= Pn and g(w')=P.

1o We get that the set | P | neN} is uniformly tight since it is the image by the con:
nuous map g, of the relatively compact set {w)! | neN I,

20 The set 1P, | ne NV is also uniformly tight: let's fix ¢ in R% . There is a comp..
subset K; of Q) such that P;: (Ky)>1 -% for each n. Suppose K, ... ,KP are constuc
such that, for each k< p, K; is a compact subset of Q , contained in {f’i_;)){&’k) ( for
k> 1) and satisfying:

A T($+ .t &)

2k
for each n ; there is a compact K;;Jr) in ﬂp 1 With

inf PPV gy s poe
“f n p+1 Pt

The compact K, 4, = Kgy1n (f}‘: +yl (K, ) satisfies

inf PPHI K Pe ] el pog o+ £ ¥
ujr it p+1i (2 Zp-l-f')

So a sequence (Kp )y can be inductively constructed, such that Kp is a compact subset ol

I
tion K of the q; ’{.’\'p) is such that inf P, (K )> I-¢. It is enough now to prove that & 1
n

Q’P contained in (ﬂ:—l il (K,WIJ satisfying z'::.f Pﬁ (KI’ )> 1-¢. The (decreasing) intersec

compact: if Ul isan ultrafilter on K, % (W) isanultrafilier on Kp(since ip is onto) and

hence converges to a @p in KP' The ﬂ‘; being continuous

f{; (mp) =, for each p > ¢;

therefore there is an  in @ satisfying 4p (@ ) = w, foreach p, which means that o i-

- - , - . - . !J
infactin K. As @ is the topological projective limit of the Slp 's, it's then easy to prove

that 1 converges to this « ; compactness of K follows.

30 Let A= | Opodp | PeN, 0 : &, » R continuous bounded }. 4 is a subalgebr
of the algebra of continuous bounded maps from € to R ; it contains the constant maps an
it separates the points of ) ; so Stone- Weierstrass Theorem ensures that A4 is dense in

this algebra, endowed with the topology of uniform convergence on compact subsets.
4° We are now able to prove the convergence of ([0 dP, ), to [6dP.Let ¢>0
be fixed; by 2 there exists a compact subset K of € such that

inf (1P (K) [ n e NFOLP(K)L) > 1 -,
hence &
(1) | jodpr,-fodP| < | I'KfJfH’n -fK() dP | + ‘T

By 3, there exists a continuous map t’)P.- ﬂp + R (that can be chosen bounded by 1) suc

that : sup | #0w) - 0, o "rpr"’) | < £t follows:
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(2) | f 0485 - 1) 0 APy s S Opedp APy - f Op°dp i R
- £k
o 16{’ ° 4y dr, - f[.ipoqp dP | +"‘"1"- | o
since

Il

PL = Mg, )(Py) and PP=1(q,)(P),
second member above is

i | fO, dPh - [0, dPP| + 5

3¢ if n is greater than a Nin N. Hence,

, it is less than
). So g isa

‘hat, since PL converges to pr
nxNy [ [P~ [6 dP| islessthan ¢, from inequalities (1) and (2
' phism of Paf filling up diagram (D),

time is described by a sequence (f, ) of transition proba-
W XQ, to Qe We'll see that

and the proof is complete, A

A general process on discrete
ities, f, being from the set of «histories before n» Q).
(N, <) to P4 and, using the above theorems, we'll

. sequence induces a functor from
to the sample set 110, compatible
n

Lstruct a transition probability from each @ x... %@,
th the f 's. This result, which contains lonescu Tulcea Theorem [4], is a cowllary of

corem 3 below, itself a consequence of the following
corem 2. Here W = Mea, If (1,2) is a filtered ordered set and F a functor (1, 2) Mea

use projective limit is given by the commutative diagrams

q¢ ﬂ'f.

q:

/ :
Q;

th the further property

{sm ) For any increasing sequence (iply inl and any (‘*’E“ In

[
f_nH(wg
i n

in 1l Qi such that:
n ‘'n

)) - @i there is ¢ w in (1 satisfying qin(m) = W

+
dif G isa functor (1,<)~ PY verifying:
! a)Forizj, G(i,j)= 55,—.‘ ﬂj&—* Q; is left inverse to ?; 5
b) For iz, wj e ll:_-a , B fBﬂ‘_, Wi, { f:s (8;) implies g;:'a (g,io JB;) =0,
we— 0 such that

en for each iy inl there is a unique morphism g; :Q;
0 o

K It . ]
q;k B =8 for every {2 ¢,
[ o

8i, ("‘ig JB)=0 forevery {mio ,B)in Q’:o % .‘ﬁQ with wio& 1;, (B).

Moreover, if | is totally ordered, the diagrams

ng -
G T
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A. Let us first notice that property a for & means that
{ ;
K/”/gfg,// i
U;‘U \ ?;
&t Q;

commutes for i > j> i, . This, together with the fact that Q is also the proje ctive limit of

the restriction of F to {iel | {2 i, }, implies that the existence and unicity of g, will |
; i
a

proved, using Theorem 1, as soon as we have shown that (g:: ) has property (*) of th!
0

theorem, Indeed, if it has not, there isa : in inc i%'iﬂ i i
! : 04, i, » an increasing sequence (i,), in I
and sets B; in ﬁ}ﬂ, such that :
n i
n

Ayglen: p= : _—
4 hhn(ﬂ"'n) » and l;m 8, (wiﬂ )(Hin)> 0.
S - e - - I €5, 7
uppose we have constructed {mia yerey wy ) AN !liﬂ Kes >I<Q.£- satisfying:

i
For g2 1, {1 (w; )J=w and lim g ®
- ’ 5 = (g « L r M ’
g ) ) Lagal ‘q tg -1 B biq(w‘q)r H"n g s
. 3 I
Since gin = gi“ i g‘P tl tor ns p+1, we have
P pl LP # 4

i i :
5x;j(w£p)f“i”) = fpg. 08" dgPt(w; ).
tn tpyr Yp p

Compatibility of integral and pointwise increasing limit implies that

i I
f lim p o g.n deP H ) "
i R‘-n ipy) g‘p (wlp) >,

and hence that
; g
ptl : !
I3 (w: M w; Q. ! M :
0, b “JP : 1( ‘P - | :lm gIP 't'f(m,p +J')( Hl-n I 0 1) 505
Condition b then gives a o, By in Q; such thar

i i’p{-j'

I i
P o, )=w; and (i ,n
]._ byl “f'p f;:n b‘p-i-f(wip -F?J(Bin Jasaf),

P

The sequence (w; ) we've jus ; i
% elve just constructed Tive ot fi es n+

i, n i d inductively satisfties f; ”(“’i }) = w;

n n+ n

for each n ; so condition ( sm i i
so conditio (sm) pro les us a 1 =
H vides us wit U F
I h w In  such that q; )= w; for
n n

L
every n, Now sinc N . e
y ow since g% (w; J(B; )>0, w; isin B;
n i n n )

e ; ] iy
3 and « in qiﬂ(h’f“ ). This is

absurd for =l as s ;
qun (Hlvn) was supposed to be empty,
So we have our ; to sl
;. show that g, . =0 i
; K, 8i, fuj;o JB)=o0if wj, ¢ 1;, (B}, remark that the
set of B for which this is true (f i @ i
ora fixed o, )is a monotone class ini
ne class cont: -
o e e . i, class containing the al
N,oqi (B ), which generates B .
>0, i 0
It remains to consider the totally ordered case and to show that, for i > i . we have
tl = "0 ¥

o i won o :
g =g; kg Fix i> TAE s S : :
i, = 8K 8 iziép. For j>i>k>i,, the following diagrams commute:






