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The aim of this paper is to give a categorical definition of random processes and provide

tools for their study. ,
A process is meant to describe something evolving in time, the history before time t

(,probabilistically.) determining what will happen later on. For instance, it may represent a mov-

ing point x, being at time t in a space nt endowed with a a-algebra 93t; the problem is then

the exact position of x in nt.

In the very particular example of a Markov process, time is running through N and the

position of x in On +J only depends on where it was in On' So, for each n, a map {n from

nnx~n+J to [O,'J] is given: (,,(cun,BntJ) is the probability for x to be in 8"tJ at time

n t J if it was on U'n at time 'I. {n is thus asked to satisfy the two following properties:

for each "'", ("('d,,,.) is a probability measure on (O"tJ,93,,+J),andforeach BntJ.

f" (. , Bn+J) is measurable. {" is called a transition probability [4], or a probabilistic map-

ping [3] from (O'l' 93,,) to (n" t J ' 93"t J ). The process is then entirely defined by the f" 's.
But if time runs through R, we need a transition pro babi lity f/ from (n s ' 93s) to

( Gp ~t) for each couple (s, t) with s ~ t. Then, if r ~ s ~ t, there are two ways of comput-

ing the probability for x to be in 8t knowing it was on CUr at time r: forgetting s, which

gives fUcu,. Bt); or considering how x behaved at time s ,it seems then reasonable to take

t he mean value of f: ( 'A)S ' Bt) (for cus running through ° s ) relati ve Iy to the proba bility mea-

sure f;( CUr' .) on Os' which yields to ff: (. , Bt) d f~ (U) r" ). This integral is shown to de-

fine a transition probability from Or to °t' called the composite of f~ and ff, which is

asked, in (,good.) processes, to be the same as f~.This equality is called the Chapman-Kol-
mogoroff relation.

The composition of transition probabilities is associative. This property is equivalent

to Fubini Theorem for bounded functions and its proof, as well as that of stability of transition

I probabilities for this law, is rather technical. These results will be consequencesof the follow-

ing one: the transition probabilities and their composition form the Kleisli category of a monad

I on the category of measurable spaces. A similar monad will be constructed on a category of top-

: ological spaces (generalizing the one defined by Swirszcz [6] on compact spaces).

As F. W. Lawvere already pointed out in an unpublished pa per l3] in 1962, most problems

in probability and statistics theory can be translated in terms of diagrams in these KJeisli cat-

e gories.

In the sequel we'll mainly study projective limits which will lead us to construct proba-

, bilil Y measures on sample sets of processes.
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I. THE PROBABILITY MONADS.

1. Notations.m 4.6 is the category of measurable spaces i an object will be denoted by n

and its a-algebra by 93n. The morphisms are the measurable maps. Pof is the category 01

Polish spaces (topological spaces underlying a complete metric space); again, an object

called nand 930 is its Borel a-algebra. The morphisms are the continuous maps.

A monad is going to be constructed on both '11",,,-and PoC; the definitions being v,

much the same, in the sequel J( will stand for either of them, unless otherwisc notified.

2. Construction.

a) The {Itllctor 11 (called P in [3]): If ° is an object of J(, 11(n) is the set of pr-

bability mcasures on n (i. c., the a-additive maps from 93n to [0,1] sending n to J ),
endowed:

. if }( = 'n4."-, with the initial a-algebra for the following evaluation maps, where B

runs through 93n :

P8:I1(n)... [O,J]: P r P(B);

.if J( = PoC, with the initial topology for the maps

I;f: H({1) ., R: l' f+ IfdP.

where ( is any bounded continuous mapfrom ° to R j n (0) is then a Polish space (its

topology is called the weak topology) [5].

If f: n -> n' is a morphism of }(,' and P is in n (n) , the probabilicy measure on

n' image of P by f is defined by

n (f)( P )( 11') ::: P( i ( B ')) for every R' in 93{1"

b) The "utural truns{orm 11: IdJ( ~ n: The characteristic function of an element Ii

of 930 is denoted by Xli' For (,) in n, the probability measure concentraced on cu is

defined by

TJn (U)) ( FJ) ::: Xli ( 'A)), for each B in 93 n .
c) The "atural transform /1: ((2 =» II: For P' in /12(0), a probability measure on !1

is defined by :

l'n(P')(B)::: fpB dl", forevery B in 93n.

These integrals arc well-defined for each PFJ is measurable from /1(n) to [0,1], henc,

i"sintegrablc for PI. The measurability of />FJ if n is an object of ~"'of follows from th,.

fact that, n being metrizable, we have 93n::: u ~a' where ;j ;s the first uncountablu(;j

ordinal and: ~Jo is the set of open scts of 0,



= ! n I n I 11 (i) I if a is even,

I

n r n n Ciaed" + J . .
= I U t I! I I! ,(' jJ I If a 1S odd,n " n' a

(CJ = I U +/3 I Ii ( U § f3 I
Cia n n n fJ<a

if a is limit,

proved by induction on the cJass of I!.

he a-additivityof fln( P') is a consequence of the monotone convergence theorem.

jorem 1. (11,1/,/') is am on ado" H. -"

. First let us prove the following properties, valid for any morphism f: a -. a' of H,
in l1(a), P'in n2(f}), (d in a, o:a-->R and O':f}'.>R bounded measurable

,ns:

) fO'dll(f)(P) ::: fO'o [dP,

) fO d 1Ja Cc.<J) = 0(<-,-,) ,

I if ~° is defined by ~IJ(I') ::: f ° dl', (; IJ is measurable from 11(a) to R,

) fOdllf}(P')::: f{;Odl".

case where ° is of the form XI!' this follows from the definitions; by linearity of J
; still true if ° is a simple function. The general case is a consequence of the mono-

onvergence theorem and the fact that ° is the increasing pointwise limit of a sequen-

simple functions.

, [: a -->n' is in H, so is n ( [): When }{::: j]j.,6-, measura bility ot 11( [) is 0 bvious ;

J{ = P"f, conrinuity of 11(f) follows fromformula a. Now n is a functor because, if
> 0" is another morphism of }{,

.1 -} .]
( g 0 [) ( /3" ) ::: f (g (B")) for B", ~ 0 " .

n is clearly in J{ (by definition in j]j.,,, and by formula bin P"f ). So is I' :
if J{ =-- 'fiN, this will follow from property c above, applied to n (0), IJ ::: P~3 and 1";

if H ::: Pof, it is a consequence of formula d .
The diagramms

a

11al

[ . n'

111n'
fI(f) . 11(0')

fl2(f) n2(n')

11' n'
11(0')

and

112(0)

flnl
n un l1(fJnw)

.He: Only the second one requires some work: if 1" is in n2( 0) and 13' in ~30"
-]

(11(f)°fln(P')) (Ii') ::: (10(1")([ (B'))::: Jp 1 dP'T (li')

( I' n ' 0 112 ( [ )( I" ))( /J') ::: J P13' d n 2 ( f)( P ') ::: J PB' 0 n ( f) d P ,

But since P J ::: P 11'011 ( [), the commutati viry follows.
7 (13')

nitarityof /1 is easy. Let's prove the associativity of I" If 1''' is in 1(/ (n) and /i

tn '

( I' n 0 11(I' n ) ( I' ")}( R )
-q1-

JPI! °l'f} dP" fl; dP"PB
from a and definition of I', and

Equality follows from d.

(I'n °1'11 (n)(l"')}(B) ::: Jpndlll1(o)(P"),

il

4. The Kleisli category of (n,1/, fl).

The Kleisli category associated to (11,1/, I') is called P~~. If f, g are morphisms

in p:r, we write

f n'~n~ g. n"
gK [

The canonical funcror from H to P:Isends

n It ~ f}' to n t % ~ 0', where % = '1n ' 0 It-

A Kleisli morphism [: f} I+--> f}' is a transition probability in the following way: ler
us define

F: n x 93f}, ., r (), 1] by F(<-,-" B')::: [(<-,-,)(B').

Then F(<-,-".) is a probability measure on n' and F(., 13')::: PB'o [is measurable, so F

is a transition probability.

If H ::: 'H",,-, the transfonnation [f, F is a one-to-one correspondence between P:r
and the class of transition probabilities.

Moreover, the composition in ~J'1 is the usual composition of transition probabili-

ties, since:

(gKfJ("J)(B)::: Jp/iogd[(<-,-,)::: Jg(.}{B)df(u.')

::: JG(.,B)dF(d,.)

with the above notations. So, Chapman-Kolmogoroff relation means that a «good,) process

(cL the introduction) is defined by a functor from the ordered set R to ~P:r.

11. PROBLEMS OF PROJECTIVE LIMITS IN P:r.

In the study of a process, an important problem is to find a probability measure on

the sample set, compatible with the given transition probabilities. This sample set being

the projective limit of the sets of (,histories before a time t», the existence of a limit for

a projecti ve system of pro ba bility measures soon a rises, which can be translated in relm s

of preservation by ~ of projective limits in H (which still represents 'H",,- or P "f ). Ler

us recall that j]j"'6 admits all limits and ~-'of all countable limits.

In the sequel, we consider the following siruation: n is the projective limit of a

functor F from a filtered set (1,2.) to H , and is characterized by the commutati ve dia-

grams, fo r i 2: i :

f}~~ni-- I/
i

q-; t iI n.I



" want to know how ~ preserves the limit, that is: when and how can the dotted arrow of

" following diagram be filled up?

n~f'j gj~a,
I ~

I "tice that commutati vit y of the outer diagram means that n ( fj)( gJ (jJ ,)) =g/ u)') for

,ch (jJ', so that the families (gi ((jJ'))i are projective systems of probability measures.

"nce, the first problem will be the existence of a limit g((jJ') for such a system, and the

cond one the fact that the so defined g is a morphism of P:f.The results will be of a
fferent nature in m,,6. and in P"e.

(D)

K
Theorem 1. If }( = m,,6. and the qi's are onto: (qi)i (I is universal among the cones

ihd with basis ~F such that:

('" ) For all increasing sequence (in)n of I and each (Bi )n in 11~a, such that
n n In

+q"/ (Bi ) =~, the sequence 1'/1, 0 gi pointwisely converges to O.
n n In n

/':1. Let (jJ' be in a'. (gi ((jJ '))i being a projective system of probability measures

le can define an application g«(jJ') from the algebra ~, = ,u q'j1(:13a) generating
I ( I I

f1 to (0, 1] by

g(eo')(qi1(Bi)) = gi(u,')(Bi)'

Ilanks to condition (*), g ( (jJ') is a pro bability measure on ~, and can su bsequently

. uniquely extended to ~a (cf. (4]). It remains to show that g is measurable from

. to II (n ), which is equi valent to the measura bility of all the I' Bog fo r /1 in ~3 a .
If the set of B 's for which Pn 0 g is measurable contains g\, and is a monotone

ass, so that it's ~ itself. /':1

!mark. Condition (*) was necessary for the existence of the g ((jJ') 's. Measurability

g did not require any further hypothesis.

Theorem 1 bis. If J{ = :J'oe, (/ ,;:.) = (N ,;:::) and the <Jn's are onto, n is the projec-
.e limit of ':-F.

/':1. The O'I'S and n being Polish, a probability measure in the sense we use is

so a measure in the Bourbaki sense. Hence all the systems (g,Jeu '))n(N have a
<lit g(w') [1]. (This would be true even if I had only a cofinal countable subset.)

,w we must show that g is continuous from 0' to n (a). We'll use the following

.;uit [')):

A subset X of n (n) is relatively compact iff it is uniformly tight, which means

,t, for all (> () there is a compact K ( in 0 such that I' (K () > ] o( for all I' in X.
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Let «(jJ,;)n converge to u)' in n': we only need to show that, for any conrinuous map

R, bounded by 1, J!1 d g (eo~ ) conve rge to IO d g (w '). We'll use the following notation"

gp(u)~)=l'h' gp((jJ') = pP , andg(u)~)=l'n g((jJ')=P.

10 We get that the set IPh I n f N ! is uniformly tight since it is the image by the con,

nuous map gp of the relatively compact set {(jJ~ I n (N !.

20 The set 11'71 I n f N I is also uniformly tight: let's fix (in R ~.There is a comp..

subset K1 of n 1 such that I'~ (K1 ) > 1 -~ for each n. Suppose Kl' ..., Kp are construe

such that, for each k;;;p, Kk is a compact subset of °k,containedin (1k-1')1(Kk) (for
k> 1 ) and satisfying:

P~ (Kk) > 1 -(f... + ... + L...k )
2 2

for each 71; there is a compact Kp + 1 in 01' + 1 with

infpp+1(K' »1 L-.
n 71 1'+1 21'+1

The com pact K = K' n (f P+1 J 1
( K ) satisfies

1'+1 p+1 I' I'
,

f Pp + 1 K ) f (

tn 71 (1'+1> 1-(-+...+ -).
n 2 21'+ 1

So a sequence (Kp)p c.in be inducti vely constructed, such that Kp is a compact subset o!

np contained in (f~.1) (Kp-1) satisfying i~f Ph (K I' ) > 1- f. The ( decreasin g) intersec-

tion K of the qp 1 (Kp) is such that i~[ Pn (K) > 1-(. It is enough now to prove that K i,

compact: if '11is an ultrafilter on K, qp (11) is an ultrafi1cer on Kp (since <Jp is onto) and
hence converges to a «Jp in Kp' The f~ being continuous

f~( ,up) = (jJ<J for each 1'.2 q;

therefore there is an (jJ in 0 satisfying <Jp ((jJ) = (jJp for each 1', which means that (jJ IS

in fact in K. As n is the topological projective limit of the np 's, it's then easy to provt:
that 'tJ converges to this e,) ; compactness of K follows.

30 Let A = I 01'0 <Jp I I' f N, !1p: np -> R continuous bounded I. A is a su balgebrd

of the algebra of continuous bounded maps from 0 to R ; it contains the constant maps an,

it separates the points of n ; so Stone. Weierstrass Theorem ensu res that A is dense in

this algebra, endowed with the topology of unifonn convergence on compact subsets.

40 We are now able to prove the convergence of ( J!1 d P n)n to [e d P . Let f> 0

be fixed; by 2 there exists a compact subset K of 0 such tha t

hence
in f (I Pn (K) I 11 ( N I viP ( K ) I) > 1 .1. ,

8

( 1) I J!1 dI'll . IO dI' I < I J 0 dPn -I !1 d P I + i...K K 4

By 3, there exists a continuous map Gp: ap ->R (that can be chosen
that: sup I f) ('d) -O

f' n '1/' ('d) I < £ ; it follows:R q

bounded by 1 ) such
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(2 ) I ( 0 dl' -
JK n JKO d l' I sir K 01'" 'II'd l' n . JKOI' a 'II'd I' I +~,

I fOp" 'II' d IJn - fOp a '11'dP I +L + L.4 4s
Slnce

pP == fl ( '1I' ) ( P ),1'1' == n(q fJ)(l'n)n
and

second member above is

II O dPp. rO dpPI+L,t
I' 11 ' I' 2 .

(hat since pp conver ges to pp it is less than if if n is greater than a N in N. Hence,
,n ' 4

n::: N, ,\ IO dl' n. fO dl' I is less than I, from inequalities (1) and (2), So g is a

I iphism of P"e filling up diagram (D), and the proof is complete. ~

A general process on di screte time is described by a sequence (fn) of transition pro ba-

ities, fn being from the set of «histories before n , 01 x... x 0 n ro On + l' We'll see that

s sequence induces a functorfrom (N,::;) to ~f3" and, using the above theorems, we'll
nstruct a transition probability from each °1 x... xOp to the sample set ~On' compatible

,h the fn 'so This result, which contains Ionescu Tulcea Theorem [4], is a corollary of
eorem 3 below, itself a consequence of the following

.eorem 2.l/ere J{ == )]1..6.. If (/,?:,) is a filtered ordered set and F a functor (/,;;:,) -+ )]1...6.

use projective limit is given by the commutative diagrams

O.

~
lfl}n--------

'1{ 0 j

i ;: J

th the further property

(srn) For any increasing sequence (in}n in I and any (UJi )n in nOi such that:. 11 n n

/n+1 (UJi ) ==UJi ' there is a UJ in n satisfying qi ('v) ==(vi'1 n+1 11 n n11

d if G is a functor (I,~).. ~)~Jverifying:

a) For i?:. j, Cri ,j} ==g}: °jlt--- °i is left inverse to f~ '

b) For i? i. , 6) i dl i ' /! i I :130 ., UJi ~d (8 i) i 111p li e s g f (UJ i )( /i i) ==0,o. 100 00

en for each io in I there is a unique lIIorphism gi : °i It-"'" 0 such that. 0

K i r "
q i K gi. == gio ,or every I? 10

Id

gi (Oi )( B) ==0 for every (Vi' 8) in °i x :1\0 with 6)i 4 '1' (/!).. 0 0 0 0 10

Moreover, if I is totally ordered, the diagrams

°i~gi
'

1
0

gi ,_.~~" - " I"

J ? i
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~. Let us first notice that property a for C means that

gfo 0 i

0, ~ Tfi
lo~, fJ

gz n '
la J

commutes for i::: j? io . This, together with the fact that 0 is also the projective limit of

the restriction of F to I i I I I i? io I, implies that the existence and uniciry of gi willb., 0

proved, using Theorem 1, as soon as we ha ve shown that (g~ J. > ' has property ( *) of th i'0 1- 10

theorem, Indeed, if it has not, there is a UJo' in 0.. ,an increasing sequence (i ) in I'0 '0 n n

and sers Bi in:l3n. such rhat:
n In

n t q"/ (B i ) == 0 and lim gin (UJi )( B i ) > O.n n n n loon

Suppose we have constructed (UJi 'h.' UJi ) in °i
i 0 P 0

For 'I?:. 1, f, '1 ((v i ) ==(,)i and
1'1-1 '1 '1-1

for n 2: p + 1 , we have

x... xOi sarisfying:
i I'

lim g.n ( UJi ) ( 8 i ) > o.
n Iq '1 n

. in in if) + 1
Swce g. == g' K g,

II' Ipt-J I
p. "

In In If) +1
gi (U)i )(lIi ) == Ips. ag, dg, (UJi)'

I' I' 11 In 11'+1 II' I'

Compatibility of integral and pointwise increasing limir implies that

i i 1
I li m p 11, "g .'1 d g .f>+ ( UJi ) > 0 ,

n ('11 11'+1 II' I'
and hence that

/1'+1 ("'i )(1 (')i 10i Ilil1l /" rC"i )(lIi» 0 I} > o.
II' I' p+J 1'+1 n '1'+1 1'+1 n

Condition b then gives a 6)i in °i such that
p+J 1'+1

i
f"'J i

f. (UJi )=UJi and limg,n (UJ' )(8, »0.

II' I' + ] P n II' + ] II' + 1, In
1

The sequence (CL'i ) we've just constructed inducti vely satis fies f n +1 (w i ) == UJ in " 'n "+1 n
for each n ; so condition (srn) provides us with a UJ in 0 such that q' (UJ) == UJ' for

, In I"

every n. Now since I:(;n (di )( Bi ) > 0, (di is in B i and UJ in <]71(B, ), This is
n 11 n " n In In

absurd for {'I '1';1 (B. ) was supposed to be empty.n n In

So we have our gi ; to show that I:(i (UJi )(8) = 0 if UJi ~qi (8), remark that the0 0 0 0 0

set of B for which this is true (for a fixed UJi ) is a monotone class containing the al-
0

gebra .v. qi1 (:130,)' which generates :l3n'
I >10 I

It remains to consider the totally ordered case and to show that, for i? iD .we have

gi =:gi K gf . Fix i 2: io. For j? i 2: k? io , the following diagrams COmmute:0 0




