Math. Struct. in Comp. Science (1999), vol. 9, pp. 719-739. Printed in the United Kingdom
© 1999 Cambridge University Press

A general method for proving the normalization
theorem for first and second order typed /-calculi

VENANZIO CAPRETTA and SILVIO VALENTINI

Dipartimento di Matematica Pura ed Applicata, Universita di Padova,
via G. Belzoni n.7, I-35131 Padova, Italy
Email: cprvnn12@leonardo.math.unipd.it and silvio®@math.unipd.it

Received 23 June 1997 revised 20 March 1999

In this paper we describe a method for proving the normalization property for a large
variety of typed lambda calculi of first and second order, which is based on a proof of
equivalence of two deduction systems. We first illustrate the method on the elementary
example of simply typed lambda calculus, and then we show how to extend it to a more
expressive dependent type system. Finally we use it to prove the normalization theorem for
Girard’s system F.

1. Introduction

We will show a uniform method for proving the normalization property for a wide class of
typed lambda calculi. It applies to many of the calculi that can be found in the literature
(see, for example, Barendregt (1992)), for instance simply typed lambda calculus (whose
normalization proof goes back to Turing (Gandy 1980)) and Girard’s system F (Girard
1971).

Given a typed lambda calculus A, the method consists of three steps. The first step is
to define a partially correct normalization algorithm nf, for terms of A, then the second
step is to find out a new calculus A; on whose terms nf, terminates, and finally the last
step is to prove that A and A, are equivalent. Thus, even if the normalization theorem is
not new for the typed lambda calculi that we will analyze, for each of them we will give
a new presentation that allows us a better understanding of its constructive content. This
result is of particular interest for system F, whose standard presentation is completely
impredicative, and which was the basic motivation for our work.

The paper is organized as follows. We first illustrate the method on simply typed
lambda calculus: most of this section is already contained in Valentini (1994) and it was
mainly inspired by some ideas of Tait and Martin-Lof. Then we show how to extend it
to more expressive lambda calculi, for example, those obtained by introducing dependent
and product types. Finally, we use the method to prove the normalization property for
Girard’s system F.
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2. Normalization of simply typed lambda calculus

We begin by illustrating the method on simply typed lambda calculus. In order to fix our
notation, we recall its rules in Appendix A.

The notion of normal form is central in the development of a typed lambda calculus:
it establishes a canonical form for its terms, i.e. the simplest form. In the case we are
considering, only one form of simplification is introduced, that is the relation obtained by
closing for the term formation operations the following contraction relation.

Definition 2.1 (S-contraction).
(Ax:a.b)(a) ~» b[x = a]

A term of the form (Ax:0.b)(a) is called a redex. A term is of the simplest form if it
contains no redex’.

Definition 2.2 (Normal form). A term is in normal form if it contains no redex.

2.1. A normalization algorithm

The normalization algorithm given below in this section, provided it is totally correct,
shows a method for obtaining, for any given term, an equal term in normal form. It works
on typed terms and its execution steps depend on the type of the term. This is the reason
why we need a preliminary definition.

Definition 2.3. Let I' be a context, ¢q,...,t, be a sequence of typed terms, o be a type and
k be a natural number such that 1 < k < n. Then, we define the k-th argument type of «
with respect to tq,...,t, (denoted by o/'~"*) by induction on the type complexity of «, as
follows:

— If = C, then o't-"* is undefined.
— Ifa=p — y and t; is a term of type f in the context I', then

— ,))12 ----- tn ;k’

k

otherwise a!t>~"* is undefined.

We will not explicitly write the context I' in the notation o~* to make it more
readable — the context will always be clear when we need to use the definition of argument
type.

The normalization algorithm will take three arguments: a context I', a term e and a
type . In the description of the algorithm, supposing I' is a context and x a variable in
such a contex, we will denote its type by I'y. Note that if I" is a correct context a variable
can be assumed at most once, so I'y is well defined.

T Here we consider only f-reduction and f-normal form, even if n-equality appears among the equality
rules. This should not be considered a drawback of our method since the fn-normal form theorem is a
straightforward consequence of the f-normal form theorem.
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Algorithm (Conversion into normal form)
Let I' be a context, o be a type and e be a term. Then consider the following recursive
definition:
(Ax:B.nf(e(x)T*F7y) ifo=p —yand
x:f is a fresh variable
X(nf(E) L (f(ET) if = C,
nf(e"*) = e=x(t))...(t,) and
O=ty,...,t,
nf(c[x :=dal(t1)...(t,)'*) if «=C and
e= (Ax:p.c)(a)ty)...(t,) .

The proof of partial correctness of this algorithm is easy.

Theorem 2.4 (Partial correctness). Let I' ;- ¢ : o and suppose the execution of nf(e'**)
terminates. Then nf(e!**) is a term of type o in normal form equal to e.

Proof. Provided the algorithm of conversion into normal form terminates, the result
is almost obvious. In fact, by induction on the number of steps in the execution of the
algorithm it can be proved both that nf(e'**) is a term of type o containing no redex and
that e and nf(e"**) are equal terms. ]

2.2. A new system to construct terms

The problem rests with proving the termination of the previous algorithm of conversion
into normal form. To this aim we define a new system to derive terms such that a term
is introduced only after the construction of those terms that are needed in order to prove
its normalizability by means of our algorithm. In order to distinguish the terms of the
new system from those of the old one, we will write I' ;.- a : o, instead of I' )~ a : a, to
mean that a is a term of type « in the context I.

Variable introduction

FI—@ ap 1o; ... FI—@ a, : o,

\Y

Ixiog — ooy > Chyp x(ay)...(ay) : C

A-introduction
Loxobpciy Thgpata Dy c[x :=dl(ay)...(a,) : C

'y (Uxoue)(a)(ar). .. (an) : C

Abstraction
[, xio b0 b(x) 1 B

Lk bia—f
where the only free occurrence of x in b(x) is the manifested one.

It is an immediate consequence of the way the new system is defined that the algorithm
of normalization of the previous section terminates if applied to any one of the new terms.
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2.3. Equivalence between the two systems

Now, to conclude the proof of normalization for any term of the original system, one
must only show that it can be typed in the new system, that is, that it can be derived by
means of the new rules.

First, note that it is easy to use induction on the structural complexity of the type of
the considered variable to prove the following lemma, which states the closure of the new
system under the variable introduction rule.

Lemma 2.5 (Closure under the variable introduction rule). Let « be a type. Then
X0 I—A; X o

The next step is to prove closure of the new system under substitution.

Lemma 2.6 (Closure under substitution). If I, x:a k- b : f and I' ;.- a : o are derivable
Judgments, then I' ;- b[x :=d] : f is a derivable judgment.

Proof. The proof is obtained by principal induction on the structural complexity of
the type o of the substituted variable and secondary induction on the length of the
derivation of the judgment I',x: ;> b : . The only case in which the principal
induction hypothesis is needed is the case of the variable introduction rule. In all other
cases the proof is straightforward and only the secondary induction hypothesis is needed.
For this reason, we will illustrate only the former case here.

Let us first consider the simpler case in which the variable z introduced by the rule is
different from the variable x, that is, suppose that the instance of the rule is

F,x:ocl—i; apto; ... I',x:wo I—;,; a, o,

[xio,zioq — oy = Chypoz(ar).. . (an) = C

In this case, by the induction hypothesis on the depth of the derivation, we know
that, for i = 1,...,n, we have I iy aij[x := da] : o; is a derivable judgment. Hence
Iz — ... = C by z(ai[x == a])...(as[x = a]) : C, which is identical to I', z:0; —
sty > C z(ay)... (_an)[x :=d] : C, is derivable by using the variable introduction rule.

Suppose now that the variable introduced by the rule is exactly the substituted variable
x. Two cases are possible: « is a basic type, and in this case the result is straightforward,
oro=o; —...0, = C, that is, the instance of the rule is

[oxobeartog o0 Doxcobge ay o

Ixwo —...0p > C I—;l; x(ay)...(a,) : C

As above, by the induction hypothesis on the depth of the derivation, we know that, for
i=1,...,n, we have I' = a;[x := a] : «; is a derivable judgment. Observe now that the
last rule used in the derivation of the judgment I' ;> a : oy — ..oy — C must have been
an instance of the abstraction rule

Loy by alyn) too = ooo = C

I'ba:0—...00 > C
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for some fresh variable y;. Since the type a; of the variable y; is simpler than o, by the
principal induction hypothesis on the structural complexity of «, the judgment

Ik alar[x ==a]) = a(y)y =ailx =d]] t0 > ..o > C

is derivable. The last rule in its derivation must in turn have been an instance of the

abstraction rule
[, y2ion by alar[x :=al)(y2) 103 —> ..o = C

Ik ala[x ==a]) top > ...y > C

for some fresh variable y,. Hence, again by the principal induction hypothesis, the judg-
ment

Ik ala[x == al)(az[x :==d]) 103 —> ..o > C
is derivable.

After n similar steps, we obtain that I' b, a(a;[x = a])...(au[x = a]) : C is a derivable
judgment, and that it is identical to I' k5> x(ay)...(an)[x :=a] : C. ]

Now the missing link can easily be established.
Theorem 2.7 (Equivalence of the two systems). I' -~ b : 8 if and only if I' ;- b : .

Proof. The proof that if I' ;> b : B, then I' -~ b : f§ is by a straightforward induction
on the length of the derivation of I Fi b p.

The proof of the other implication is more delicate and we will show it in detail. The
proof is by induction on the length of the derivation of I' )~ b : f3, that is, we prove that
the new system is closed under the rules of the old one. We have already proved that 15
is closed under the variable introduction rule (see Lemma 2.5).

Using the previous lemma on closure under substitution, it is easy to prove its closure
under the application rule, since, if T’ Fipa o and T Fip b : o — f, the latter must
have been formed from I', x:o F;> b(x) : f for some fresh variable x. Hence the judgment
'k, b(a) : B is derivable as it is obtained by substituting the term a in I' ;- a : o for
the variable x.

Finally, suppose I',x:o ;- b : B is a derivable judgment. Then it must be formed
from T, x:0, y1ion, ..., yuiotn B b(y1)...(ya) : C by means of n abstractions, for some
fresh variables yi,...,y,. Thus, by using an instance of the Z-introduction rule, we
obtain that the judgment I, x:a, y1:01, ..., Y0t i (Ax:0tb)(X)(¥1) .. (yn) @ C is derivable,
since b = b[x := x]. Then, by n + 1 abstractions, we obtain a proof of the judgment
'k (Ax:oub) 1o — B, so the new system is also closed under the abstraction rule. L]

3. Extension to dependent types

The method we have described is quite elementary and only the required steps in a
normalization proof are involved. Moreover, it is easy to extend it in order to consider
more complex kinds of typed lambda calculi. For instance, let us consider the typed
lambda calculus AP* obtained by using dependent types instead of simple basic types, that
is, generalizing arrow types to quantified types (see, for example, Coquand (1996)), and
by adding product types.
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Since the rules for dependent types are not generally well known, we discuss them here
in some detail, and give the equality theory in Appendix B.

Dependent types will depend on terms, hence we have to introduce contexts for the
type judgments also. First, we introduce the predicate constants that we are going to use.
Suppose

I ks oy type
I, xq:0q Fre 0 type

Ixq00,. .0, X101 Fexc o type.
Then we write C:(xy:04,...,X,:0,) type [[] to mean that C is a predicate constant of
arity n, on the variables xi,...,x,, of type oy,...,a,, respectively, in the context I'. In

the following we will use also the notation C:(X:@) type [I'] for short. Note that we
understand that the predicate constant C does not change even if the types of the
variables xi,...,x, are modified by a substitution of the variables in the context I" with
suitable terms. Moreover, we assume that if C:(X:@) type [I'] is a predicate constant, and
L,xq00,. .., Xi—1 iy Fpee oy = Bi for 1 < i < n, then C:(X:f) type [I] is a predicate
constant also.

We have the following type formation rules:

I |—;~Px ap .o
C:(x:@) type [T]
I' e ay ZOC,,[X7” = CTH]

Atomic t
omie fypes T Fpr. Clan,...ay) type

where o;[X; := @] is shorthand for o;[x; :=ay,...,xi_1 = aj_1]
' atype T, x:obe. B type
' (Vx:o) B type
I oy type ... T ke o, type
I'Fjpreoap X... X oy, type

Quantified types

Product types

It may be useful to recall that we can define « — f by putting o — f = (Vx:o) S,
provided that x does not appear free in f5.

We will use the following rules to derive term judgments for the elements of these types:

' o type

Variabl -t
artable Ioxobpee x o
. I,xwabpecb:p
Abstract :
straction I Fpee (Axiob) @ (Vxo) B
I'Fpeeoc: (Vx: I'kpevoac
Application e ¢ (Vxa) B a4

I' ke c(a) : Blx == d]
Tkpcayiap ... Thpea, o,

n-tuple formation
P I'bpeo<ap,...,ap>:01 X ... X0,

I'bpca:io XXy,

<i<n
T b ai) ;o =

Selection
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In the selection rule we have used the unusual notation a(i) to indicate the i-th projection,
in order to have a uniform notation for all of the elimination rules.

Since terms can appear inside dependent types, it is possible for a type to contain a
redex. So, unlike the case of simply typed lambda calculus, two types can be convertible
without being syntactically identical. It is then necessary to require that equal types have
the same elements. Therefore we must add the following new rule:

IF'kpca:a Thpoa=p
I'kpvac ﬁ

Of course, we have new contractions.

Conversion rule

Definition 3.1 (f-contraction and selection contraction).
f-contraction (Ax:o.b)(a) ~ b[x = a]

selection contraction < ay,...,a, > (i)~ a;

It is important to note that, since types can depend on terms, which in general are not
in normal form, there will be a normal form also for types, that is, the one that depends
only on terms in normal form. Then, we have to modify our normalization algorithm in
such a way that it works both on the types and on the terms we have just defined. To
this end, we need a preliminary definition, which adapts Definition 2.3 to A™~.

Definition 3.2. Let I" be a context, Ty,..., T, be a sequence of typed terms or natural
numbers, o be a type and k be a natural number such that 1 < k < n. Then, we define
the k-th argument type of « with respect to Ti,..., T, (denoted by a’t-~T*) by induction
on the type complexity of «, as follows:

— If a = (Vx:f) y and Ty is a term of type f in the context I', then

o Tt Tusl =B

O(Tl,A..,T,,;kJrl — V[X = T]]TZ,.A.,Tn;k’
otherwise o7t-Tn’ is undefined.
— Ifa=oy X... Xa, and T; is a natural number such that 1 < Ty < m, then

o T Tl = index
o Tt Tusk+1 Ts,... Tuik
T ,

yoes T 3K

otherwise o7t is undefined.

The algorithm of reduction into normal form for types will take two arguments, that
is, a context I' and a type o, while the algorithm of reduction in normal form for terms
will take three arguments, that is, a context I', a type « and a term e.
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Conversion into normal form for types

C(nf(a}™),...,nf(ab™) if « = Cay,...,a,),
C:(x1:f1,.-,xn:fn) type [I]

nf(al) = and o; = fi[X; == @]
(Vx:nf(BT)) nf(yT#) if o« = (Yx:p) y
nf(ed) x ... x nf(al) foa=o X... X,

Conversion into normal form for terms

(Ax:nf(BT).nf(e(x):F3) if o = (Vx:8) vy

<nf(()“1) (()r""")> ifo=o; x...xa,

X(nf(TFT ). (nf(Trr ) ifa=Clay,...,ap),
e=x(Ty)...(Ty),

nf(e'**) = and ®=Ty,..., Ty
nf(c[x := al(Ty)...(T)"*) if « = C(ay,...,a,) and
e = (Ax:f. C)(a)(Tl) (Tw)
nf(ci(Ty)...(Tw)"*) if 0 = C(a1, .,a,) and
e=<cp,...,cp > ()(T1)...(Tw)
Here, the arguments T1,..., T, can be either typed terms or natural numbers indicating

a projection, and we assume nf to be the identity function on natural numbers.

It is worth noting how the notion of k-th argument type, that we introduced in
Definition 3.2, is used in the previous algorithm: in the case e = x(T})...(T,,) the recursive
calls of the algorithm on the arguments Tj,...,T,, use the corresponding argument type of
the type of the variable x, and not the types with which Ty,..., T, have been derived.

It can be easily proved that the proposed normalization algorithm is partially correct,
that is, if I" e, e : o is derivable and nf(e!**) exists, then e and nf(e'’*) are equal terms
and nf(er;“) contains no redex (respectively, if " I—;;X o type is derivable and nf(ocr) exists,
then o and nf(a!) are equal types and nf(a") contains no redex).

We should now prove the termination of the normalization algorithm on all the terms of
/P=, but the presence of the conversion rule makes it more difficult to prove normalization
using our method directly. Thus, let us first recall some straightforward facts about the
system AP« that will be useful in the following.

Lemma 3.3. The following properties are valid for the calculus APx:
(1) If T Fjee a:o, then T Fjpee o type.

(i) If ' Fjpex oo =B, then I' Fje, o type and T Fjpei f§ type.

(i) If T'Fpe a=b:a, then 'k a:ocand T sy b : oo

Lemma 34. If I' F;r, o = f, then:

(i) If « = C(ay,...,a,) for some predicate constant C:(X:%) type [I'], then we have
p = C(by,...,b,) for some terms by,...,b, and, for any 1 <i<n, I Fp. a; = b; :
o [Xi = a].

(i) If o = (Vx:ap) ap, then f = (Vx:f1) f2 and I' Fee ap = f1 and T, x:0 s 0p = fo.

(iii)) fo =0y X... X 0oy, then f =1 X...x By and, forany 1 <i<n, [ Fpe o = P
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Now we can continue with our general approach: we will define a new system 25* for
which the normalization algorithm always terminates. To this end, we need to introduce a
notion of compatibility, which we define together with the system isz by mutual recursion.

Definition 3.5 (First order compatibility). Given a context I, a type o and a finite sequence
® whose elements are either typed terms or natural numbers, we define the notion of
compatibility between o and ® in the context I', and, for the case where o and ® are
compatible in the context I', we also associate with o and ® the type f = Res(a;®), as
follows:

— o and () are compatible and Res(a;( )) = a.
— If @ and (T4,..., T,_1) are compatible and Res(«; Ty,..., T,—1) =y, then:
- Ify=C(ay,...,an), then « and (Ty,..., T,) are never compatible.
- Ify=(¥xwy) J, then o and (Ty,..., T,) are compatible if and only if T, is a term
such that I '_zgx T, :#; in this case Res(«; T1,..., Ty) = 0[x = T,].
- Ify=oa; X... X oy, then o and (Ty,..., T,) are compatible if and only if T, is a
natural number such that 1 < T,, < mj; in this case, Res(«; Ty,..., T,) = ar,.

We will write (T4,..., T,) € Arg(x) [['] to mean that o and (T4,..., T,) are compatible in
the context T

The rules for type derivation for /IZPX will be the same as the ones of the original system;
this does not imply a priori that the types are the same, because the terms on which we
build the dependent types may be different. The rules for term derivation are as follows:

Variable introduction
I I—A;X o type (Ty,...,T,) € Arg(e) [I'l] Res(o; T4,..., Ty) = C(by,...,by)

Txia ke X(T1)...(Ty)  Clb,..., by)

A-introduction
T, x: I—);x c:y T h;x a:o T I—;;X c[x :=dal(Ty)...(T,) : C(by,...,by)

[ e (Gx:e)(@)(T1)...(T) : C(bi,...,by)

Abstraction
I, x:a I—)gx b(x):

ke b (Vx) B

where the only free occurrence of x in b(x) is the manifested one.
n-tuple introduction

rl_;;x ai(Ty)...(T,) : C(by,...,by) Fl—/-gx ap sop ... Fl—;;x a, oy

r }_L;X< aty...,ay > () (Ty)...(Ty) : C(by,...,by)

Product
r I—l;-x a(l)y oy ... T I—A;X a(n) : oy

IThpcaior x..o Xy
2
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Finally, we add the conversion rule as in the system AP~

It is now possible to adapt the equivalence theorem, that is Theorem 2.7, to this new
setting, since we can prove the closure of the new system under substitution in a way
similar to the previous one.

Lemma 3.6 (Closure under substitution). If I', x:o I, P b:pand '+ jpx @ toare derivable
judgments, then I' I, fis blx :=a] : flx :==a] is a derwdble judgment.

Proof. The proof is similar to the proof of Lemma 2.6, and it is only necessary to carry
on the substitution along the type formation rules and the conversion rule. L]

As in the case of simply typed A-calculus, the equivalence between the two systems
follows easily from the closure under substitution of the second.

Theorem 3.7 (Equivalence of A~ and )L;X ). 'k b:pifand only if T' F fie b:p.

Now we need to show that the presence of the conversion rule in the system i;* does
not affect the termination of the normalization algorithm; in fact this rule is the only one
that is not directly suggested by the normalization algorithm. To show this result, we will
prove that in A;X it is sufficient to use the conversion rule on basic types only. To this
end, we need a preliminary lemma.

Lemma 3.8. If I', x:o |, e €LY and I’ "APX o= f, then I',x:f F, px €1 with a derivation
that uses only instances of the conversion rule on types whose structural complexity is
less or equal to that of o.

Proof. The proof is by induction on the length of the derivation of T',x:x |-, px €Y
Most of the cases follow immediately by applying the same rule to the Judgement(s)
obtained by the induction hypothesis. Thus, we will show here only the case when the last
rule applied is an instance of the variable introduction rule for the variable x.

FI—A;X otype (Ty,...,T,) € Arg(a) [I'l Res(o; Ty,..., T,) = C(by,...,by)

I'x:« FA;X X(T1)...(T,,) . C(b],...,bm)

Thus, ¢ = x(Ty)...(T,) and y = C(by,...,b,). By induction on n, we can prove that
(Ty,...,T,) € Arg(p) [T'] and Res(fS; Ty,..., T,) = C(by,...,by). Then

Uk ptype (Th,....To) € Arg(B) [T1 Res(f; Ti,..., T,) = C(bi,..., bn)

Loxif bpe X(Th) .. (To) + C(bys -, bn)

Note that in all the derivations we have built within the proof of (Ty,..., T,) € Arg(f) [T],
only instances of the conversion rule on types whose complexity is lower or equal than
the complexity of the type o were used. ]

The condition in the statement of the previous lemma about the use of the conversion
rules only on types that are not more complex than the one in the considered equality
will be essential in the proof of the next theorem.



A general method for proving the normalization theorem 729

Theorem 3.9. The following rule of conversion on basic types
T l_i'zjx ¢:Clay,...,a,) T '_,1’7’* C(ay,...,a,) = C(by,...,b,)
T '_zfx c¢:C(by,...,by)

is sufficient to have the full conversion rule.

Proof. Suppose
l—‘l—;l;’x ciu FF&;’X a=p
'k e p
is the instance of the conversion rule whose admissibility we want to prove. The proof
is by induction on the type complexity of the type «. If o is a basic type, we are done.
Thus, let us suppose that o = (Vx:o) a. Then, because of Theorem 3.4, which we can use
because we have already proved the equivalence of the systems ig* and A7, B = (Vx:81) B2
and T I—;px op = Py and T, x:04 '_APX oy = f,. But, in the system /lgx, the last step in any
possible proof of ', e ¢ D (Vx: cxl) o, must have been an instance of the abstraction rule
whose premise is I', x:0q P ¢(x) : ap. Then, since the type complexity of o, is lower
than the type complexity of o, we get I, x:a; - i ¢(x) : p, by the induction hypothesis.
But now, again by the induction hypothesis, we can assume that the conversion rule is
valid for types less complex than «; hence it holds for oy and then the previous lemma
yields I, x:f1 I, fie c(x) : f2. Now an application of the abstraction rule shows that
T, e € (Vx: ﬁl) f. Finally, if o = oy X ... X o, then, by Theorem 3.4, f = f; X ... X 3,
and “for any 1 <i<<n I'F, e O = Bi. Moreover, the last step in any possible proof of
rk, pe €100 X X 0ty has to have been an instance of the product rule whose premises
are F H e c(i) : o; for any 1 < i < n. But in this case we get that I' I, i c(i) : pi, by the
1nduct10n hypothesis, and hence the result follows by using an 1nstance of the product
rule. L]

We can now prove that the normalization algorithm terminates when applied to any
terms of 5%

Theorem 3.10. Let I' - o €O Then the computation of nf(c!*) terminates.

Proof. The proof is by induction on the length of the derivation of I - e € o Most
of the cases are immediate since all of the rules of 45, except the conversion rule, are
obtained just by reversing the order in the algorithm steps.

Only one rule, among those obtained by reversing the algorithm steps, deserves more
attention, viz. the abstraction rule,

L, xzo0 ke b(x): p
r I—i;x b:(Vx:w) p

In this case we have that nf(b":™F) computes to Ax:nf(a!).nf(b(x)"**F); hence in order
to show that it terminates we have to show that both nf(a") and nf(b(x)"**#) terminate.
The termination of the latter immediately follows by the induction hypothesis, while to
see that the termination of the former also follows by the induction hypothesis one has
to realize that, in order for x:x to appear in a context, it is necessary for it to have been
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introduced by a variable introduction rule (or by a weakening rule) and hence that the
proof of " k7« o type appears somewhere within the proof of I, x:o - Pl b(x) : p.

The only other rule that could have been used is the conversion rule, and, after the
previous theorem, we can assume that we used it in the restricted form:

T I—ifx c:C(a,...,ay) r I—ng C(ay,...,ay) = C(by,...,by)
FI—;L;X C . C(b],...,bn)

Now, by the induction hypothesis, the computation of nf(cI>€(@--@)) terminates, but then

the computation of nf(c':¢(P1--Pn)) also terminates, since, when used on an element of a
basic type, the normalization algorithm depends only on the shape of the term and the
context to which it is applied and not on the type, as a direct inspection of the definition
of nf shows. It is worth noting that this argument only works because we used the
restricted form of the conversion rule and in the general case it is not possible to infer the
termination of nf(c'*#) from the termination of nf(c'**), even if o and B are equal types,
since for the non-basic types the normalization algorithm depends also on the type of the
term to be normalized and not only on the term itself. ]

4. Extension to system F

We want to extend our method to a second order typed lambda calculus, namely Girard’s
system F (Girard 1971; Girard 1986; Girard et al 1989). We think that this extension
is of particular interest because Girard’s original proof of normalization relies on strong
non-constructive logical principles. Our method allows us to give a proof in which the use
of such principles is as limited as possible. To fix the notation, we recall the definition of
system F in Appendix C.

In system F there are application and abstraction for both simple variables and type
variables, so we have two kinds of fi-contractions.

Definition 4.1 (First and second order [-contractions).

(Ax:.b)(a) ~» b[x = a]

(AX.b)(@) ~> b[X = o

As in the previous cases, a term of the form (Ax:x.b)(a) or (AX.b)(«) is called a redex
and a term is in normal form if it does not contain any redex.

4.1. Normalization algorithm

Also in this case we define a normalization algorithm nf that, given a contest I, a type a
and a term e of system F, provided it terminates, gives a term nf(e’**) in normal form.
As in the previous cases, since the steps of the normalization algorithm depend on types,
we need a preliminary definition that adapts Definitions 2.3 and 3.2 to system F.

Definition 4.2. Let I' be a context, Ty,..., T, be a sequence of typed terms or types of
system F, « be a type and k be a natural number such that 1 < k < n. Then we define
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the k-th argument type of a with respect to Ty,..., T, (denoted by oT1-Trk)

on the type complexity of o, as follows:

by induction

— If o = X, for some TypeVar X, then o">~Tn is undefined.

— Ifa=p — y and T; is a term of type f in the context I', then

T3, Tk
b

otherwise a7t-Tn* is undefined.

— If e =T1X.p and Tj is a type in the context I', then

I

otherwise o7t is undefined.

No normalization on types is required for system F, hence we will give the definition
of the algorithm on typed terms only.

Algorithm of conversion into normal form

(Ax:B.nf(e(x)*F7)) ifo=p —yand
x:f is a fresh variable
(AX .nf(e(X)D-X Typevarify) ifa=T1X.p
x(nf(Tlr;F?'1 ))...(nf(TTT")) if o is a type variable,
oy _ ¢e=x(T))...(T,)
and d=Ty,...,T,
nf(c[x := a](Ty)...(T,)"*)  if a is a type variable and
e= (Ax:p.c)(a)(Ty)...(Ty,)
nf(c[X = y](Ty)...(T,)") if « is a type variable and
e = (AX.c)p)(Ty)...(Tn)
where T1,..., T, are typed terms or types and we assume nf to be the identity on types.
If the computation of nf(el**) terminates, it is trivial to see that the result is a term in
normal form equal to e. As before, the difficulty is to prove that the algorithm nf always
terminates when it is applied on terms of system F.

nf(e

4.2. A new system to construct second order terms

Following our general approach, to prove that the normalization algorithm terminates on
any term of system F, we have to define a new system F, on whose terms the algorithm
terminates, and show that system F and F, are equivalent. As in the previous section,
we will begin with the variable introduction rule. In this case also, the general idea is
to introduce a new variable only when the resulting term is of a basic type, that is, a
type variable. Hence, given a variable, we obtain a term by applying it to a sequence
of arguments until we obtain an expression of basic type. In the case of system F we
have two kinds of application, viz. to terms and to types. Since the type application can
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increase the complexity of the type of the resulting term, we cannot tell in advance how
many applications we need to obtain a basic type. We have already met a similar problem
in the previous section, hence we use a similar solution. Once again we define a notion of
compatibility by mutual recursion with the definition of the system F».

Definition 4.3 (Second order compatibility). Given a context I', a type o and a finite
sequence @ whose elements are either typed terms or types, we define the notion of
compatibility between o and @ in the context I', and, when o and ® are compatible in the
context I', we also associate with o and ® the type f = Res(«; ®), as follows:

— o and () are always compatible and Res(o;( )) = o.
— If @ and (T4,..., T,—1) are compatible and Res(«; Ty,..., T,—1) =y, then:

— If y is a type variable, then o and (Tj,..., T,) are never compatible.

- Ify=6 - n, then « and (Ty,..., T,) are compatible if and only if T, is a term
such that I k¢, T, : 0; in this case Res(a; Ty,..., T,) = 1.

— Ify=11X.5, then o and (Ty,..., T,) are compatible if and only if T, is a type such
that I' ¢, T, type; in this case Res(a; Ty,..., T,) = 0[X = T,].

We will write (T4,..., T,) € Arg(a) [I'] to mean that « and (T},..., T,) are compatible in
the context I'.
Now, we can give the rules of term derivation for the system F;.

Variable introduction
I'tg, o type (Ty,...,T,) € Arg(o) [I'1 Res(a; Ty,...,T,) =X

Ixwobg, X(Th)...(Ty) : X

A-introduction
Ixwobg ety T'hato Tl elx i=al(Th)...(Ty) 1 X

I' ke, (Axoee)(a)(Th)...(Ty) : X

First order abstraction
I, x:o kg b(x) :

I'kFe,b:o—p
where the only free occurrence of x in b(x) is the manifested one.
A-introduction
IY TypeVartg, c:y T'hg atype Thg, c[Y =al(Ty)...(Ty) : X

T ke, (AY.0)@)(Ty)...(T,) : X

Second order abstraction
I', X TypeVar g, b(X) :

Tbe b TIX.B

where the only free occurrence of X in b(X) is the manifested one.
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4.3. Equivalence between F and F,

As in the previous sections, the last step in the proof of the normalization theorem is to
prove that the new system is equivalent to the old one.

There is a straightforward, but quite long proof, which uses induction on the length of
the derivation of the judgement on which the substitution is performed, of the following
lemma of closure under second order substitution.

Lemma 4.4 (Closure under second order substitution). F, is closed under second order
substitution, that is, if I" g, o type and I',X TypeVar g, ¢ : f are derivable, then
I'Fe, c[X :=a] : B[X := o] is also derivable.

In the proof of the equivalence of F and F, it will be essential to be able to prove a
property of a term t of F, using induction on the length of its derivation in F. This means
not only that we must know that ¢ is derivable in F, but also that the induction does not
‘exit’ F. More formally, we must prove the following lemma.

Lemma 4.5 (Embedding lemma). If I' F¢, ¢ : o, then c is also a term of F and all the terms
that appear in the derivation of ¢ in F are typable in F,. We will say that the derivation
of ¢ in F can be embedded in F,.

Proof. The proof is by induction on the length of the derivation of I' k¢, ¢ : a.
According to the last rule used in the derivation we have:

— Variable introduction:
I'Fe, atype (T1,...,Ts) € Arg(e) [IT Res(o; Th,...,Ty) =X

Ixwobe, x(Th)...(Ty) : X

By the induction hypothesis, those of the T;’s that are terms, are also terms of F and
their deduction in F can be embedded in F,. Then we can derive x(T})...(T,) in F by n
first and second order applications. Moreover, the terms that appear in the derivation
of x(Ty)...(T,) in F are those that appear in the derivations of Tj,..., T,, which are
derivable in F, by the induction hypothesis, and x,x(Ty),...,x(T1)...(T,). We have
to prove that the latter are also derivable in F,. By using the variable introduction
rule, we have that, for 0 <i < n, x(T})...(T})(&ix1)... (&) 0 Y is a term of F,, where
&ir1,..., &y are first and second order variables (note that m < n). Now we just need to
apply first and second order abstraction rules m — i times to obtain that x(T7)...(T;)
is a term of F.

— J-introduction:

Ixwobp ety T'hroata Tl celx :i=al(Th)...(Ty) 1 X

I' ke, (Axcoe)(@)(Th)...(Ty) + X

By the induction hypothesis, c[x = a](Ty)...(T,) and a are terms of F and their
derivation in F can be embedded in F,. Note that the derivation of ¢[x := a](T})...(Ty)
must end with n applications, so T4,..., T,, must be derivable in F, and, by the induction
hypothesis, their derivations can be embedded in F,. By the induction hypothesis, we
have also that I',x:x Fr ¢ : y and the derivation of ¢ in F can be embedded in
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Fy. Thus, to obtain I' k¢ (Ax:oc)(@)(Ty)...(T,) : X, we can apply the first order
abstraction rule one time and the first and second order application rules n+ 1 times.
We have to prove that ix:o.c is a term of Fp. This is done by considering the term
c[x = x](&1)...(&y) ¢ Y, which is deducible in F;, by applying first the A-introduction
rule and then m + 1 abstractions. As in the previous case, we can also prove that the
terms (Ax:o.c)(a), (Ax:o.c)(a)(Ty),. .., (Ax:o.c)(a)(Ty)...(T,) are all deducible in F,.

— A-introduction: the proof is similar to the previous one.

— First order abstraction:
I',x:o g, b(x) :

F"szid—>ﬁ

By the induction hypothesis, b(x) is deducible in F and its derivation in F can be
embedded in F;,. But the derivation of b(x) in F must contain a derivation of b, which
is thus already embedded into F,.

— Second order abstraction: the proof is similar to the previous one. OJ

The proof that F, is closed under first order substitution is the step that requires the
use of non-constructive principles. To obtain this result we use part of the proof of strong
normalization for system F in Krivine (1993); in particular, our adequacy lemma is a
version for F, of the lemma with the same name in that book. For this reason, here we
only recall the main definitions and lemmas. Let us introduce some notation:

A =U, ype Au Where A, = {terms of system F of type o}
A2 = U, type A2 where A2 = {terms of Fy of type o}
A® =, ype AY Where AY = {terms of Fy of type o in the

form x(Ty)...(T,)}.

Definition 4.6 (Arrow set of lambda terms of F). Let ./ = A] and # = Aj. Then
A — B={teN,_,|(Vue o) t(u) € A}

Definition 4.7 (Saturated set). A set of terms .o/ = AZ is saturated if:
—ANcw.
— Ifue A, t € Aj and u[x :==1}(T1)...(T,) € o,
then (Ax:f.u)(t)(Ty)...(T,) € .
— Ifue AZ and u[X :=y|(Ty)...(T,) € o,
then (AX.u)(y)(Ty)...(T,) € .

It is easy to verify that, for every type o, A2 is a saturated set, and that if .o/ = A2,
B = Af; and 4 is saturated, then .o/ — % is saturated.

Definition 4.8 (Variable assignment). A variable assignment is a map from the set of type
variables into saturated sets.

Let .# be a variable assignment, X a type variable, f a type and .«/ = Af, a saturated
set. Then we can define a new assignment .#[X « /] by putting S[X «— /](Y) = 4(Y)
if Y #X and J[X « (X)) = .
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Definition 4.9 (Interpretation). Let .# be a variable assignment. Then the interpretation
|-l , is @ map from types into sets of terms defined by putting, for any type «,
— If « = X is a type variable, then |o] , = Z(X).
— If a=f — 7, then o] , = |ﬁ|/ -yl .
— If « = I1X.f, then |of , is the set of all terms ¢ of F, such that
1(7) € |Bl sixz for every type y and every saturated set # < Af

Note that |«| , depends only on the values that .# takes on the free variables of «, so if
o is a closed type, then |«| , does not depend on .#.

Notice also that this definition is the only point in the whole method where we need
to use a non-constructive logic principle, since in the third case we are defining the
interpretation by an impredicative second order quantification over all saturated sets.

The following proposition states that every type is interpreted into a saturated set.

Proposition 4.10 (Interpretation correctness). Let .# be a variable assignment and « a type.
Then ||, S Alry,.—y,..x,—s, IS @ saturated set, where Xi,..., X, are the free variables of
aand, for i=1,...,n, £(X;) S A].

A standard substitution lemma holds for interpretations.

Proposition 4.11 (Substitution lemma). Let o, v be two types, X a type variable and .# a
variable assignment, and suppose ./ = |v|,. Then |a[X = V]|, = || sy -

Finally, we arrive at the main lemma.

Proposition 4.12 (Adequacy lemma). Let .# be a variable assignment, and u be a term
of F, of type « with free variables xj:oy,..., X 0, and, for 1 < i <k, t; € |f;|,, where
\Bil, = A2. Then ulx; = t1,...,x, := ] € |B|,, for some type § such that ||, = AZ.

Proof. We proved in the embedding lemma that if u is a term of F;, of type o, then it
is also a term of F and its derivation in F can be embedded in F,. Thus, to prove this
lemma we can use induction on the rules of F even if we are dealing with terms of F,.
Once we have said that, the proof of the lemma is identical to the proof of the lemma
with the same name given in Krivine (1993, page 129). ]

We are now ready to prove the main result of this section.

Theorem 4.13 (Closure of F, under first order substitution). F, is closed under first order
substitution, that is, if I',xy Fp, u taand I' g, ¢ 1y, then I' g, ux i=1] : o

Proof. Let xi:04,...,x;:0y be the free variables of u. If x is not one of them, then
u[x :=t] = u, and the statement is trivially true.

If x = x; for some j € {1,...,k}, suppose Xi,..., Xy are type variables and define a
variable assignment .# by putting

Xi — |Xil,=A} forie{l,... k}
Y +— [|Y|,=A} ifY #X;foranyie/{l,.. .k}

Then x; € |Xi|, and t € |X}|. So, by the adequacy lemma, u[x := ] = u[x; = x1,...,x; :=
L., Xy ==x¢] € Ai, and hence it is a term of F». ]
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As in the case of simply typed lambda calculus, once the theorem of closure under
substitution is proved, the proof of the equivalence of the two systems is easy.

Theorem 4.14 (Equivalence of F and F;). I' ¢ ¢ : o if and only if I' b, ¢ : o

Proof. We have already proved in the embedding lemma that if I' k¢, ¢ @ o, then
I'bet:on

The other implication can be proved exactly as in the case of simply typed lambda
calculus and, as there, the theorems of closure under first and second order substitution
are necessary to prove that the system F, is closed under the first and second order
application rules. L]

5. Conclusions

The method we have presented appears to be of very general applicability. Indeed, we
think that it should work for any typed lambda calculus such that any type has just one
introduction rule. In fact, it is only in this case that our algorithm of normalization can
work. Nevertheless, we think that the proof of closure under substitution will probably
become more and more demanding as the typed lambda calculus considered becomes
more complex. It is, anyway, important to stress that our method makes explicit the fact
that the difficult step in a proof of normalization usually corresponds to the closure under
substitution of some internal interpretation (see, for example, the adequacy lemma for
system F).

An interesting problem here would be to check the applicability of our method to the
general case of Pure Type Systems (Barendregt 1992).

Moreover, as Milena Stefanova pointed out to us after reading a first draft of this
paper, strong normalization follows from the weak normalization given by our algorithm.
Indeed, it can be proved by induction on their derivation that all the terms of the second
system are strongly normalizable.

A method of proving normalization that resembles the one we have described has been
found independently and used by Ralph Matthes (see Matthes (1998, chapter 9) and
Matthes and Joachimski (1998)).

Appendix A. Simply typed lambda calculus

In simply typed lambda calculus there are only basic types and function types. Hence we
have the following type formation rules:

) C basic type
Basic types ———
C type
t t
(x — f) type

By convention, — associates to the right, so we use a; — o, — o3 to mean (o; — (x —

o3)).
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We assume we have a countable set of variables for any type o and we use the notation
x:o to mean that x is a variable of type o. Then, we can form lambda terms according to
the following rules:

Variable _ otype
X k- X o
. . F}_/L"b:(x—)ﬁ F'—;L%a:a
Applicat
pplication Y
Abstraction [xob- b

I'b- (Ax:ob) to0— f

The form of the judgments derivable by means of these rules is I' ;- ¢ : «, that is ¢
is a term of type o in the context I'. The context I comprises the declarations of all the
variables that appear free in the term ¢. We assume the standard operations of weakening,
contraction and exchange between the assumptions in a context. We will write FV(¢) to
denote the set of the free variables in t. The substitution of a term for a variable within
a term is defined in the usual way (see, for example, Barendregt (1992)).

The equality relation between two lambda terms is the minimal congruence relation,
with respect to A-abstraction and application, such that the following rules hold:

Ixobk)~b:p
'~ (Ayab[x ==y]) = (Axwab) 10— f

o-equality y & FV(b)

I'k-b:ia—>p
'k (Uxwob(x)=b:a—f
Ixab)-b:p Th-a:a
't~ (Ax:ob)(a) =b[x :=ada] : B

n-equality

x ¢ FV(b)

f-equality

Appendix B. Equality for dependent types

We give here the formal definition of the two equality relations, viz. on types and on
terms, in the lambda calculus with dependent and product types. We will not repeat the
rules for type formation and term deduction that we have already shown in the main
text. Since types can depend on terms, we need to define the equality also for types. The
equality is defined as the minimal congruence relation, with respect to all the type and
term construction operators, for which the following rules hold:

Type equality
['Fecap =by 1oy
C:(X:@) type [
r }_}f'x ap, = bn - Oy [an = ‘Tn]

I'Fp. Clay,...,a,) = C(by,...,by)

I, x:obye S type
FV

T (xa) f= () prei=y) * EFVP)

Atomic types

o-equality
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Term equality
I,x:obp b:f I a=0ao

requalit FV(b
a-equahty I l_}LPx (/’LX:OC.b) = ()vy:a/-b[x - y]) . (VX:O() ﬁ y ¢ ( )
i b b (Vxi) p
equal FV
-equatity I' b (Ax:oub(x)) = b : (Vx:o) B x ¢ FV(b)
B-equality Uoxobe b Thpca:o

I' Fjee (Ax:ob)(a) = b[x :=a] : B[x :=a]
Ihpea:og X... X,

Ik a=<a(l),...,a(n) >: 01 X... X o,

Thpcayioap ... Thpeay o,

Ihpec<ag,...,ap > () =a; : o

n-tuple-equality

sel.-equality 1<i<n

Appendix C. System F

System F is a second order typed lambda calculus, that is, there are variables for types
and quantification over them is allowed. Hence the type formation rules are the following:

Variable types I', X TypeVar ¢ X type

I'tratype Tk p type
I'tra— f type
I, X TypeVar k¢ f§ type

' I1X.B type
The rules for term derivation are similar to those of simply type lambda calculus, but
there are abstraction and application for both first and second order.

Arrow types

Polymorphic types

I' Fr o type
Ixobpx:a

Ixoabeb:p
I'tFe (Axib) 1o — f
I'tpc:ao—>pf Thra:a

I'Fec(a) : p
I, X TypeVarte b : f8
I'Fe (AXD) - TIX .S

FI—Fc:HX.ﬁ Fl—Foctype

I'Fec(o) : pIX =0

The equality between two terms of system F is the minimal congruence relation, with

respect to first and second order abstraction and application, such that the following rules
hold:

Variable

First order abstraction

First order application

Second order abstraction

Second order application

. Ixabeb:f

] | FV

oi-equality Fe (Ay:oub[x :=y]) = (Ax:ob) 100 — f yERD)
I'teb:a—f

n1-equality x ¢ FV(b)

I'Fe (Axiob(x))=b:a— f
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Ixabeb:p Thra:a
I' e (Ax:ob)(a) = b[x :=a] : B

I'X TypeVartg b : f8
I'Fe (AY DX :=Y])=(AX.b) 00— f
I'keb:TIX.B
I'Fe (AXb(X)=b:TIX.S
I'X TypeVartg b : f T Ffatype
I'Fe (AX.D) (o) =b[X :=0] : PI[X = q]

f1-equality

op-equality Y ¢ FV(b)

n-equality X ¢ FV(b)

Pr-equality
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