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Abstract. Families of inductive types defined by recursion arise in the
formalization of mathematical theories. An example is the family of term
algebras on the type of signatures. Type theory does not allow the direct
definition of such families. We state the problem abstractly by defining
a notion, strong positivity, that characterizes these families. Then we in-
vestigate its solutions. First, we construct a model using wellorderings.
Second, we use an extension of type theory, implemented in the proof
tool Coq, to construct another model that does not have extensionality
problems. Finally, we apply the two level approach: We internalize in-
ductive definitions, so that we can manipulate them and reason about
them inside type theory.

1 Introduction

In type theory we can define a new inductive type by giving its constructors (or
introduction rules). For example, we define the types of natural numbers, binary
trees, and lists over a type A as

n: N x1: T x9: T
: T:
NN B W leaf: T node(zy,zo): T° 04
List(A): a: A I:List(A)
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respectively.
Consider the family T: N — x (x indicates the type of all small types, or
sets) of inductive types indexed on the natural numbers:
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Every new type in the family is defined by a new constant and by the construc-
tors of the previous type in the hierarchy with an extra recursive argument. In-
tuitively T, is the type of trees with branching degree at most n. In the standard
formulation of inductive types this definition is not allowed: The constructors
and their types must be given directly at the moment of definition of the induc-
tive type, whereas the number of constructors of T, and their types are defined
by recursion on n.

Families of this kind have not only theoretical interest. They arise in the
course of formalization of mathematics in a proof tool. I first encountered them
when I was working on the formalization of Universal Algebra in Coq (see [6]
and [7]). The family of term algebras on the type of signatures is one of them.
The type of single-sorted signatures is Sig := List(N). Given a signature o :=

[a1,-..,an], the type of terms over o is defined by
Term. - ti1: Termg - t14,: Termg, tni: Termg -+ tp,, : Termg,
o (f1 t11 -~ -t1a,): Term, (fn tn1 - tna,): Term,

(One of the a;’s must be 0, so that Term, is nonempty.) We cannot obtain the
family Term: Sig — * directly with an inductive definition, because the number
and arity of the constructors depend on the signature o: They are not fixed
for the whole family. The situation is even more complicated when we consider
many-sorted signatures, which require families of mutual inductive types. In
[6] we used Martin-Lof’s W types to solve this instance of the problem. Here we
formulate the general problem, we show that W types still provide a good model,
but also propose a better solution (which, however, requires an extension of type
theory). You can see the details of its application to many-sorted algebras in [7].

In Section 3 we formulate the general problem: We propose an extension of
the notion of strictly positive operator, which is used to determine the admis-
sibility of inductive definitions, using positive type pointers—that is, terms that
specify the positive occurrence of parameters in recursive definitions.

In Section 4 we represent inductive types using Martin-L&f’s type construc-
tor for wellorderings (W types) (see [14,15] and chapter 15 of [18]), extending
the work by Dybjer [10]. This solution has the disadvantage that structurally
equal elements of a W-type are not always convertible, thus making the W-type
representation only extensionally isomorphic to the desired inductive type.

Alternatively, we can exploit the extension of the positivity condition im-
plemented in the system Coq and described by Gimenez in [12]. It allows an
inductive definition to inherit a positive occurrence of a type variable from an-
other inductive definition. To use this construction in our case, we need to give
a translation of our recursive family of operators into an inductive family. In
Section 5 we give such translation and we use it to solve our problem.

Finally, in Section 6 we use the two level approach (see [4], [5], [13] and [3]):
Positivity is a metapredicate; that is, it is not expressed inside type theory but
is an external syntactic property of type operators. This means that we can-
not reason about positive operators and inductive definitions inside type theory.
We internalize it by defining a type-theoretic predicate Positive expressing the



metaproperty. We define also a type of codes for inductive types and associate
a code to every proof of an instance of the predicate Positive. We define a func-
tion that associates a type to every code. Now we solve our problem by first,
constructing a family of positive operators by recursion; second, proving their
positivity inside type theory; third, obtaining the corresponding family of codes;
finally, instantiating the codes to types. This last method has been completely
formalized in the proof assistant Coq [2].

2 Inductive types

We work in a type theory that is at least as expressive as the Pure Type System
AP (see [1]): There are two sorts of types, * for small types and O for large
types. Sort * is an element of O. Moreover, we have sum and X types, which
can be considered as special cases of inductive types, which we define later in
this section. In AP% every small type T': * has an isomorphic version in O.
For simplicity we identify the two; in other words, we consider * and O as the
first two steps in a cumulative hierarchy of type universes. When we write type
expressions that mix the two sorts, as 7' x * or T + *, the version of 7" in O is
used. Note, however, that if x is impredicative (for example, if we work in the
Calculus of Constructions) not all elements of x can have a representation in O,
because this would lead to Girard’s paradox (see [8]). Only if impredicativity
was not used in the definition of the type, we can consider it as an element of
O. When we use small types in O constructions we assume that this condition
is satisfied without saying it (as supported by the Coq implementation).

We use the notation t[z] to denote a term ¢ in which a variable £ may occur.
Thus ¢ and t[z] denote the same term, but in the second expression we stress
the dependence on z. Do not confuse this notation with (f ), which denotes
the application of a function f to z. If s is a term of the same type as z, t[s]
denotes the result of the substitution [z := s].

In extensional type theory inductive types can be implemented as fixed points
of type operators (see [17]). We are working in intensional type theory, in which
inductive types are recursively defined by constructors. Following [9], [19], [21]
and [23] an inductive type I is defined by a list of constructors:

inductive I [X [_g] (2n: Qp)* =
(S ( Pll) (m/ﬂ P1k1)(I Mll"'Mlm)

Cp (3&'1: Pnl) s (.’l;'k1 H P"kl)(I Mnl - Mnm)
end,

where I does not occur in the Ss, @s and M's and occurs only strictly positively
in the Ps. is a list of general parameters of I (such as the parameter X in
List(X)). See one of the cited references or chapter 4 of the Coq manual [2] for
the definition of strict positivity and for the other rules.



If the types of the constructors do not use dependent product—that is, they
are in the form Pj; — --- — Pj,, — I—we can use the alternative formulation
of inductive types as fixed points of strictly positive type operators (see, for ex-
ample, [10]). It is less intuitive but simpler for theoretical purposes, so we adopt
it. Every strictly positive operator X: * F #[X]: * has a functorial extension,
which, for X,Y: %, maps every f: X = Y to a function &[f]: [X] — P[Y];
preserving identities and composition (see [9] and [20]). This condition is suffi-
cient to formulate the rules for inductive types (Matthes [16] gives an extension
of system F in which this is the only condition required for inductive types).
In the next sections we consider extensions of the positivity condition that still
have the functorial property. The rules for inductive types are then the same
as in the following definition, with the corresponding property replacing strictly
positive.

Definition 1. Let X : x - S[X]: x be a strictly positive operator. The inductive
type pux(®P) is defined by the following rules (where we write I for ux(®)):

formation I: x

y: o]

introducti —
introduction (uantro 9): T

z:IF(Px): x z:P[(X I P)]Fu: (P (u-intro (¥[m] 2)))
(p-ind [2]u): (z: I)(P z)

elimination

conversion (p-ind [z]u (p-intro y)) ~ u[(P[[z]{z, (u-ind [z]u x))] ¥)]

We use this formulation to define our inductive types, since they are all non-
dependent, but we use the notation of Formula 2 when it is intuitively clearer and
when we need to define types whose constructors belong to dependent product
types.

If the elimination predicate P is a constant type 7', we obtain the recursion
principle; if, furthermore, the recursion term u does not depend on the induction
arguments, we obtain the iteration principle:

T: x z:®IxT)kFu:T T: x z: 9T Fwu:T

(p-rec [z]u): [ - T and (p-it [z]u): [ = T

It is well known that the recursion and iteration principles are equivalent, whereas
the full induction principle is a proper extension of them (see, for example, [11]
or [20]).

The types of natural numbers, binary trees, and lists over a type A can be
defined as N := ux(N; + X), where N; is the type with only one element 04;
T:= px(N; +X xX); and List(A) := Ny + A x X, respectively. Their constructors
can be defined in terms of the single constructor p-intro:

0 := (p-intro (inl 0)), S := [n](p-intro (inr n));
leaf := (p-intro (inl 01)), node := [z, z2](p-intro (inr (z1,x2)));
nil := (p-intro (inl 01)), cons := [a,!](p-intro (inr {a,1))).



The problem that we consider here is: Given a family of type operators
é: A — (x — x) such that every element of it is strictly positive, can we
construct the corresponding family of inductive types? Observe that it is not
possible to characterize such families in a decidable way. In fact, for every func-
tion f: N — N we can associate such a family:

&: N = (x = %)
P if(fn)=0
(@ n X)= {X — X otherwise.

Deciding whether every element of this family is strictly positive is equivalent
to deciding whether f is constantly 0. Since, in type theory, every primitive
recursive function on the natural numbers is definable, we would be able to decide
whether any such function is constantly 0, which is notoriously impossible.
The following section gives a decidable characterization of some of these
families, which is wide enough for the examples that we are considering.

3 Families of inductive types defined by strong
elimination

Strong elimination is the elimination rule for inductive types in which the elimi-
nation predicate is allowed to be big; that is, we can have an elimination predicate
z: I+ (P z): O. If * is impredicative, strong elimination results in inconsistency
(see [8]). Nevertheless, it can still be admitted if the inductive type I is defined
without the use of impredicativity—that is, as already mentioned, if there is a
type in O isomorphic to it. In such a case we allow strong elimination. This form
of strong elimination is supported in Coq. We use strong elimination only in the
form of iteration over the type x*:

Z: P[x]| F W[Z]: *
(Wit [ZIW): I — %

We recast Example 1 as

X:#FV[X]: N *
Wg ::Nl
W(S n) == N, + X x&,.

To be completely formal, we must write

X:%,Z: Ny +xFWI[X, Z]: %
:= Case Z of
(inl J)=N
(inr R) =N + X xR
end

X:#FP[X]:= (it [Z]W): N - %




The desired family of inductive types is now specified by T}, := ux (¥,). Unfor-
tunately, this is not an allowed definition, since ¥ does not satisfy the strict-
positivity condition: Although ¥,, reduces to a strictly positive operator for each
numeral n, ¥, does not if z: N is a variable. Therefore, we cannot define the
family T: N — *, even if every member of it is individually definable.

The case of term algebras over single-sorted signatures is similar. The oper-
ator associated to a signature o :=[ay,...,a,] s ¥, [X] := X" +---+ X% We
can define first a single component (n: N, X : x = X™: x) by strong elimination
on the natural numbers and then ¥, by strong elimination on List(N). The type
of terms associated with the signature o is then Term, := px(¥,). As in the
previous example this definition is not allowed in the standard implementation
of inductive types, because ¥, does not satisfy the strict-positivity condition.

Our purpose is to find ways to define families of inductive types in type
theory. The first step is a formal description of the problem—that is, an abstract
characterization of the definitions we are looking for. If we consider the first of
the preceding examples, we see that the reason why every single element of the
family is strictly positive is that, in the recursive step of the definition, not only
the type parameter X but the recursive call &, (or R in the formalized version)
also occurs only strictly positively. It is enough to require that all such recursive
calls occur strictly positively. Note, however, that, in the formal version of the
definition, the recursive call is Z, not R, which is just a bound variable in the
Case construction. It doesn’t mean anything to say that Z occurs positively
and the variable R does not actually occur in W (being bound). So we need a
finer notion than strict positivity. The following concept of positive type pointer
solves the problem. To understand it intuitively, consider a generic premise for
a definition by strong elimination (X: x,Z: O[«] - U[X, Z]: *) where O is a
strictly positive operator. We want to define first the family of type operators
X:x F UX] := (pit [Z]U): puy(O[Y]) = = and then the family of inductive
types z: py (O[Y]) F pux((¥ z)): *. Imagine Z represented as a tree structure
whose leaves are types representing recursive calls. We must require that each
occurrence of a term pointing to such a leaf occurs only strictly positively in U.

Figure 1 is a depiction of type pointers. It shows how a type pointer can be
constructed for each of the type constructors that build new strongly positive
operators. If Z is in a product type (clause 3), it is a pair, represented by a
binary node with a subtree for each branch. A positive type pointer first chooses
one of the components and then uses a positive type pointer for that component.
If Z is in a function type (clause 5), the situation is similar, but the number of
components is equal to the cardinality of the domain type (possibly infinite).
If Z is in a sum type (clause 4), then it is in one of the two forms specified
by the component types. A positive type pointer must take into account both
possibilities, so it prescribes a type pointer for each of the two components.
Therefore, the picture for clause 3 shows two positive type pointers corresponding
to the two components, whereas the picture for clause 4 shows only one positive
type pointer that consists of two components. The picture for clause 8 shows how
a positive type pointer is used in a recursive definition of a family of strongly
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Fig. 1. Nllustration of Definition 2: the use of positive type pointers in the definition of
families of strongly positive operators.



positive operators. The term W[X, Z] is the iterator of the recursive definition.
It contains some direct occurrences of the variable X and some recursive calls,
here indicated by the leaves T; and T; of the iteration variable Z. When T;
and T} are replaced with the values of the recursive call, new occurrences of X
appear. The requirement that W[X, Z], besides being strongly positive in X,
is also a positive type pointer in Z causes all the new occurrences of X to be
strictly positive.

Definition 2. A type operator (X: x F P[X]: ) that can be lifted to kinds
(X: O F $[X]: O) is strongly positive and a term (Z: &[x] F U[Z]: %) is a
positive type pointer for & if they satisfy the following recursive clauses.

1.

If K is a type that does not depend on X (that is, X does not occur free in
K ), then ®[X] = K is strongly positive and Z: K + K : x is a positive type
pointer for @.

. If #[X] = X then & is strongly positive and Z: x - Z: % is a positive type

pointer for .

. If (X = 61[X] x $2[X] and P1 and Py are strongly positive, then & is

strongly positive and if Z1: $1[x| F Ui[Z1]: * and Zy: $o[x| & Ua[Z2]: * are
positive type pointers for &1 and $-, respectively, then

Z: $1[] x Do) F (Ur (71 Z)): *  and
Z: $1[*] X Po[*] F (Uz (m2 Z)):

are positive type pointers for ®.

If [ X] = &1[X] + $2[X] and b1 and Py are strongly positive, then P is
strongly positive and if Z1: $1[x] = Ur[Z1]: x and Zy: $y[x| b Us[Z,): * are
positive type pointers for &1 and Py, respectively, then

Z: $1[x] + Po[x] - Case Z of (inl Z1) = U1[Z1] | (inr Zy) = Us[Z>] end: *

s a positive type pointer for .

If $[X] = K — &'[X], where K is a type that does not depend on X, and
&' is a strongly positive type operator, then & also is strongly positive and if
Z': ®'[x] - U'[Z']: * is a positive type pointer for &', then, for every k: K,

Z:K - & FU[(Z k)]: *

is a positive type pointer for .

Suppose t: Ay + As for types A1 and Ay: x. If $[X] = (Case t of (inl z1) =
S1[z1, X] | (inl z2) = Pa[z2,X] end) and &1 and P, are strongly positive,
then @ also is strongly positive.

If & and ¥ are strongly positive operators and Z: S[x] - U[Z]: * is a positive
type pointer for @, then Z: $[x] - W[U[Z]]: = also is a positive type pointer
for @.

IfY:x F O[Y]: * is a strongly positive type operator, I = py(0), and
X:%,7Z: Qx| F W[X, Z]: * is a positive type pointer for © with respect to Z
and is strongly positive with respect to X, then every element of the family
X:x b P[X] := (u-it [Z]W[X,Z]): I — = is strongly positive; that is, for
every i: I, X: xF (P[X] i): * is a strongly positive type operator.



Clause 7 may seem too restrictive because we do not consider the possibility
that different positive type pointers for & may be used in ¥. For example, if
P[Y] =Y x Y, we may want to define the type pointer X : x F Up[X] x Uz[X]
where U; and Us are different positive type pointers for @. In that case we should
modify & such that it becomes an operator on two parameters, Y7, Y5: x F Y; xYs,
and then apply clause 7 twice, the first type substituting U, [X] for Y7, the second
time substituting Us[X] for Y,. This can be done in all similar situations.

We do not include a definition of positive type pointer corresponding to the
strongly positive operator obtained in clause 8. This further complication is not
necessary to define the families of types in which we are interested.

The definition of strongly positive type operator coincides with the definition
of strictly positive type operator but for the last clause, which allows the defini-
tion of families of strongly positive type operators by recursion, using a positive
type pointer as the recursion term.

For example, consider the family of type operators defined in Formula (3).
We want to prove that X: x - (@[X] n) is strongly positive for every n: N.
Since N = py (O[Y]) with O]Y] = N, + Y, we can use clause 8 of Definition
2. We have to prove that X: *,Z: N; + « - W[X, Z]: % is a strongly positive
type operator with respect to X and a positive type pointer for © with respect
to Z. The first property follows from clause 6 and the easily verifiable fact that
the two branches of the Case definition are strongly positive with respect to
X (they are actually strictly positive). The second follows from clause 4 with
&1[Y] =N, and U1[Z1] = N; (positive type pointer by clause 1), 2[Y] =Y and
Us[Z2] = N1 + X x Z» (positive type pointer by clause 7, with #[V] = N + X x V,
and clause 2).

It follows that, in the system extended by Definition 2, we can define the
family of inductive types T := [n: Njux (P[X] n): N — *.

Definition 2 does not add new inductive types to the system, but simply
allows us to collect types in new families.

Theorem 1. Every closed type px (®) definable by Definition 2 is definable by
Definition 1 also.

Proof We must prove that every strongly positive operator X : x - $[X]: x in
which no free variable except X occurs, is strictly positive (or, better, reduces
to a strictly positive one). The proof is by induction on the number of times
clause 8 of Definition 2 is used. We don’t need to consider the other clauses,
since they are the same in the definition of strict positivity. Suppose then that
& has been obtained by clause 8—that is, & = (¥ a), where ¥ is as in clause 8
and a is a closed term of type I. We assume that a is in normal form (otherwise
we normalize it). We prove that (¥ a) is strictly positive by induction on the
set of closed terms of I in normal form. (Note that this is structural induction
external to type theory, and not an internal application of the elimination rule.
This explains why a must be a closed term for it to work.) Suppose a = (u-intro b)



with b: O[I] closed. Then

(¥ a) = (¥ (p-intro b))
= (p-it [Z]W[X, Z] (p-intro b))
~ WX, (O(p-it [ZIW[X, Z])] b)]
= WX, (0[2[X]] b)]

The term (O[®[X]] b) can be represented as a tree isomorphic to the structure
tree of a and whose leaves are in the form (¥ ¢), with ¢ an element of I struc-
turally simpler than a. By induction hypothesis, for all recursive occurrences of
elements of I in b (that is, the elements of I that are structurally simpler that a),
the corresponding elements of the family ¥ are strictly positive. Since (¥ a) is
strictly-positively constructed from such occurrences by the type pointer W (this
is the main property of the notion of positive type pointer and can be proved
straightforwardly for every clause of Definition 2), it is also strictly positive. O

4 Wellorderings

In the previous section we proposed an extension of the notion of inductive type.
We see now that, without extending type theory, we can encode the desired types
and families as wellorderings. Wellorderings (also called W types) are types of
trees specified by a type of nodes A and, for every element a of A, a type of
branches (B a). This means that every node labelled with the element a has as
many branches as the elements of (B a).

Wellorderings were introduced by Martin-Lof [14, 15] and used by Dybjer [10]
to encode all inductive types obtained from strictly positive operators. Here we
extend Dybjer’s construction to strongly positive operators.

Definition 3. Let A: x and B: A — x. The type W(A, B) is defined by the
rules

formation W(A,B):

a:A f:(Ba)—> W(A,B)

introduction (sup a f): W(A, B)

elimination Let P: W(A, B) — x, then

z: Ayy: (B x) > W(A,B),z: (u: (B z))(P (y u))
b elz,y,z]: (P (sup = y))
(W-ind [z,y, z]e): (w: W(A, B))(P w)

conversion (W-ind [z,y, z]e (sup a f))
~ e[aafa [UI (B a)](W_md [xvyvz]e (f U))]



Wellorderings can be realized in type theory with the standard implemen-
tation of inductive types. Using Formula 2 we can define the W constructor
as

inductive W [A : %, B : A — x]: % :=
sup : (z:A)((B z) - W(4,B)) > W(A, B)
end.

Dybjer showed in [10] that every strictly positive operator has an initial
algebra constructed by a W type. This result holds if we take an extensional
equality on the W type—that is, if we consider two elements (sup a; fi) and
(sup a2 f2) of W(A, B) equal if a1 and a» are convertible and if (f1 b) = (f2 b)
for every b: (B a1). In intensional type theory, which is the one we use, the
second condition is not equivalent to the convertibility of f; and fs. For this
reason, when we use W types, we have to deal explicitly with extensional equality.
They are, therefore, more cumbersome than direct inductive definitions. Once we
have stressed this drawback, we can extend Dybjer’s result to strongly positive
operators.

Theorem 2. For every strongly positive operator X : x = S[X]: = there exist
A: x and B: A — x such that W(A, B) is an initial algebra of . (For a formal
definition of initial algebras of type operators see, for example, [11] or [20].)

Proof The proof is by induction on the structure of ¢ as in Dybjer [10]. Our
Definition 2 contains two extra clauses that are not present in Dybjer’s definition:
clauses 6 and 8. Let us see how Dybjer’s proof can be extended to include them.

Clause 6 is easily treated by defining A and B by cases on the term t in
the definition of ¥ and using the recursive results for the branches of the Case
expression. (See the following example.)

If ¥ is obtained by clause 8 we define the families A: I — *and B: (z: I)A,; —
* by recursion on I. Given x = (u-intro y): I, we assume by inductive hypothesis
that A and B are defined for all the recursive occurrences of elements of I in y.
We define the new A, and B,, by using Dybjer’s construction for the occurrences
of X and of the recursive calls Z on W[X, Z]. Formally, using Dybjer’s method
recursively on the clauses of Definition 2, we can construct from W two families
of operators W4 and Wg and then apply the iteration principle to obtain A and
the induction principle to obtain B:

Za: O] Wy[Za]: *
A= (p,—it [ZA]WA): I— %

ZB: @[(2 I [’L : I]Az' — *)] F W[ZB]: A(p—intro (Om1] 2)) — %
B := (p-ind [ZB]WB): (i: I)A; — * '

Note the difference with the proof of Theorem 1: The assumption that a
closed term a: I is used was essential to that proof. That was necessary because
we were proving an external predicate. But here we are constructing families
of types internal to type theory, therefore we can use the elimination rule of
type I to construct A (with elimination predicate Py = [z: I]x) and B (with



elimination predicate Pp = [x: I]A; — *. Therefore A, and B, are defined also
for a free variable z: I. O

This construction gives, in the case of the family of operators of Formula 3,
the following families of As and Bs:

A:N -« B: (n:N)4,, —» *
A() :=N1 (Bo — )ZZ(D
A(S n) *= N + An (B(S n) (lnl - )) =0

(E Nl + Nl X An) (B(S n) (inr a)) = Nl + (Bn a)

The W construction for terms over a signature in Sig is described in [6], where
it is extended to many-sorted signatures.

5 Recursive vs. Inductive families

We remarked that the W construction has the disadvantage that extensionally
equal terms are not always convertible. This is unavoidable when we use transfi-
nite types, but it could and should be avoided with finitary types. The solution
proposed in this section exploits an extension of inductive types implemented in
the proof tool Coq (see [12]). This consists in extending the notion of strict pos-
itivity to that of positivity by a clause that allows operators to inherit positive
occurrences of a parameter X from inductive definitions.

Definition 4. A type operator X: x F W[X]: x is positive if it satisfies the
clauses of the definition of strict positivity where we substitute “positive” for
“strictly positive” everywhere, and the new clause

X is positive in (J t1 - - -t if J is an inductive type and, for every term
t;, either X does not occur in t; or X is positive in t;, t; instantiotes a
general parameter of J and this parameter is positive in the arguments
of the constructors of J.

To apply this construction to our case we first need to replace the recursive
definition of a family of type operators with an inductive one. We illustrate the
method with the example of Formula 3. The family ¥ was defined by recursion
on the natural numbers. Instead we use the following inductive definition

inductive ind(¥)[X: #]: N = % :=

1/)0 : |nd(W)0

’l/)l : (’I’LZ N)Ind(@)(s n)

Y2 1 (n: N)X = ind(¥), = ind(¥)(s n)
end.

(The constructors ¢y and 1; could be unified in a single constructor o :
(n: N)ind (¥),,, but we keep them separate to keep the parallel with the defi-
nition of ¥ in Formula 3.) X is a general parameter of ind(¥) and it is positive
in the arguments of the constructors: It appears only as the type of the first



argument of the constructor i». It follows from the clause in Definition 4 that
X:x F (ind(¥) X n) is a positive type operator for every n: N. In the type
system of Coq such positive operators can be used in the definition of inductive
types, thus the family T := [n]ux ((ind(¥) X n)): N — « is admissible. Note
that the condition expressed in clause 8 of Definition 2 by requiring W to be a
positive type pointer corresponds to the fact that the recursive calls must occur
positively in the definition of ind(¥). This translation can be done in general for
every strongly positive operator.

Theorem 3. For every strongly positive type operator X: x b S[X]: x there
exists a positive type operator X : x b ind(®)[X]: *x such that, for every type
X:x, §[X] = ind(P)[X].

Proof As usual the relevant case is clause 8 of Definition 2. If X : « - ¥[X]: [ —
x is defined as in that clause, then we replace it with the inductive family

inductive ind(¥) [X: *]: I — %

311: (y: OUNWIX, (Ofind(¥)] y)] = ind(¥) (s-intro y)»
en

which can be proved to be positive according to Definition 4, by induction on
the proof that W is a positive type pointer. The general parameter X occurs
only positively in the arguments of the constructor ¢ because it occurs only
positively in W (by induction hypothesis).

With this translation we get always inductive families with only one construc-
tor. In practice it is intuitively easier to break it down into several constructors,
as we did in the preceding example. O

6 Applying the two level approach to inductive types

The two level approach is a technique used for proof construction in type theory.
A goal G is lifted to a syntactic level; that is, a term g, of a type Goal: %
representing goals, is associated to G. Logical rules are reflected by functions or
relations on Goal. To prove G we apply the functions or work with the relations
on g. Once g is proved at the syntactic level, we can extract a proof of G.

The technique is described in [4] and in Ruys’ thesis [22]. It was used by
Boutin, who calls it reflection, to implement the Ring tactic in Coq [5]. Its
furthest application consists in formalizing type theory inside type theory itself
and use it to do metareasoning. This was partially done by Howe in [13] for
Nuprl and by Barras and Werner in [3] for Coq.

We apply it to inductive definitions. First of all we define a type of codes for
positive type operators PosOp. To every element ¢: PosOp we associate a positive
type operator (TypeOp ¢): * — x and an inductive type (IndType ¢): *, using
the technique of Section 5. Then we define an inductive predicate Positive on
type operators, which is an internalization of the notion of strict positivity (note
that we do not need to internalize strong positivity or positivity). We define
a function that associates an element of PosOp to every operator &: x — *



and proof p: (Positive #). So we can define an inductive type by proving that
the corresponding type operator is strictly positive. This can be done for the
families of operators defined by recursion, hence solving our initial problem.

Definition 5. The type PosOp: O is defined by the following introduction rules:

K: x op1: PosOp ops: PosOp K: x  op: PosOp
(op-const K): PosOp (op-prod op1 op2): PosOp (op-fun K op)

opy : PosOp  opy: PosOp
op-id: PosOp (op-sum op; op2): PosOp’

We can associate an actual type operator to every element of PosOp, by recursion
on it:

TypeOp: PosOp — * —
(op-const K) = [X:x
op-id = [X:

K

1X

(op-prod op; opa) = [X : *](TypeOp op1 X) x (TypeOp op2 X)
]
]

*

(op-sum op; op2) = [X: *](TypeOp op; X) + (TypeOp op2 X)
(op-fun K op) = [X: x]K — (TypeOp op X).

Unfortunately this approach leads us to a dead end, since the family of operators
TypeOp is strongly positive but not positive, being obtained by recursion.

We apply instead the technique of Section 5 to transform TypeOp from a
recursive family to an inductive one satisfying the positivity condition:

inductive IndOp [X : %]: PosOp — =

Ceonst © (K : %)K — (IndOp (op-const K))

Gd : X — (IndOp op-id)

Corod ¢ (0p1,0p2: PosOp) (IndOp op1) — (IndOp op»)

— (IndOp (op-prod op; opz))

Csum,l = (0p1,0pa: PosOp)(IndOp op;) — (IndOp (op-sum op; op2))

Coumyr : (o1, 0p2: PosOp)(IndOp opz) — (IndOp (op-sum opy 0p2))

Crun  : (K:x)(op: PosOp)(K — (IndOp op)) — (IndOp (op-fun K op))
end.

Lemma 1. For every op: PosOp, X: = F (IndOp X op) is a positive operator.

Proof Just check that the requirements of the new clause in Definition 4 are
satisfied. m|

Thus, in the type system of Coq, we can associate an inductive type to every
element of PosOp:

IndType := [op: PosOp|ux (IndOp X op): PosOp — *.

Whenever we have a family of type operators X : x - ¥[X]: I — * defined by
recursion on an inductive type I, we can associate to it a function fg: I — PosOp



and obtain the family of inductive types as [z: I](IndType (fw z)). For example,
the family ¥ from Formula 3 is translated into the function

fo: N — PosOp
(fe 0 ):= (op-const N;)
(fw (S n)) := (op-sum (op-const Ny ) (op-prod op-id (fo n)))

Moreover, we can avoid this translation by proving directly the positivity of
the original operators inside type theory.

Definition 6. The predicate Positive: (x — x) — x is inductively defined by the
following rules:
K: %
(pos-const K): (Positive [X: %] K)

pos-id: (Positive [ X : %] X)

Pr:x > x Py:x — x  pp: (Positive B1) po: (Positive $)
(pos-prod &1 P2 p1 p2): (Positive [X : x]($1 X) x (P2 X))

Pr:x =% Py x = x  pp: (Positive 1) po: (Positive $3)
(pos-sum &1 P2 py p2): (Positive [X: #](P1 X) + (P2 X))

K: x &:x— x p: (Positive )
(pos-fun K @ p): (Positive [X : x| K — (& X))

It is straightforward to define a function pos-code: (®: * — x)(Positive &) —
PosOp by recursion on the proof of (Positive #). In conclusion, given a recursive
family of operators, we can prove by induction that every element of the family
is positive and then obtain the recursive family of inductive types by composing
IndType and pos-code.

Lemma 2. Every type operator &: x — x such that (Positive ) is provable, has
an initial algebra.

Finally we can apply this method to the strongly positive operators.
Theorem 4. If X: x - &[X]: * is a strongly positive operator, then there is a
proof of (Positive [X]$[X]).

Proof We just formalize the proof of Theorem 1. Since we are now developing
the proof inside type theory, the requirement that no free variable except X
appears in @ is no longer necessary. Hence the result holds for every strongly
positive operator. O

7 Conclusion

We have considered the problem of defining families of inductive types whose
constructors are given by recursion. These families occur naturally in some de-
velopments of abstract mathematics in type theory. We characterized them with



the notion of strong positive operator. We described a model of them in type
theory that uses wellorderings. We showed that a more manageable model can
be constructed in a type theory with an extended notion of inductive definition.
Finally we generalized the later model to a complete internalization of inductive
definitions. This last part was completely formalized in Coq.
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