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Review: pivots and Echelon form
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Pivots

e A pivot is the first non-zero entry of a row:

02| 1|-2
3] 5 —5|1
0 0 [-2] 2

e If a row is all zeros, it has no pivot:
0 1|2
5 —5| 1

0 0 010

We call this a zero row.
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Review: pivots and Echelon form
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Echelon form

A matrix is in Echelon form if:
@ All of the rows with pivots occur before zero rows, and

® Pivots always occur to the right of previous pivots

3]2 5 —5|1
0 0[2] 1]-2
000 [-2] 2 \/

000 O0]O
[3]2 5 —5|1 [3] 2 5 5|1 [3]2 5 —5|1
002 1]-2]¢ 0 o0 [4] 22| 00422 | @
ooooog 001_2% 001—2M
000 [2]2 000 00 000 0|0
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Application: Data fitting
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Points and polynomials

Here's a really useful thing about polynomials:

For any n points in a plane, there exists a unique polynomial of
degree n — 1 which hits them all.

That is: given points (x1,¥1),--.,(Xn, Yn), there is precisely one
‘polynomial’ function of the form:

f(x) = ap + aix + x>+ a3+ a1 x"t

with f(x;) = y; for all i < n.
NB. No two points should be on the same vertical line!

e The data fitting problem is: given the points (x;, y;) obtained
from some experiment, find the ag,...,a,-1

e This can be done with what we have seen so far!
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Application: Data fitting
S
Radboud University Nijmegen 3
o,

MiNe S

fitting example

e Suppose we have 3 points (1,6), (2,3) and (3,2)
we wish to find f(x) = ag + a1x + a»x? that hits them all
The requirements (1) =6, f(2) = 3 and f(3) = 2 yield:

ao+31-1+82-12=6
ao+31'2+32'22:3
ao+31'3—|—32'32:2

The augmented matrix and its Echelon form are:

1116 1116
12 4|3 and 013-3
1 39(2 0022

Its solution is ay =1, a; = —6 en ap = 11, ie. (11,-6,1)
e and so the required function if f(x) = 11 — 6x + x2. \/
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Application: Data fitting
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Unique solutions

From the first lecture:

A system of equations in n variables has a unique solution if and
only if its Echelon form has n pivots.

Example (O denotes a pivot)

(using transformations R, :== R, — Ry and Ry := —%Rg)

Question: What if there are more solutions? Can we describe them
in a generic way?
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Application: Data fitting
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General solutions

The Goal:

e Describe the space of solutions of a system of equations.

e In general, there can be infinitely many solutions, but only a
few are actually ‘different enough’ to matter. These are called
basic solutions.

e Using the basic solutions, we can write down a formula which
gives us any solution: the general solution.

Example (General solution for one equation)
2x1 —xp = 3 gives xp =2x3 — 3

So a general solution (for any c) is:

X]:=¢C xp:=2c—3
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Vectors and solutions
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A new tool: vectors

e A vector is a list of numbers.
e We can write it like this: (x1,x2,...,X,)

e ...or as a matrix with just one column:
X1
X2
Xn

(which is sometimes called a ‘column vector').
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Vectors and solutions
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A new tool: vectors

e Vectors are useful for lots of stuff. In this lecture, we'll use
them to hold solutions.

e Since variable names don’t matter, we can write this:
x1:=2 xo:=—-1 x3:=0

e ...more compactly as this:

e ...or even more compactly as this: (2, —1,0).
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Vectors and solutions
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Linear combinations

e We can multiply a vector by a number to get a new vector:

X1 CX1

X2 CX2
C- =

Xn CXnp

This is called scalar multiplication.
e ...and we can add vectors together:

X1 1 X1+ w

X2 Y2 X2 + y2
A = .

Xn Yn Xn + Yn

as long as the are the same length.
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Vectors and solutions
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Linear combinations

Mixing these two things together gives us a linear combination of
vectors:

1 cx1+dys + ...
X2 ¥ cxo+dys+ ...
c +d-| .|+ .
Xn Yn cXn+dyn+ ...

A set of vectors Vi, V5,

.., Vi is called linearly independent if
no vector can be written as a linear combination of the others.
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Aside: checking linear independence

Equivalently:
Definition
Vectors Vi,..., V, are called linearly independent if for all scalars
ai,...,an € R one has:

ap-Vi+---+a,-V,=0 implies ay=a=---=a,=0
The 3 vectors (1,0,0),(0,1,0),(0,0,1) are linearly independent,
since if

ar - (17070) + a> - (0,1,0) + as - (ana 1) = (07070)
then, using the computation from the previous slide,
(a1, a2,a3) =(0,0,0), sothat a3 =a,=a3=0
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Proving (in)dependence via equation solving |

1 2 0
e Investigate (in)dependence of [ 2], [ =1 ], and |5
3 4 2
e Thus we ask: are there any non-zero ajg, a», a3 € R with:
1 2 0 0
a1 |2l +a|-1]+a3|5] =10
3 4 2 0

o If there is a non-zero solution, the vectors are dependent, and
if a1 = a» = a3 = 0 is the only solution, they are independent
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Vectors and solutions o . ' =t
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Proving (in)dependence via equation solving Il

e Our question involves the systems of equations / matrix:

ap+2a =0 1 2 0/0 1 2
2a; —ap+5a3 = 0  corresponding to 2 -15|0 2 —
3a1 +4ar+2a3 = 0 3 4 2|0 3 4

e This one has non-zero solutions, for example
dl = —2,32 = 1,33 =1
(compute and check for yourself!)

e Thus the original vectors are dependent. Explicitly:

1 2 0 0
22|+ [-1]+](5]=1o0
3 4 2 0
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Vectors and solutions
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Proving (in)dependence via equation solving Il

1 -2 1
e Same (in)dependence question for: | 2 |, | 1 |, [ -1
-3 1 —2
e With corresponding matrix:
1 -2 1 50 -1
2 1 -1 reducing to 05 -3
-3 1 =2 00 —4

e Thus the only solution is a; = a» = a3 = 0. The vectors are
independent!

A. Kissinger Version: spring 2016 Matrix Calculations



Vectors and solutions o . ' z
Radboud University Nijmegen "%

k7 O
MiNes

Linear combinations of solutions

e |t is not the case in general that linear combinations of
solutions give solutions. For example, consider:

x1+2x0+x3=0 <12100>
Xo + x4 = 2 01012
e This has as solutions:
—2 -1 -3
2 1 3
Vi = o , Vo = 1 but not Vi+V, = 3 , 3V, ...
0 1 1

e The problem is this system of equations is not homogeneous,
because the the 2 on the right-hand-side (RHS) of the second
equation.
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Homogeneous systems of equations

A system of equations is called homogeneous if it has zeros on the
RHS of every equation. Otherwise it is called non-homogeneous.

e We can always squash a non-homogeneous system to a
homogeneous one:

02 1|2 021
3551 ~ 35 -5
00 —2] 2 00 -2

e The solutions will change!

e ...but they are still related. We'll see how that works soon.
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Homogeneous and non-homogeneous, illustration

A non-homogeneous system: { xtx =3

X1 — Xp = 0
x1+x =0
X1 — Xp = 0
In terms of matrices, this means going from:

11[3) . (1 1]o) . . (11
1 -1(0) ©° \1-1l0) "¢ {121

can be made homogeneous, namely as: {
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Zero solution, in homogeneous case

Lemma

Each homogeneous equation has (0, ..., 0) as solution.

Proof: A homogeneous system looks like this

ajxi+ -+ amx, =0

amiX1 + -+ a@mnXn : 0
Consider the equation at row i/:
apx1+ -+ ainxp =0
Clearly it has as solution x1 =xp =--- = x, = 0.

This holds for each row i. (]
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Linear combinations of solutions

The set of solutions of a homogeneous system is closed under linear
combinations (i.e. addition and scalar multiplication of vectors).
(i.e. the solutions form a linear subspace)

...which means:

o if (s1,5,...,5y) and (t1, to, ..., t,) are solutions, then so is:
(s1+ t1,52 + t2,...,5, + tp), and
e if (s1,%,...,5p) is a solution, then so is (c-s1,¢c-Sp,...,C"Sp)
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Example

3x1+2x0 —x3 = 0
x1—x0o =0

Consider the homogeneous system {

A solution is x; = 1,x; = 1, x3 = 5, written as vector
(x1,x2,x3) = (1,1,5)

Another solution is (2,2, 10)

Addition yields another solution:

(1,1,5) 4 (2,2,10) = (1+2,1+2,10+5) = (3,3,15).

Scalar multiplication also gives solutions:
~1-(1,1,5) = (-1-1,-1-1,-1-5) = (—
100-(2,2,10) (100-2,100-2,100-10) =
c-(1,1,5) = (¢-1,c-1,c-5) = (c,c,5¢
(is a solution for every c)

1,-1,-5)
(200, 200, 1000)
)
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Proof of closure under addition

e Consider an equation a;x; + -+ apxp =0
e Assume two solutions (s1,...,s,) and (ti,...,ts)

e Then (s1 + t1,...,Sn + tn) is also a solution since:

ai(si+ t1) + - + an(sn + tn)
= (a1s1+ a1 tl) +--+ (ansn + antn)

= a151+--~+ansn) + (alt1+---+antn>

0+0 since the s; and t; are solutions
= 0.

e Exercise: do a similar proof of closure under scalar
multiplication
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General solution of a homogeneous system

Theorem
Every solution to a homogeneous system arises from a general
solution of the form:

(51, .. .,Sn) = C1(V11, R V1,,) 4+ -+ Ck(vkl, cey Vk,,)
for some numbers cy,...,cx € R.

We call this a parametrization of our solution space. It means:
@ There is a fixed set of vectors (called basic solutions):

Vi=(w1,.-vin), ooy Vie=(Vkt,- -+, Vikn)
® such that every solution S is a linear combination of
Vi, oo, Vi

© That is, there exist ci, ..., cx € R such that
S=aVi+...cV
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Basic solutions of a homogeneous system

Theorem

Suppose a homogeneous system of equations in n variables has
p < n pivots. Then there are n — p basic solutions V1, ..., V,_p.

This means that the general solution S can be written as a
parametrization:

S=cVi+--- Cn—pVn—p-

Moreover, for any solution S, the scalars c1, ..., ch—p are unique.
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e We have two kinds of variables, pivot variables and non-pivot,

or free variables, depending on whether their column has a
pivot:

X1 X2 X3 X4 X5

(0141)
0 0 [1] 2 o

e The Echelon form lets us (easily) write pivot variables in
terms of non-pivot variables, e.g.:

X1 = —X3 — 4-X4 — X5 X1 = —2X4 — X5
X3 = —2Xa X3 =

—2X4

e We can find a (non-zero) basic solution by setting exactly one
free variable to 1 and the rest to 0.
A. Kissinger
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Finding basic solutions

X1 X2 X3 X4 X5

< 0 1 4 1>:> X1 = —2x3 — X5
0 0 2 0 x3 = —2x4

5 variables and 2 pivots gives us 5 — 2 = 3 basic solutions:

x'=1 x:=0 x:=0

x4 =0 x3:=1 x4:=0

x5: =0 x5:=0 x5:=1
—2X4 — X5 0 -2 -1
X2 1 0 0
—2X4 ~1 0[] ]-2|:-]10
X4 0 1 0
X5 0 0 1
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Generic Solution

Now, any solution to the system is obtainable as a linear
combination of basic solutions:

0 -2 -1 —2X4 — X5

1 0 0 X2
|0l +x2 | 2| +x5 0 = —2x4

0 1 0 X4

0 0 1 X5

Picking solutions this way guarantees linear independence.
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Finding basic solutions: technique 2

Keep all columns with a pivot,

One-by-one, keep only the i-th non-pivot columns (while
removing the others), and find a (non-zero) solution

(this is like setting all the other free variables to zero)

Add 0's to each solution to account for the columns (i.e. free
variables) we removed
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General solution and basic solutions, example

e For the matrix: < 10 4)
0 0/[2]2

e There are 4 columns (variables) and 2 pivots, so 4 —2 =2
basic solutions
First keep only the first non-pivot column:

<(1) é g) with chosen solution  (xi, x2, x3) = (1,—1,0)

Next keep only the second non-pivot column:

<(1) g g) with chosen solution (xi,x3,xs3) = (4,1, —1)

The general 4-variable solution is now obtained as:
a-(1,-1,0,0)+ ¢ - (4,0,1,-1)
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General solutions example, check

We double-check that we have solutions:

c-(4,0,1,-1)+ - (1,-1,0,0)
=(4-a,0,l-c,-1-c1)+(1-c,—1-¢,0,0)
= (4C1 +C27_C27C17_C1)

is a solution of:

1104 e of xX1+xo+4xs = 0
0022 s 2x3+2x4 = 0
Justfillin xy =41+, xo=—0, x3=cC1, X4 = —C1

(4C1—|—C2)—C2—|—4~—C1 =0
261—2C1:0 J
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Summary of homogeneous systems

Given a homogeneous system in n variables:
e A basic solution is a non-zero solution of the system.

e If there are n pivots in its echelon form, there is no basic
solution (but only the (0, ..., 0) solution).

e Basic solutions are not unique. For instance, if V4 and V5 give
basic solutions, so do V4 + V, and V; — V5.

e If there are p < n pivots in its Echelon form, it has n — p
linearly independent basic solutions.
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Non-homogeneous case: subtracting solutions

Theorem

The difference of two solutions of a non-homogeneous system is
a solution for the associated homogeneous system.

More explicitly: given two solutions (si,...,s,) and (t1,...,t,) of
an non-homogeneous system, the difference (s; — ti,...,5, — tp)
is a solution of the associated homogeneous system.

Proof: Let ajx; + - -+ + anx, = b be the equation. Then:
ai(s1 —t1) + -+ an(sn — ta)

= (a1s1 — 81f1> 4+ 4+ <an5n — antn)
= alsl+---+ansn) — (a1t1+---+antn>

= b-—b>b since the s; and t; are solutions
= 0. ®
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General solution for non-homogeneous systems

Theorem

Assume a non-homogeneous system has a solution given by the
vector P, which we call a particular solution.
Then any other solution S of the non-homogeneous system can be

written as
S=P+H

where H is a solution of the associated homogeneous system.

Proof: Let S be a solution of the non-homogeneous system.

Then H =S5 — P is a solution of the associated homogeneous
system. Hence we can write S as P + H, for H some solution of
the associated homogeneous system. (]
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Example: solutions of a non-homogeneous system

e Consider the non-homogeneous system Xty+oz =9
y—3z =4
e with solutions: (0,7,1) and (5,4,0)
e We can write (0,7,1) as: (5,4,0) +(-5,3,1)
e where:
e P =(5,4,0) is a particular solution (of the original system)
e (—5,3,1) is a solution of the associated homogeneous system:
x+y+2z =0

y—3z =0
e Similarly, (10,1, —1) is a solution of the non-homogeneous
system and

(10,1,—1) = (5,4,0) + (5, -3, —1)

e where:
e (5,—3,—1) is a solution of the associated homogeneous
system.
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General solution for non-homogeneous systems, concretely

The general solution of a non-homogeneous system of equations in
n variables is given by a parametrization as follows:

(sty---y8n) = (p1s---,pn) + cr(vits -, vin) + - ck( Vi1, - - -5 Vin)

forci,...,ck € R,
where
e (p1,...,pn) is a particular solution
e (vit,---yVin)y---y (Vk1,- .., Vkn) are basic solutions of the

associated homogeneous system.

e Soci(vit,.--yvin)+ -+ ck(vki, -, Vkn) is a general
solution for the associated homogeneous system.
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Elaborated example, part |

e Consider the non-homogeneous system of equations given by
the augmented matrix in echelon form:

1111 13
0 0[1]2 3|1
000 0[1]l4

e It has b5 variables, 3 pivots, and thus 5 — 3 = 2 basic solutions
e To find a particular solution, remove the non-pivot columns,
and (uniquely!) solve the resulting system:

1] 1 13
0o [1] 3|1
0 0 [1]/4

e This has (10, —11,4) as solution; the orginal 5-variable system
then has particular solution (10,0, —11,0, 4).
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Elaborated example, part |l

e Consider the associated homogeneous system of equations:

11111
0 0[1]2 3
00 0 0][1]

e The two basic solutions are found by removing each of the
two non-pivot columns separately, and choosing solutions:

1] 111 1)1 1

0 [1]2 3 and 00

3
0 0 0[1] 00 0 [1]

e We can choose: (1,-2,1,0) and (—1,1,0,0), giving for the
original matrix: (1,0,-2,1,0) and (—1,1,0,0,0).

(]
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Elaborated example, part Il

Wrapping up: all solutions of the system

are of the form:

(10,0,-11,0,4) + ci(1,0,—2,1,0) + (-1,1,0,0,0).

particular sol. two basic solutions

This is the general solution of the non-homogeneous system.
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