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In this paper we introduce a set, denoted by D,(A), for every commutative ring
A and every positive integer n. It is shown that the elements of this set can be used
to give an explicit description of the class H,(A4) introduced in van den Essen and
Hubbers [J. Algebra 187 (1997), 214-226]. We deduce that each polynomial map of
the form F =X+ H with H € H,(A4) can be written as a finite product of
automorphisms of the form exp(D), where each D is a locally nilpotent derivation
satisfying D2(X;) = 0 for all i. Furthermore we deduce that all such F's are stably
tame.  © 1997 Academic Press

1. NOTATION, DEFINITIONS, AND AN EXPLICIT
DESCRIPTION OF THE CLASS H,(A4)

1.1. Notation

Throughout this paper A denotes an arbitrary commutative ring and
A[X]=AlX,,..., X,] denotes the polynomial ring in n variables over A.
Furthermore if G = (G,,...,G,) € AIX]" and § = (5;(X)) €
M, (A[X] then S(G) or S; denotes the p X g matrix (S, (G, ...,G)); ;.
In particular if F € A[X]" (= M, ,(A[X]) then the composition of the
polynomial maps F and G, denoted F o G, is equal to F(G).

Matrix multiplication will be denoted by the symbol ‘x.” So if §,
T € M,(A[ X)) then the matrix product of S and T is denoted by S * 7. By
X we denote the column vector (X3, ..., X,)". In the sequel we also need
another multiplication in M,(A[ X ], which we denote by a. This multipli-
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POLYNOMIAL AUTOMORPHISMS 461

cation is defined as follows:
SAT=8(T+X)*T

forall S, 7 € M, (A[XD.
One easily verifies that this multiplication is associative, so it makes
sense to write

Sia8,a A8,

for each n-tuple S,,...,S, in M (A[ X]. Sometimes we need to extend a
vector of length 1 < p <n — 1 ora p X p matrix to, respectively, a vector
of length #, or an n X n matrix. This is done as follows: let1 <p <n — 1,

c€AX]),and T € Mp(A[X]). Then ¢" denotes the vector
C

0 n
c" | eA[X],

a
Il

0
obtained by extending ¢ by n — p zeros, and T" denotes the matrix

(o 4] = mcat,

obtained by extending 7' with the (n — p) X (n — p) identity matrix. To
simplify the notation we drop the superscript n and write ¢ and T, even
sometimes when it is clear from the context that we mean ¢" 1, respec-
tively, 7"~ ! instead of C”, respectively, T".

Finally the adjoint of a matrix T is denoted by Adj(7') and if a;,...,a,
are elements of a (nonnecessary commutative) ring then IT7_, a, denotes
the element a; - a,.
1.2. D,(A) and the class H(A)

In [6] we introduced a new class of polynomial maps, denoted by H,(A),
and showed that for each H < H,(A4) the Jacobian matrix JH is nilpo-
tent and that the polynomial map F = X + H is invertible over A4 with
det(JF) = 1.

Let us recall the definition of H,(A).

DerFiNiTION 1.1, First if n =1 we define H(A)=A4. If n>2 we
define H,(A4) inductively as follows: Let H € A[X]*. Then H € H,(A) if
and only if there exist T € M,(A), ¢ € A", and H, € H,_,(A[ X, ] such
that

H=Adj(T)*(Pf)*) +e. (1)

T« X
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The main aim of this section is to give an explicit description of the
elements of H,(A). Therefore we introduce some useful objects.

DerFINITION 1.2. Let n > 2. Then D,(A) is the set of (2n — 1)-tuples
(T,c) =(Ty,....T,,cirohCy)

where T, e M,(A), T, e M(A[ X;,,,.... X,Dforall 2<i<n—-1¢, €
A" (=M, (A) and c; e M, (A[X,,,,...., X, Dforall 1 <i<n—1

If n > 3 we get a natural map =: D,(A) - D,_,(A[X,]) defined by
7((Ty ... Tcp,oo006,) = (T, Ty qiCpyeoi 6 y).
Instead of w((T, ¢)) we often write (T, ¢').
DerFINITION 1.3. Letn>2and 0 <p <n — 2. Then
E, ,: D(A) »A[Xx]"
is given by

1 E, (T, c)=Ad(T,)*C,_y 1, . x forall (T,c) € D,(A).
2. If n>=3and 1 <p <n — 2, then inductively (with respect to n)

E, ,((T,c)) = Adi(T,) * En—l,p-l(()(T’,c'))

|T,* X
Instead of E, ,((T, c)) we simply write E, (T, c).
Now we are able to give the main result of this section.
PrRoPOSITION 1.4. Let n > 2 and H € A[X]". Then H € H(A) if and
only if there exists (T, c) € D,(A) such that
n—2
H= Y E, (T, c)+c,.
p=0
Proof. The proof is by induction on n. The case n = 2 is obvious, so let
n > 3. Then

H=Adj(Tn)*(H*) + ¢,
0 IT,* X

where T, € M, (A), ¢, € A", and H, € H,_,(A[ X, ]D. So by the induction
hypothesis we have
n—3
H* = Z Enfl,p(T*’C*) + C:71
p=0
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for some (T*,c*) € D,_,(A[ X, ). Put (T, ¢) = (T*,T,, c* c,) and observe
that (T, ¢) € D(A) and (T',¢") = (T*, c*). So
n—3 C*
H= Y Ad(T,)*E, 1 (T c')r,-x + Adi(T,) *( ”1) te,
p=0 ' 0 |T, * X
n—2
=y En’p(T,c) +E, o(T,c) +c,
p=1
n—2
= ZEn’p(T,c) +c,. |
p=0

PROPOSITION 1.5. Letn >2,0<p <n — 2, and (T, c) € D,(A). Then
En,p(TvC) = Adj(Tn,p AR ATnflATn)*"Cvnfpfll(fn,pa Afn,lAT,l)*X'

Proof. The proof is by induction on p. The case p = 0 is obvious. So
let p > 1. Then

E, (T.c) = Adj(Tn)*(En_l,p_l

(T':C'))
0

IT,* X

~

— Ad(T,) = [Adi(T, 8 0 T,

>‘(Cn—p—ll(i,f,}A Afnfl)*X)\T,,*X]

(by the induction hypothesis)
=Adj(( A AT"—l)m*x*T")

*C, ((~ A“'Afn,l) )*Tn*X

IT,* X
- Adj(Y;_p AT A Tn) *Cpp 11T, o 8T 6Ty X-
ExAMPLE 1.6. Consider the polynomial map F =X + H:C* - C*
where H equals
2
2 2 My 3 M 2 2
—X, X5 — e X5 X, — 2g_X2X3X4 — 84 X1 X3 Xy — ks X3 — ?X2X3 —my X, X3
4 4
~ X3 X[ — 3 X7X, + 84X, X3 Xy — ka X3 + my X, X + g3 X, X3
1
——X43

3
0
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and eg, k3, e,, 84, k,,m, € Cand g, # 0. This F is invertible. In fact if we
take P =P ' = (X,, X;, X,, X,), we have that PFP is one of the eight
representatives of the cubic homogeneous maps in dimension 4 as given by
Hubbers [7] and also published in [4, Theorem 2.10].

Now consider the following element (7', ¢) of D,(C), where

1 0 0 O

|2 0 L (1) 8 01 0 0

[\ &giXs g X, +my Xy 0 0 1 "o 0 1 0

0 0 0 1

and
0 0
-1 _X?,Z(€4X4 + ks X3) 0 0
Cc = - y ) — )
g’ —X; X{ — e; X, X5 — ky X3 _1)(: 8
3

Our claim is that

2
H= Y E, (T, c) +c,.
p=0

To prove this we will compute E,,, E,,, and E,, by the method of
Proposition 1.5. Note that ¢, = 0. Since T, = T; = I,, E, , and E,, are
easy:

0
0
Eyo=Adi(T))* Ty x =T = | ~1 s,
3 4
0
_X32(64X4 + kyX3)
o~ - - _ 2 _ 2 _ 3
E,, = AdJ(Ts A T4) *Co(FyaTyrx = C2 = Xo Xy e3§’4X3 ks X

0
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Before we compute E, , we present the following identities:

1 0 0 0
-~ ~ ~ 2
T,aT,aT, =T, = giX; X, +mX; O 0’
0 0 1 0
0 0 0 1

Adj(f2 A 773 A T4)

84X, +myX; O 0 0
_ —g2 X, 1 0 0
0 0 g, X, +mX, 0
0 0 0 8. X, +t myX,
Xy
(~2 A ~3 A T4)* X = 8i X1 X5 + 8, X, Xy + my X, X, :
X3
X,
4
X, X, - —X, X, - —X, X,
4 4
ClLi(TyaTeaTysX = 0 ;
0
0

and finally

E,,= Adj(Tz AT T4)*Ell|(szT~3AT4)*X

my my
X, + —X; |8, X X3 + X, X, + —X, X,
84 8a

N X3(nglX3 + 8, X, X, + m4X2X3)

0
0

It is easy to verify that H = E, , + E, , + E, , + ¢,, which was our claim.

2. NICE DERIVATIONS

Let B := A[x,,..., x,] be a finitely generated A4-algebra and D a subset
of Der,(B). By B” we denote the set of all b € B such that d(b) = 0 for
all d € D.
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DerFINITION 2.1.  Let D < Der,(B) be a finite subset and = € Der ,(B).

1. We say that 7 is derived from D in at most one step if 7 is of the
form r =Y, b,d, where b, € B for all d € D.

2. Let m > 2. We say that 7 is derived from D in at most m steps if
there exists a sequence of finite subsets

D=D, D, D,,....D

m

of Der,(B) such that = € D,, and all elements of D, are derived from
D,_, in at most one step, for all 1 < i < m. If furthermore the elements of
D satisfy d,d,(x;) = 0 for all d;,d, € D and all i, then 7 is called nice of
order < m, with respect to x,,..., x, and D.

PROPOSITION 2.2.  The notation is as in Definition 2.1. If d,d,(x;) = 0 for
all dy,d, € D and all i, then d,d,(x;) = 0 for all d,,d, € D,, and all i. In
particular d*(x;) = 0 for every nice derivation.

Proof. We use induction on m. The case m = 0 is obvious since
Dy =D. Now let m > 1. Then d, =X,cp  byd dy=2Xycp,  byd
with b, b; € BP»-1. Then

didy(x;) = X bd(by)d(x;) + X bybly,dd'(x;). (2)
d,d’

d,d’

Now observe that d(b,) = 0 since b, € BP»-+and d € D,,_,. Finally the
induction hypothesis gives dd'(x;) = 0 for all d,d’ € D,,_, and all i, so (2)
implies d;d,(x;)) = 0. 1

We demonstrate these aspects by the so-called Winkelmann derivation.
See [11].

ExampLe 2.3. Let 7=(1+ X,X, — X;X)dy, + Xsdy, + X,dy, @
derivation on B = A[X;, X,, X5, X,, X5 Let D ={dy, dx,, dy}. Then 7

is nice of order 2 with respect to X, X,, X5, X, X5, and D. To show that
this is true, we present a sequence of finite subsets of Der ,(B),

D =D, D,,D,.

Take D, = {dy, Xsdx, + X,dx} and D, := {r}. Note that in Definition
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2.1 it is not demanded that the set D, of this sequence is a subset of D, ,.
The only demand is that each D; is a finite subset of Der (B). Since
X,, X; € B? it follows |mmed|ately that dy and Xgdy, + X,dy, are
derived from D in one step. And from 1 + X, X - X X; € “BP: it follows
that = is derived from D, in one step. Obwously we have d,d,(X;) = 0 for
all d,,d, € D and hence with Proposition 2.2 also 72(X;) = O.

3. DERIVATIONS ASSOCIATED WITH
POLYNOMIAL MAPS

The main aim of this section is to show that for each 0 < p <n — 2 the
polynomial map X + E, ,(T,c) (where (T,c) € D,(A)) is of the form
exp(d), for some nice A-derivation d of A[X]. Observe that d is locally
nilpotent if d is nice with respect to X,,..., X, since d°(X,) = 0 for all i,
by Proposition 2.2.

In order to prove this result (see Theorem 3.3), we need to generalise
some of the notions of Sect. 1 to arbitrary finitely generated A-algebras.
So let B:=A[x,,...,x,] be a finitely generated A-algebra, and let
¢o: A[X,,..., X,] = B be the A-ring homomorphism defined by ¢(X,) = x;
for all i. For each p, g > 1 consider the natural extension

Mp'q(A[Xl,...,Xn]) - M, (B).
Then for each (T, ¢) € D,(A4) we define
E, (T, c)(x) = go(En'p(T,c)) € B™.

Now let (d,, ..., d,) be an n-tuple of A-derivations of B. With each vector
b =(b,,...,b,)" € B" we associate the following A-derivation of B:

D(b; dy,...,3,) =byd, + - +b,4 —b'x

n-n

To formulate the next lemma we need some more notation: Let (7, ¢) €
D,(A). Put

() = Tye (a0, x,)
(010 0p) = (AI(T,)) *(01,. ., 3,)"
X" = (X, X)),

(T".¢") = (T'(X, =x,),¢'(X, =x,)) € D,_,(4[x,]).
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LEMMA 3.1, Letn>=3and 1 <p <n — 2. Then
D(E, (T, c)(x)i 1. d,) = D(E, 1y oT" )XY 04 3 y).
Proof.

D(E, ,(T,c)(x);d1,...,3,)

d;
= (E, (T, e)(x)) %]
(?IZ
dq
~ ((EucapoT7 € )ie0) 0) 5 (AdI(T,))' +
a}’l
9
— ((Evorpon(T7 ey () 0) |
9,
:D(En—l,p—l(T"vC")(x")§557---,3"'—1)- |
LEMMA 3.2. The notation is as above. Let a € A and let J,,...,d, be

A-derivations of B such that d{x;) = ad,; for all i, j. Then
3;(x;) = adet(T,)s;

foralli,j.

Proof. Denote the ith column of Adj(T,) by (¢, ..., ¢5)" and the jth
row of 7, by (¢;,...,t;,). Then

7(x) = ( Y t;*:-as)( y rﬂxx)

=1

n
*
Z atsitjs
s=1

a(Tn >kAdJ(TrL))]l
= adet(T,)s,,. 1
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Now we are able to prove:

THEOREM 3.3. Let d4,..., d, be A-derivations on Alx,, ..., x,] such that
there exists an element a € A such that &,-(xj) =ad,; foralli,j. Let (T,c) e
D,(A). Then the A-derivation d = D(Enyp(T, c)(x); dy4,...,3,) is nice with
respect to xq,...,x, and Dy =1{d,,...,4,}, foralln =2 and all 0 <p <
n— 2.

Proof. 1. The hypotheses on the 4, imply that dd'(x;) = 0 for all
d,d" € D, and all i.

2. First we consider the case p = 0. Then
E, (T c) = Adj(T,)*C, 1 1,.x-
So
‘?1

d= ('c“n_mn*x)’ «(Adi(T,))" =
J

n

Write ¢/_; = (y(X,), ..., 7,_.(X,),0). Then the definition of x/, and the

d; imply that

4= () oo % (6.0 (e 7) = () (@)

Put D, :=={d},...,d,_,} and observe that D, c Der (B) and that each
element of D, is derived from D, in at most one step. Finally since
d!(x!)=0forall 1 <i <n— 1(by Lemma 3.2) we get that y,(x/) € B
forall 1 <i <n — 1. So (3) implies that d is derived from D, in at most
one step. Consequently d is derived from D, in at most two steps. So d is
nice with respect to x,,..., x, and D, by case 1.

3. Now we prove the theorem by induction on n. If n = 2, then
p = 0 and we are in case 2. So let n > 3. By case 2 we may assume that
p = 1. Then by Lemma 3.1 we have

d=D(E, 1, T".¢")(x"): Gy 3] s)

with (T”, ¢") € D,_,(A[x,D. By Lemma 3.2 we can apply the induction
hypothesis to the ring A[x)] and the (n — 1)-tuple of A[x)]-derivations
d ..., d,_, on the A[x)]-algebra B’ = A[x)|[x},...,x,_,]. So the
Al x),]-derivation d on B’ is nice with respect to Dj := {d;,...,d,_,} and
xy, ..., x,_4. So there exists a sequence

D,,D,,...,D,
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of finite subsets of Der . (B') such that d € D;, and D; is derived from
D;_, inat most one step for all 1 < i < m. Now observe that Dy c Der ,(B)
and that B’ C B since by definition obviously x; € B for all i. Conse-
quently if d’ is an A[x/]-derivation of B’ derived from Dj, in at most one
step, then d' € Der,(B). Hence D c Der,(B). Arguing in a similar way
we conclude by induction on i that D! c Der,(B) for all 0 < i < m. Since
as remarked in case 2 above, all elements of Dy (= D, in case 2) are
derived from D, in at most one step we deduce that d is derived from D,
in at most m + 1 steps. Just define D,:=D; ; for all 1 <i<m + 1.
Hence d is nice with respect to x,,...,x, and D, by 1. 1

CoroLLARY 34. Let (T,c) € D(A) and 0 <p <n — 2. Put

d d
D=D|E, (T,¢);—,...,—|.
o ) X, X,

Then D is nice with respect to X4, ..., X, and {d/3X,,...,d/0X,}. Further-
more we have exp(D) = X + E, (T, c) and the inverse map is given by
exp(—D) =X — E, (T,c).

Proof. The first part is an immediate consequence of Theorem 3.3.
Furthermore D?(X,) =0 by Proposition 2.2. So exp(DXX) =X +
E, (T, c) and the inverse map is given by exp(—=DXX) = X — E, (T, c).

4. THE MAIN THEOREM

In this section we show that for every H  H,(A) the polynomial map
F =X+ H is a product of n polynomial automorphisms of the form
exp(D), where each D is a nice derivation on A[ X ]. More precisely

THEOREM 4.1. Let F =X + H, where H=X,_3 E, (T,c) +c,, for
some (T, c¢) € D(A). Then

J J
F=exp|Dlc,; —,.... —
iX, X,

n—2 J 9
X D|E T.,¢)ij—,...,.— ]
pl:[oexp( ( T )i aX))
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Proof. Observe that

n—2

exp(—D(cn; i : ’ ))0F= Y E, (T c).

axX,' T aX,

So the case n = 2 follows from Corollary 3.4. Hence we may assume that
n > 3. Now Theorem 4.1 follows directly from Proposition 4.2 below and
Corollary 3.4. 1

PROPOSITION 4.2. Letn > 3,0 <p <n — 3, and (T, c) € D,(A). Then

exp(—D(E, ,(T,c)))e X+ni2En’q(T,c) =X+ ni‘,z E, (T,c).
q=p g=p+1

Proof. Put G = exp(—D(Enyp(T, ). So G=X— Enyp(T, ¢) (by
Corollary 3.4). Hence if we put

U:= ﬁ_p VN Ai_lATn
then by Proposition 1.4 we get

G =X = Adi(U)*Z, , 15, x-

So if we put
n—2
f=X+ ) E, (T,c)
q=p
then

Gof=f=Adi(U(S))*Cop1iuirs s
Since U(f) = f (by Corollary 4.4 below, with j = 0) we get
G0f=f— Adj(U)*E'nfpfllU*f'

Now observe that each component of ¢, _,_, belongs to A[X,_,,..., X,]
and that for each i > n — p (U= f), = (U= X), (by Lemma 4.3 below). So
Cocp—11U+s = Cy_p_1ju- x and hence

Gof:f— Adj(U)*EnfpfllU*X
zf_En,p(T’c)

(by Proposition 1.4) 1
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LEMMA 43. Letn>3,0<p<n—2,0<j<p,and (T,c) € D(A).
Putf:=X+X!_2E, (T,c). Then

[(i—pﬂA Ai—lATn)*f]i = [(i—pﬂA Ai—lﬁTn)*X]i
foralli=n—p +].

Proof. Put U = ﬁ
each g > p

—prj A Afn_lATn. It suffices to show that for

[UxE, (T, c)],=0 (4)

foralli>n—p+j.Solet g>p. Theng>p —j.

1. We first treat the case that ¢ =p —j. Then j =0 and g = p.
Consequently U=T,_ ,a - aT,_aT, E, (T,c)=E, (T c), and
hence by Proposition 1.4

U*En,q(T’C) = U*Adj(U)*’En—p—l\U*X

= det(U)*'Cvn,p,uU*x-

Since the last p + 1 coordinates of ¢, _,_, are zero, we obtain that

[U*E, (T, c)],=0

for all i > n — p, which proves the case that g = p — j.

2. Now assume that g >p —j+1.Son—-—qg<n—p+j— 1 Put

Ve=T,_,a - aT,_, ;4 Then by Proposition 1.4 we can write

En,q(T’ c) =Adj(V aU) *‘cvn—q—l\(VAU)*X
= Adj(Vw*x *U)*En—q—1|(VAU)*x
= Adj(U) *Adj(l/\U*X)*‘Cvn—q—l\(VAU)*X'
Consequently

U En,q(T7 C) = dEt(U) *Adj(l/\U*X)*'Enqull(VAU)*X' (5)

Note that J, and hence V|, y, is of the form B for some Be
M,_,,;,_(A[X]. Furthermore (¢,_,_,); = 0 if i = n — g, which implies

that (C,_, 1y a0).x)i=0if i=n—p+jsince n—p+j>n—gq.
Now the desired result (4) follows from (5). 1
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COROLLARY 4.4. The notation is as in Lemma 4.3. Then

A AT, AT,

n—p+j -p+j

(Thopija = aT,aT)(f) =T,

Proof. The proof is by induction on N :=p —j. If N = 0 the result is
obvious. So let N > 1. Then

(FyoofaT)(h)
= a1y pyane AfnqATu)(f)*f*(T”*PH*lA ATnﬂATn)(f)

~

n=p+il(Fy psjerd o Ty 18T )*f *(Tn—pﬂuA ol a Tn)(f)

l

by the induction hypothesis. Finally observe that the matrix elements of
T, ,.; dependonlyon X,_, . .. ..., X, The result follows immediately
from Lemma 4.3 (with j + 1 instead of j). |

5. STABLY TAMENESS

With Theorem 4.1 we are now able to prove the stably tame generators
conjecture for all maps in our class H,(A), and, we will also show that this
result is “sharp”: We give an example of an element of our class which is
not tame, so in general we cannot get a better result than this stable

tameness.
First let us recall the conjecture (it has already been mentioned in [1-4]
and [8)):

CONJECTURE 5.1.  For every invertible polynomial map F: k" — k" over a
field k there exist t,, ..., t, such that

m

FUl = (F . t),... 1) k" m — fntm

is tame, i.e., F is stably tame.
THEOREM 5.2. Let F = X + H with H € H(A). Then F is stably tame.
To do this we use the following result due to Martha Smith [10]:

PRoPOSITION 5.3. Let D be a locally nilpotent derivation of A[X]. Let
a € ker(D). Extend D to A[ X |[¢] by setting D(¢t) = 0. Note that tD is locally
nilpotent. Define p € Aut, A[X1t] by p(X)=X,, i=1,...,n, and
p(t) =t + a. Then

(exp(aD),t) = p~t exp(—1D) p exp(D).
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COROLLARY 5.4. Let D and a be as in Proposition 5.3 If D is conjugate
by a tame automorphism to a triangular derivation, then (exp(aD, t)) is tame.

LEmMMA 55. Let T be a nice derivation of order m with respect to
X, ... X, and D ={3/9X,,...,3/3X,} on Al X]. Then exp(at) is stably
tame for all a € ker(7).

Proof. We use induction on m. Consider the case that m = 1. Then
T=2X,cpbyd with b, € A[X]” = N, ker(d) = A. Hence 7(X,) € 4
and clearly 7 is on triangular form. So now we can apply Corollary 5.4 and
find that exp(a7) is stably tame.

Now consider the case m > 1. We may assume that for all nice deriva-
tions o € Der,(A[ X ] of order m — 1 with respect to D and X,,..., X,
and for any commutative ring 4 we have that exp(ao ) is stably tame for
all a € ker(o). Let 7 be nice of order m. Define p and extend 7 to
A[X][¢] as in Proposition 5.3 (in fact we extend all derivations of D, to
A[ X ][¢] in this way). Now from

(exp(ar),t) = p~t exp(—1t7) p exp(i7)

it follows that it suffices to see that exp(z7) is stably tame. Now we see that
t1="24cp, ,thyd with tb, € ALX]¢]°» . But from this it follows that

exp(t7) =exp( ) tbdd)
deD,,
= J1 exp(t,d).

deD,,
This last equation follows from Proposition 1.5. Obviously it suffices to
prove that each exp(tb,d) is stably tame to conclude that exp(¢7) is stably
tame. But d is a nice derivation of order m — 1, tb, € ker(d), and hence
we can apply the induction hypothesis to the ring A[¢] and find that
exp(¢7) is stably tame and hence exp(ar) is stably tame. |

Proof of Theorem 5.2. Now if we look at Theorem 4.1 we see that each
F =X+ H with He H,(A4) can be written as the product of a finite
number of exp(a;D;)s, where each D; is a nice derivation with respect to
X.,...,X, and {9/9X,,...,d/0X,} and a; € ker(D,). Applying Lemma
5.5 n times gives us the desired result: F is stably tame. |

Remark 5.6. Note that we do not give an indication of the value of m
in Conjecture 5.1. As can be seen from the proof above, this m can be very
high. At the highest level we have n exp(a;D;)s, but each of these factors
can give rise to a great number of extra variables, depending on the “order
of niceness” of each D,.
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To conclude this paper we show that in general the automorphisms
F =X+ H with H € H,(A) need not be tame. Actually, this idea was
already presented by Nagata [9].

ExampLE 5.7. Let A be a domain, but not a principle ideal domain.
Let a, b € A such that Aa + Ab is not a principal ideal. Let f(T) € A[T]
with deg(f) > 2 and let F = X + H with

bf(aX, + bX,)
—af(aX, + bX,)

Since H € Hy,(A4) F is an automorphism of A[X,, X,]. However, it is
shown in [9] that F is not tame.

REFERENCES

=

. H. Bass, A non-triangular action of G, on A%, J. Pure Appl. Algebra 33 (1984), 1-5.

2. L. M. Druzkowski, The Jacobian conjecture, Preprint 492, Institute of Mathematics,
Polish Academy of Sciences, IMPAN, Sniadeckich 8, P.O. Box 137, 00-950 Warsaw,
Poland, 1991.

3. A. R. P. van den Essen, Locally finite and locally nilpotent derivations with applications
to polynomial flows and polynomial morphisms, Proc. Amer. Math. Soc. 116(3) (1992),
861-871.

4. A. R. P. van den Essen, Seven lectures on polynomial automorphisms, in ‘“Automor-
phisms of Affine Spaces, Proceedings of the Conference ‘Invertible Polynomial Maps’”
(A. R. P. van den Essen, Ed.), pp. 3-40, Kluwer Academic, Dordrecht/Norwell, MA,
1995.

5. A. R. P. van den Essen (Ed.), “Automorphisms of Affine Spaces, Proceedings of the
Conference ‘Invertible Polynomial Maps,’” July 4-8, 1994, Curagao,” Caribbean Mathe-
matics Foundation, Kluwer Academic, Dordrecht/Norwell, MA, 1995.

6. A. R. P.van den Essen and E.-M. G. M. Hubbers, “A New Class of Invertible Polynomial
Maps,” J. Algebra 187 (1997), 214-226.

7. E.-M. G. M. Hubbers, “The Jacobian Conjecture: Cubic Homogeneous Maps in Dimen-
sion Four,” Master’s thesis, University of Nijmegen, Toernooiveld, 6525 ED Nijmegen,
The Netherlands, February 17, 1994, directed by A. R. P. van den Essen.

8. A. Joseph, A wild automorphism of U(sl(2)), Math. Proc. Cambridge Philos. Soc. 80
(1976), 61-65.

9. M. Nagata, “On the automorphism group of k[X,Y],” Kyoto University Lectures in
Mathematics, vol. 5, Kyoto University, Kinokuniya, Tokyo, 1972.

10. M. K. Smith, Stably tame automorphisms, J. Pure Appl. Algebra 58 (1989), 209-212.

11. J. Winkelmann, On free holomorphic C-actions on C" and homogeneous Stein manifolds,

Math. Ann. 286 (1990), 593-612.



