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1 Recap on Type Safety Using Logical Relations

Simply Typed Lambda Calculus (STLC)

Types τ ::= bool | τ → τ

Terms e ::= x | true | false | if e then e else e | λx : τ. e | e e
Values v ::= true | false | λx : τ. e

Evaluation contexts E ::= [] | if E then e else e | E e | v E

Evaluations

if false then e1 else e2 → e2
(λx : τ. e)v → e[v/x]

e→ e′

E[e]→ E[e′]

Typing contexts Γ ::= · | Γ, x : τ

Typing rules

T-false
Γ` false : bool

T-true
Γ` true : bool

Γ(x) = τ
T-var

Γ`x : τ

Γ, x : τ1 ` e : τ2
T-abs

Γ`λx : τ1. e : τ1 → τ2

Γ` e1 : τ2 → τ Γ` e2 : τ2 T-app
Γ` e1 e2 : τ

Γ` e : bool Γ` e1 : τ Γ` e2 : τ
T-if

Γ` if e then e1 else e2 : τ

Theorem 1.1 (Type safety). If ·` e : τ and e→∗ e′, then e′ is a value or there
exists a term e′′ such that e′ → e′′.

Definition 1.2. For a term e, we define irred(e) := ¬∃e′′ (e′ → e′′) and safe(e) :=
∀e′ (e→∗ e′ ⇒ (e′ is a value ∨ ∃ e′′(e′ → e′′))).
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Definition 1.3. We define the value interpretation VJτK of a type τ and the term
(or expression) interpretation EJτK of a type τ simultaneously by induction on τ :

VJboolK := {true, false};
VJτ1 → τ2K := {λx : τ. e | ∀v ∈ VJτ1K e[v/x] ∈ EJτ1K};

EJτK := {e | ∀e′(e→ e′ ∧ irred(e′)⇒ e′ ∈ VJτK)}.

Definition 1.4. We define the context interpretation GJΓK of a context Γ by
induction on Γ:

GJ·K := {∅};
GJΓ, x : τK := {γ ∪ {x 7→ v} | γ ∈ GJτK ∧ v ∈ VJτK}.

Definition 1.5. Finally, we define Γ |= e : τ := ∀γ ∈ GJΓK γ(e) ∈ EJτK.

Theorem 1.6 (Fundamental property). If Γ` e : τ , then Γ |= e : τ .

Theorem 1.7. If · |= e : τ , then safe(e).

Type safety is now obtained as a corollary of the previous two theorems.

2 STLC Extended with Recursive Types

STLC with recursive types

Types τ ::= . . . | µα. τ
Terms e ::= . . . | fold e | unfold e

Values v ::= . . . | fold v

Evaluation contexts E ::= . . . | foldE | unfoldE

Evaluations . . .+ unfold(fold v)→ v

Typing contexts . . .

Typing rules

. . .+
Γ` e : τ [(µα. τ)/α]

T-fold
Γ` fold e : µα. τ

Γ` e : µα. τ
T-unfold

Γ` unfold e : τ [(µα. τ/α])

Example 2.1. intlist = µα. 1+(int× α); bininttree = µα. 1+(int× α× α)
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3 Type Safety for STLC with Recursive Types

Definition 3.1. We define value and term intpretations VkJτK and EkJτK indexed
by natural numbers simultaneously by induction on (k, τ):

VkJboolK := {true, false};
VkJτ1 → τ2K := {λx : τ1. e | ∀j ≤ k ∀v ∈ VjJτ1K e[v/x] ∈ EjJτ2K)};
VkJµα. τK := {fold v | ∀j < k (v ∈ VjJτ [(µα τ)/α]K)};
EkJτK := {e | ∀j < k ∀e′(e→j e′ ∧ irred(e′)⇒ e′ ∈ Vk−jJτK)}.

Further, we define the context interpretation GkJΓK indexed by natural numbers
also by induction on (k,Γ):

GkJ·K := {∅};
GkJΓ, x : τK := {γ ∪ {x 7→ v} | γ ∈ GkJτK ∧ v ∈ VkJτK}.

Definition 3.2. Finally, we put Γ |= e : τ := ∀k ≥ 0 ∀γ ∈ GkJτK γ(e) ∈ EkJτK.

Lemma 3.3 (Monotonicity lemma). If τ is a type and k, j ∈ N with j ≤ k and
v ∈ VkJτK, then v ∈ VjJτK.

Theorem 3.4 (Fundamental property). If Γ` e : τ , then Γ |= e : τ .

Theorem 3.5. If · |= e : τ , then safe(e).

Remark 3.6. For the intlist example, we need product and sum types and a unit
type. Of course, one may extend the STLC with such types. One can extend the
value interpretations as follows:

VkJ1K := {1};
VkJτ1 × τ2K := {〈v1, v2〉 | v1 ∈ VkJτ1K ∧ v2 ∈ VkJτ2K};
VkJτ1 + τ2K := {inl v | v ∈ VkJτ1K} ∪ {inr v | v ∈ VkJτ2K}.
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