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Abstract

This thesis develops an accessible yet rigorous introduction to generating
functions for undergraduate computer science students. Starting from se-
quences and recurrence relations, it motivates why classical techniques, such
as iteration, guessing, and characteristic equations, can become cumber-
some, and then shows how generating functions provide a systematic al-
gebraic alternative. The core of the thesis focuses on ordinary generating
functions, treating them as formal power series that encode sequences and
can be manipulated through a toolbox of operations, including adding, mul-
tiplying, shifting, and differentiating. These properties are developed step
by step and applied in worked examples.

Building on the same algebraic framework, the thesis then introduces
probability generating functions as a probabilistic specialisation of ordinary
generating functions, where coefficients represent probabilities of a discrete
random variable. It demonstrates how probability generating functions sim-
plify distributions of sums of independent variables via products, and how
the expected value and variance can be derived using differentiation.
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Chapter 1

Introduction

Generating functions are a core technique in discrete mathematics. For
counting problems and recurrence relations, the amount of casework or al-
gebra can grow quickly as the objects or parameters become more complex,
and generating functions provide a systematic alternative. Although they
are often introduced as a tool for solving recurrences, their applicability is
much broader. They appear throughout combinatorics, as well as in prob-
ability (as probability generating functions), in the analysis of algorithms,
and in automata theory, where they can be used to count how many words
of each length are accepted by a regular language [1]. More generally, gener-
ating functions translate discrete problems into algebra so that similar steps
can be reused across different kinds of problems.

Many books and papers discuss generating functions and provide exam-
ples. The material, however, is often covered briefly and quickly moves to
more advanced applications. Additionally, it is not taught much to under-
graduate students. Because the method lies at the intersection of discrete
reasoning and more advanced series/analysis ideas, it is often postponed
until students have more mathematical maturity [2]. Moreover, instructors
note that, although generating functions are powerful, determining the de-
sired coefficients from them can involve lengthy and technical calculations,
which may explain why they appear less often in standard undergraduate
curricula [3]. The goal of this thesis, however, is to provide a more accessi-
ble introduction to generating functions by building a clearer and stronger
foundation for readers who are new to the topic and explaining why the
topic may already be valuable at the undergraduate level. In particular,
the thesis is motivated by the question of whether generating functions de-
serve a more visible place in the education of computer science students at
Radboud University, given their relevance to counting, recurrence relations,
probability, and algorithmic analysis.

This thesis addresses the question of how ordinary and probability gen-
erating functions can be introduced in a way that is both rigorous and acces-
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sible while still enabling readers to solve non-trivial counting and recurrence
problems. The main contribution is a guided development from sequences
and recurrence relations to ordinary generating functions (OGFs) and their
algebraic properties, supported by step-by-step examples. In addition, we
study probability generating functions (PGFs), which closely resemble OGFs
and reuse much of the same algebraic toolbox but encode a probability dis-
tribution. This makes it possible to derive quantities such as expected value
and variance directly from the generating function. Compared to many stan-
dard introductions, the emphasis here is not on quickly reaching advanced
applications but on building intuition and a reusable toolbox.

The structure of this thesis is informed by a comparison of several text-
books, lecture notes, and papers on generating functions, with attention to
how they motivate the topic and develop the basic techniques. The presen-
tation, therefore, builds the necessary toolbox step by step, first for OGFs
and then, using the same ideas, for PGFs and their links to expectation and
variance.

Before introducing generating functions, we briefly discuss sequences, re-
currence relations, and some limitations of classical methods in Section 2.
This provides the basic language needed for generating functions. Next,
ordinary generating functions are introduced in Section 3.1, along with the
key operations and properties in Section 3.2 (such as addition and multi-
plication) that make them useful in practice. After these properties are
established, they are applied in more advanced examples in Section 3.3. In
particular, we show how generating functions can be used to solve recur-
rence relations in Section 3.4. Finally, probability generating functions are
introduced in Section 3.5. We compare PGF techniques with more clas-
sical probability calculations and translate probabilistic questions into the
algebraic properties of PGFs, including connections to expected value and
variance. The thesis concludes with a brief discussion of related work and
a broader perspective on other types of generating functions in Section 4,
followed by the conclusion in Section 5.
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Chapter 2

Preliminaries

Before generating functions can be introduced, it is important to discuss
some key concepts that will be relevant to understand in advance and to
explain why generating functions are valuable to study.

2.1 Sequences

We begin with the concept of a sequence, as it forms the basis for under-
standing recurrence relations and generating functions. Sequences are cen-
tral to many areas of mathematics and computer science, since they describe
ordered collections of values indexed by the natural numbers. Formally, a
sequence is an ordered list of elements, which may be finite or infinite [4].
We denote the n-th term of a sequence by an. An infinite sequence is typi-
cally written as (a1, a2, a3, . . . ), for example (1, 1, 1, . . . ). A finite sequence
of length n is written as (a1, a2, . . . , an), for example (1, 1, . . . , 1).

For instance, in computer science, an can represent the number of op-
erations an algorithm performs when the input size is n. If an algorithm
uses two nested loops that each run n times, then the number of operations
increases as n2, and we can describe this sequence by an = n2.

Another example comes from data structures or combinatorics. Here, an
might represent the number of possible configurations of a structure of size
n, such as the number of binary strings of length n.

Sequences can be defined in two main ways. They can be described
explicitly by giving a formula for an, or recursively, where each term is
defined using one or more previous terms [4]. Recursive definitions naturally
lead to recurrence relations, which are discussed in the next section.

To work with sequences algebraically, we can represent them using power
series. In a power series, each term of a sequence corresponds to the coef-
ficient of a power of x:

F (x) =

∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + . . .
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This representation will be used in the next chapter, where it is essential for
defining and working with generating functions.

2.2 Recurrence relations

Many problems in mathematics and computer science can be described by
quantities that evolve step by step. When each term in a sequence depends
on one or more of its preceding terms, such a relationship can be expressed as
a recurrence relation. Recurrence relations are widely used to model and
analyse iterative or recursive processes—for example, counting the number
of possible configurations, analysing the runtime of recursive algorithms, or
describing population growth.

A recurrence relation is an equation that defines a sequence in which
each term is expressed as a function of one or more of its predecessors. A
well-known recurrence relation is the Fibonacci sequence [4]. It begins with
f0 = 0 and f1 = 1, and each subsequent term is obtained by summing the
two preceding ones, giving the recurrence relation

fn = fn−1 + fn−2.

The Fibonacci sequence was originally used to model the growth of a rabbit
population, but similar relations arise naturally when a problem can be
decomposed into smaller subproblems, which is common in computer science
and combinatorics.

Recurrence relations appear in many forms, and different techniques ex-
ist for solving them, such as iteration, characteristic equations, and generat-
ing functions. In this work, we focus on the linear homogeneous and non-
homogeneous types, since these provide a clear foundation for illustrating
the connection between recurrence relations and generating functions.

2.2.1 Homogeneous recurrence relations

Definition 2.2.1 (Linear homogeneous recurrence relation [4]). A linear
homogeneous recurrence relation of degree k with constant coefficients is a
recurrence relation of the form

an = c1an−1 + c2an−2 + · · ·+ ckan−k

where c1, . . . , ck are real numbers, and ck ̸= 0.

As an illustration, the Fibonacci sequence is a linear homogeneous recur-
rence relation of order two. The formula is linear because the right-hand
side is a sum of previous terms of the sequence, each multiplied by a func-
tion of n, and it is homogeneous because every term is expressed solely in
terms of earlier terms of the sequence. Lastly, the coefficients multiplying
the previous terms are constants, meaning they do not depend on n [4].
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2.2.2 Non-homogeneous recurrence relations

Definition 2.2.2 (Linear non-homogeneous recurrence relation [4]). A re-
currence relation of the form

an = c1an−1 + c2an−2 + · · ·+ ckan−k + f(n),

where c1, . . . , ck are constants and f(n) is a non-zero function of n, is called
a linear non-homogeneous recurrence relation.

Example 2.2.3. Consider the recurrence

an = 2an−1 + 3n.

This recurrence is linear because the terms aj occur only to the first power
(no products like aiaj), and it is non-homogeneous because of the extra term
3n, which is not expressed in terms of previous terms.

2.3 Limitations of classical methods

Before we introduce generating functions, it is useful to recall several clas-
sical techniques for solving problems in discrete mathematics. They are
often solved using iteration, substitution, or characteristic equation meth-
ods. These classical techniques work for linear recurrences with constant
coefficients.

An approach used for many problem solving tasks is iteration, which
involves repeatedly expanding the recurrence until a pattern emerges.

Example 2.3.1. Consider the recurrence an = 2an−1 with a0 = 1. Ex-
panding a few steps gives

an = 2an−1 = 22an−2 = · · · = 2na0 = 2n,

a standard “iteration/unrolling” approach for recurrences [4].

This direct iteration works well when each expansion remains simple
and a clear pattern emerges. However, the method can become difficult to
manage when the recurrence involves multiple previous terms (e.g., an =
an−1 + an−2), includes additional additive parts (e.g., an = 2an−1 + n), or
leads to nested sums since the resulting expressions tend to expand quickly
and require increasingly careful bookkeeping.

Another strategy that is often used is to guess the general shape of
the solution and then verify it. For instance, for an = 3an−1 + 5, one might
guess a form “exponential + constant”, plug it in, and solve for the unknown
parameters. This can be fast when one has experience with typical forms,
but there is no systematic approach to it. Especially when problems become
more difficult, the guessing will also become more challenging [4].
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For linear homogeneous recurrences with constant coefficients, a system-
atic method exists. If

an = c1an−1 + c2an−2 + · · ·+ ckan−k,

one can try a solution of the form an = rn, which leads to the characteristic
polynomial

rk − c1r
k−1 − · · · − ck = 0.

When applicable, this method yields a closed form after solving the polyno-
mial and fitting constants using initial values. Its limitation is built into its
assumptions, which state that it does not apply to non-homogeneous terms
(unless additional machinery is introduced), nor to variable coefficients, nor
to non-linear dependence [4].

More broadly, recurrences that are non-linear, have variable coefficients,
involve convolution sums, or form systems of mutually dependent sequences
fall outside the scope of these classical methods and require different ana-
lytical techniques [5].

These limitations motivate the introduction of more general techniques
in the next chapter, where we develop generating functions as a system-
atic way to encode sequences and manipulate recurrences through algebraic
operations.
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Chapter 3

Generating Functions

3.1 Introduction to generating functions

In this section and the ones that will follow, we will discuss generating
functions. What are they, how are they built and applied, and why are they
important for the computing science field of study.

Generating functions provide a bridge between discrete mathematics and
algebraic methods. As the mathematician Herbert S. Wilf puts it, “A gen-
erating function is a clothesline on which we hang a sequence of numbers
for display” [6]. They allow sequences, often defined recursively or combi-
natorially, to be manipulated using algebraic operations such as addition,
multiplication, or differentiation. In this way, counting problems and re-
currence relations can often be solved by those standard manipulations of
generating functions, rather than by iteration or induction.

Although generating functions look like ordinary functions, in combina-
torics, they are treated as formal power series, where the coefficients, not
the function values, carry the essential information.

Example 3.1.1. For example:

F (x) = 1 + 2x+ 3x2 + 4x3 + . . .

represents the sequence (1,2,3,4,. . . ) and the generating function

F (x) =

∞∑
n=0

anx
n

encodes that sequence via its coefficients an.

In many cases, the generating function itself can be written in closed
form, which is a finite expression. For example, as a rational function like
1

1−x , which makes algebraic manipulation and coefficient extraction system-
atic [6].
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There are two main types of generating functions: the ordinary generat-
ing function and the exponential generating function [6]. In this thesis, we
focus primarily on ordinary generating functions, as they already provide
sufficient expressive power for the problems under consideration.

Although exponential generating functions play an important role in
combinatorics and probability theory, they introduce additional technical
complexity and are therefore not considered in detail here. Additional in-
formation and related perspectives are included in Section 4. Additionally,
the setting of this thesis largely focuses on unlabelled objects. Labelled ob-
jects have distinct labels on their components, so two objects that differ only
by renaming labels are considered different, whereas unlabelled objects are
considered the same after renaming [7]. Exponential generating functions
are designed for labelled constructions. Restricting attention to ordinary
generating functions allows for a clearer presentation of the fundamental
concepts and techniques. These will be discussed in the next subsections.

3.1.1 Ordinary generating function

The ordinary generating function forms the foundation of this thesis. This
section introduces the concept and establishes the basic intuition, after which
its properties and applications are developed further in the subsequent sec-
tion. We begin with the formal definition of ordinary generating functions.

Definition 3.1.2. Ordinary generating function (OGF). Let (a0, a1, . . . ), be
a sequence of real numbers. The ordinary generating function (OGF)
associated with this sequence is the function whose value at x is

F (x) =

∞∑
n=0

anx
n.

The numbers a0, a1, . . . are the coefficients of the generating function [8].

The most basic generating function is F (x) = 1
1−x , it generates the se-

quence (1,1,1,1,. . . ). From this function, many elementary generating func-
tions can be derived by applying algebraic operations. If we consider this
constant sequence (fn = 1 for all n ≥ 0), the corresponding generating
function is

F (x) = 1 + x+ x2 + x3 + · · · =
∞∑
n=0

fnx
n =

∞∑
n=0

xn =
1

1− x
.

The equality on the right follows from the formula for the geometric
series. This equality can also be proven.

Proof. Let x ∈ R with x ̸= 1 and the partial sum

Sk = 1 + x+ x2 + · · ·+ xk.
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This partial sum translates to the sequence (1,1,1,. . . ,1) of length k + 1.
Multiplying by x shifts every term one power up:

xSk = x+ x2 + · · ·+ xk+1.

Subtracting the two expressions causes the middle terms to cancel:

Sk − xSk = (1 + x+ x2 + · · ·+ xk)− (x+ x2 + · · ·+ xk+1) = 1− xk+1.

This will result in the following equation:

(1− x)Sk = 1− xk+1 which implies that Sk =
1− xk+1

1− x
.

If we assume that |x| < 1, then xk+1 → 0 as k → ∞, and therefore

∞∑
n=0

xn = lim
k→∞

Sk = lim
k→∞

1− xk+1

1− x
=

1

1− x
.

Thus, for |x| < 1, the generating function of (1, 1, 1, . . . ) is

F (x) = 1 + x+ x2 + · · · = 1

1− x

Using this generating function as a building block, we can easily con-
struct new generating functions. For example, if the generating function
is finite (e.g., 1 + x + x2 + x3), then we can use the function given above

(1−xm+1

1−x ) and the sequence would become (1, 1, 1, 1).
If, instead, the generating function is multiplied by x, we obtain x

1−x ,
which generates the sequence (0,1,1,1,. . . ). This operation corresponds to
a shift of the original sequence by one position. Likewise, differentiating
1

1−x yields 1
(1−x)2

, which generates (1,2,3,4,. . . ) Section 3.2 will have a more

elaborate explanation on shifting, differentiating, and related operations on
generating functions. Together, these examples illustrate how simple alge-
braic manipulations of generating functions translate directly into transfor-
mations of the underlying sequences.

Table 3.1 lists several common generating functions and identities that
can be used as building blocks. In the sections that follow, these will be
applied to solve problems, illustrating how they can be used in practice.
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(1 + x)n =
∑n

r=0

(
n
r

)
xr

1−xm+1

1−x =
∑m

n=0 x
n = 1 + x+ x2 + · · ·+ xm

1
1−x =

∑∞
n=0 x

n = 1 + x+ x2 + . . .

1
1−ax =

∑∞
n=0 a

nxn = 1 + ax+ a2x2 + . . .

1
1−xr =

∑∞
n=0 x

rn = 1 + xr + x2r + . . .

1
(1−x)2

=
∑∞

n=0(n+ 1)xn = 1 + 2x+ 3x2 + . . .

( 1
1−x)

m =
∑∞

n=0

(
m+n−1

n

)
xn = (1 + x+ x2 + x3 + . . . )m

Table 3.1: Common generating-function identities. Here, m,n, r ∈ N with
r ≥ 1, and a ∈ R [9] [4].

3.2 Properties of generating functions

In this section, the fundamental algebraic properties of generating functions
are introduced to show how they behave under different operations. We will
focus on addition, multiplication, shifts, and differentiation, as these four
operations are essential tools for analysing sequences. In Section 3.3 we will
solve concrete counting problems, using these tools, but first we build the
toolbox.

3.2.1 Addition

The addition of generating functions corresponds to the term wise additions
of the coefficient sequences. In counting problems, this corresponds to sit-
uations where there are two separate possibilities that do not overlap. We
can choose one option or the other, but not at the same time.

Example 3.2.1. Let an be the number of subsets of {1, 2, . . . , n} that are
either empty or have exactly one element. These two cases are disjoint.

There is 1 empty subset and there are n subsets of size 1, so

an = 1 + n.

The ordinary generating function is therefore

F (x) =
∞∑
n=0

anx
n =

∞∑
n=0

(1 + n)xn =
1

1− x
+

x

(1− x)2
.

More generally, when two disjoint cases have generating functions F (x)
and G(x), the generating function for their union is F (x) +G(x).
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Theorem 3.2.2. Let F (x) =
∑∞

n=0 anx
n and G(x) =

∑∞
n=0 bnx

n. Then
the sum satisfies [4]

F (x) +G(x) =
∞∑
n=0

(an + bn)x
n.

In the theorem given above, it is clearly visible that for each n, the
corresponding coefficients of F (x) andG(x) are added together. This process
continues for all n. If one generating function, for instance G(x), has a longer
sequence than the other, then the missing coefficients in F (x) are considered
to be zero. This is illustrated in the example below.

Example 3.2.3. Let F (x) = 1+2x+3x2 and G(x) = 5+4x+2x2+x3+x4.
Then

F (x) +G(x) = (1 + 5) + (2 + 4)x+ (3 + 2)x2 + (0 + 1)x3 + (0 + 1)x4

= 6 + 6x+ 5x2 + x3 + x4.

This gives the resulting sequence (6, 6, 5, 1, 1).

3.2.2 Multiplication

The multiplication of generating functions corresponds to the combination
of sequences in such a way that all possible pairs of their terms are taken
into account. In combinatorics, this operation represents situations where
two choices can occur together rather than separately. While addition cor-
responds to “either/or” cases, multiplication corresponds to “both/and” sit-
uations.

For example, if one generating function counts the number of ways to
choose one type of object, and another generating function counts the num-
ber of ways to choose a second type of object, their product represents the
number of ways to choose one of each type simultaneously [4].

Theorem 3.2.4. Let F (x) =
∑∞

n=0 anx
n and G(x) =

∑∞
n=0 bnx

n.
Then the product of

F (x)G(x) =
∞∑
n=0

(
n∑

m=0

ambn−m

)
xn.

The coefficient of xn in the product F (x)G(x) is therefore obtained by
summing all products ambn−m for which the indices add up to n. This
operation is known as the Cauchy (or Convolution) product of two
series [8].
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Example 3.2.5. Let F (x) = 1 + 2x+ 3x2 and G(x) = 1 + x+ x2. Then

F (x)G(x) = (1 + 2x+ 3x2)(1 + x+ x2)

= 1 + 3x+ 6x2 + 5x3 + 3x4.

The resulting coefficients (1, 3, 6, 5, 3) can also be obtained by applying the
Cauchy product formula. If we write

F (x)G(x) =
∞∑
n=0

cnx
n,

then cn denotes the coefficient of xn in the product F (x)G(x), and it is given
by

cn =
n∑

m=0

ambn−m,

where am and bm denote the coefficients of F (x) and G(x), respectively. For
instance, the coefficient of x2 is

c2 = a0b2 + a1b1 + a2b0 = 1 · 1 + 2 · 1 + 3 · 1 = 6,

which matches the coefficient of x2 in the product above.

To illustrate how multiplication models the combination of independent
components, consider the following example, where the product of generat-
ing functions naturally encodes sums or concatenations of structures.

Example 3.2.6. Consider two fair six-sided dice. We are looking for the
generating function F (x) =

∑∞
n=0 anx

n, where an denotes the number of
ordered pairs (i, j) with 1 ≤ i, j ≤ 6 such that i+ j = n. Each die can show
1 through 6, so the generating function of one die is

F (x) = x+ x2 + x3 + x4 + x5 + x6.

Since the two dice are independent, the generating function for their sum is
the product

F (x) = F (x)2 = (x+ x2 + x3 + x4 + x5 + x6)2.

Expanding this gives

F (x) = x2 + 2x3 + 3x4 + 4x5 + 5x6 + 6x7 + 5x8 + 4x9 + 3x10 + 2x11 + x12.

Multiplications of generating functions model situations in which an ob-
ject is constructed by independently choosing components from two or more
sets, with the coefficient of each term counting the number of ways these
choices combine to produce a given outcome. This idea will reappear when
we use generating functions to solve recurrence relations and count compos-
ite combinatorial structures.
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3.2.3 Shifts

Besides addition and multiplication, a generating function can also be shifted
forward or backward. Shifting is particularly useful when solving recurrence
relations or manipulating sequences. We first consider the case of a forward
shift [3].

Theorem 3.2.7. Let F (x) =
∑∞

n=0 anx
n. Then multiplying by xk shifts the

sequence forward by k positions:

xkF (x) =
∞∑
n=0

anx
n+k =

∞∑
n=k

an−kx
n.

Each term in the sequence is thus moved forward by k places. For
example, multiplying a generating function by x shifts the sequence from
(a0, a1, a2, . . . ) to (0, a0, a1, a2, . . . ). In general, multiplying by xk results in
the sequence (0, 0, . . . , 0, a0, a1, a2, . . . ), where the first k elements are zeros.

It is also possible to shift the sequence backward, this is called back-
ward shifting. This corresponds to dividing the generating function by xk,
effectively removing the first k elements of the sequence [6].

Theorem 3.2.8. Let F (x) =
∑∞

n=0 anx
n. Then dividing by x (and sub-

tracting the constant term) shifts the sequence one step backward [6]:

F (x)− a0
x

=
∞∑
n=0

an+1x
n.

More generally,

F (x)− a0 − a1x− · · · − ak−1x
k−1

xk
=

∞∑
n=0

an+kx
n.

Backward shifting is useful when we want to express a sequence starting
from a later index or isolate the relationship between consecutive terms in
a recurrence. Together, forward and backward shifting form an essential
part of translating recurrences into algebraic equations when working with
generating functions. In the following example, a small demonstration can
be seen of how it works.

Example 3.2.9. Let F (x) be the generating function of the sequence
(1, 2, 3, 4, . . . ):

F (x) = 1 + 2x+ 3x2 + 4x3 + . . . .

Forward shift. Multiplying by x shifts all coefficients one position to the
right:

xF (x) = 1x+ 2x2 + 3x3 + . . . ,

14



which corresponds to the sequence

(0, 1, 2, 3, . . . ).

Backward shift. Subtracting the constant term removes the first coeffi-
cient:

F (x)− 1 = 2x+ 3x2 + 4x3 + . . . .

Dividing by x shifts the remaining coefficients one position to the left:

F (x)− 1

x
= 2 + 3x+ 4x2 + . . . ,

corresponding to the sequence (2, 3, 4, . . . ).

3.2.4 Differentiation

Differentiation might seem unexpected at first, but it is also a valid and
useful way to manipulate the sequence represented by a generating function.
When a generating function is differentiated term by term, each coefficient
is multiplied by its index, and the resulting sequence is shifted one position
to the left.

Theorem 3.2.10. If the sequence (a0, a1, a2, a3, . . . ) corresponds to the gen-
erating function F (x), then F ′(x) has coefficients (a1, 2a2, 3a3, . . . ) (shifted
by one power) [5].

To illustrate this, consider the derivative of 1
1−x :

1 + x+ x2 + x3 + x4 + · · · = 1

1− x
.

Differentiating both sides gives

1 + 2x+ 3x2 + 4x3 + · · · = 1

(1− x)2
.

Hence, the sequence (1, 2, 3, 4, . . . ) corresponds to the generating function
1

(1−x)2
. Formally,

d

dx

( ∞∑
n=0

xn

)
=

∞∑
n=1

nxn−1 =

∞∑
n=0

(n+1)xn, and
d

dx

(
1

1− x

)
=

1

(1− x)2
.

By multiplying both sides by x, we align the powers of x:

∞∑
n=0

nxn =
x

(1− x)2
.

Therefore, differentiation provides a systematic way to make the factor n
explicit in the coefficients. This is particularly useful when dealing with
sequences that involve n as a factor [5].
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Example 3.2.11. Consider the sequence an = 2n for n ≥ 0. Its generating
function is

F (x) =
∞∑
n=0

2nxn =
1

1− 2x
.

By applying the identity 1
1−ax =

∑∞
n=0 a

nxn from Table 3.1, we obtain
the generating function. We use this generating function to illustrate the
differentiation rule and to determine the generating function of the sequence
n · 2n. Differentiating F (x) term by term gives

F ′(x) =
∞∑
n=1

n 2nxn−1.

Multiplying by x aligns the powers of x with the index of the sequence:

xF ′(x) =

∞∑
n=1

n 2nxn.

Thus, xF ′(x) is the generating function for the sequence n · 2n (for n ≥ 0).
Using the closed form of the generating function F (x), we obtain

G(x) = xF ′(x) =
2x

(1− 2x)2
.

This example demonstrates how the differentiation of a generating func-
tion can be used to introduce a factor of n into the coefficients. Such factors
arise naturally in non-homogeneous recurrence relations and in combinato-
rial counting problems where one element is distinguished or marked. Dif-
ferentiation, therefore, provides a systematic way to obtain the generating
function of the sequence n · an with n ≥ 0 from the generating function of
an with n ≥ 0.

With these properties of generating functions established, the construc-
tion and manipulation of generating functions become more systematic. In
the following sections, several examples illustrate how these properties can
be applied and demonstrate the usefulness of generating functions in con-
crete problems.

3.3 Examples of generating functions

Now that ordinary generating functions have been introduced, along with
the tools for manipulating them, this section presents several illustrative ex-
amples demonstrating their application. The first example shows a setting
in which generating functions handle multiple independent constraints in
a uniform way. Each constraint contributes a simple factor, and combin-
ing them reduces to multiplying these factors. In this case, the resulting
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product simplifies to a closed form from which the answer can be read off
immediately. By contrast, it is less clear how to obtain the same results as
when directly using other standard counting techniques.

Example 3.3.1. In how many ways can we buy n apples, bananas, oranges,
and pears, such that there are an even number of apples, 0 or 1 bananas, at
most 4 oranges, and a multiple of 5 pears.

1. Translate the conditions to geometric series and then to closed form
functions using Table 3.1:

• Apples: A(x) = (1 + x2 + x4 + x6 + . . . ) = 1
1−x2

• Bananas: B(x) = (1 + x)

• Oranges: O(x) = (1 + x+ x2 + x3 + x4) = 1−x5

1−x

• Pears: P (x) = (1 + x5 + x10 + x15 + . . . ) = 1
1−x5

2. Multiply all closed forms with each other and simplify:

F (x) = A(x) ·B(x) ·O(x) · P (x)

=

(
1

1− x2

)
(1 + x)

(
1− x5

1− x

)(
1

1− x5

)
=

(1 + x)(1− x5)

(1− x2)(1− x)(1− x5)

=
(1 + x)(1− x5)

(1− x)(1 + x)(1− x)(1− x5)

=
1

(1− x)2
.

3. To read off the coefficient, we use the standard identity

1

(1− x)2
=

∞∑
n=0

(n+ 1)xn,

which follows by differentiating 1
1−x =

∑∞
n=0 x

n.

In conclusion, the coefficient of xn is n+1, meaning there are n+1 ways to
buy the fruit.

The previous example illustrates how generating functions can encode
multiple independent constraints, such as parity, bounded choices, and mod-
ular conditions, and how a closed form can then be used to extract an explicit
counting formula.

A direct counting approach would require splitting into cases to handle
the parity condition on apples together with the “multiple of 5” condition

17



on pears (and the bounded choices for bananas and oranges). Generating
functions encode these constraints uniformly and avoid this casework.

The following example demonstrates the same product principle in a dif-
ferent setting, where generating functions are used to model concatenated
structures and derive an explicit formula for the number of valid configura-
tions.

Example 3.3.2. Suppose we want to form a password that consists of two
parts:

• a sequence of lowercase letters (each of the 26 letters may be used any
number of times),

• followed by a sequence of digits (each of the 10 digits may be used any
number of times).

Let pn denote the number of such passwords of total length n, where either
part may be empty. Determine pn.

1. The generating function for the letter part is

L(x) = 1 + 26x+ 262x2 + · · · = 1

1− 26x
,

and for the digit part,

D(x) = 1 + 10x+ 102x2 + · · · = 1

1− 10x
.

2. Because the two parts occur together (letters followed by digits), the
generating function for the entire password is the product:

P (x) = L(x)D(x) =
1

(1− 26x)(1− 10x)
.

The coefficient of xn in P (x) gives the number of possible passwords
of total length n. By partial fractions,

P (x) =
1

16

(
26

1− 26x
− 10

1− 10x

)
,

3. Using 1
1−ax =

∑∞
k=0 a

kxk from Table 3.1, we obtain

P (x) =
1

16

(
26

∞∑
k=0

(26x)k − 10

∞∑
k=0

(10x)k

)

=
1

16

∞∑
k=0

(
26k+1 − 10k+1

)
xk.

Therefore,

pn =
26n+1 − 10n+1

16
.
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In conclusion, the number of possible passwords of total length n is

26n+1 − 10n+1

16
.

These examples provide a foundation for the computation and applica-
tion of ordinary generating functions. Together with the preceding sections,
they demonstrate how ordinary generating functions can be used to encode
combinatorial structures and derive explicit counting formulas. In the next
section, we apply generating functions to recurrence relations. By encoding
a sequence in a power series, a recurrence can often be transformed into an
algebraic equation for the generating function. Solving this equation and
extracting coefficients then yields an explicit formula for the sequence. The
examples in that section illustrate this technique step by step.

3.4 Solving recurrences with generating functions

As mentioned before, generating functions can be very useful for solving
certain recurrence relations. By rewriting a recurrence in terms of a gener-
ating function, one can often obtain an explicit expression for the generating
function F (x), after which the coefficients an can be extracted. In this sec-
tion, several examples will be discussed in which recurrence relations are
transformed into generating functions.

The central idea behind this method is that a recurrence relation con-
nects different shifts of the same sequence (e.g., an = an−1 + an−2). A
generating function converts these shifts into algebraic operations such as
multiplication by x or subtraction of initial terms. As a result, the recur-
rence, which is originally recursive in nature, becomes an algebraic equation
in a generating function.

Solving this algebraic equation for F (x) is often a convenient alternative
to solving the recurrence directly. For instance, via a characteristic equation
in the linear homogeneous case. Moreover, having an explicit form for F (x)
provides a systematic route to the coefficients an, although extracting these
coefficients may still require additional algebraic steps.

Not every recurrence relation is equally well suited to solution by gener-
ating functions. The method is particularly effective in introductory settings
for linear recurrences with constant coefficients, since shifts in the recurrence
translate directly into powers of x and often lead to a manageable expression
for F (x). Certain non-homogeneous terms can also be incorporated effec-
tively, especially when their generating functions have a simple closed form.
In contrast, non-linear recurrences or recurrences with variable coefficients
may require additional techniques or may not lead to a simple expression
for F (x) [6, 4].

Translating a recurrence relation into a generating function can be ac-
complished using a few standard steps:
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1. Multiply the recurrence by xn.

2. Sum the resulting equation over all n for which the recurrence is de-
fined.

3. Rewrite the sums in terms of the generating function F (x) using Ta-
ble 3.1 and the shift rules.

4. Incorporate the initial conditions to simplify the expression.

5. Solve the resulting algebraic equation for F (x).

These steps form the basis for the examples discussed in the remainder of
this section.

Example 3.4.1. Solve the recurrence relation an = 3an−1 for n = 1, 2, 3, . . .
with initial condition a0 = 2 [4]. Let F (x) =

∑∞
n=0 anx

n.

1. Multiply by xn. For n ≥ 1,

anx
n = 3an−1x

n.

2. Sum over all n where the recurrence holds. Summing from n = 1 to
∞ gives

∞∑
n=1

anx
n = 3

∞∑
n=1

an−1x
n.

Notice that the summations start at n = 1, because the recurrence is
only defined for n ≥ 1. If we started at n = 0, the term an−1 would
become a−1, which is not defined.1

3. Rewrite the sums in terms of F (x). The left-hand side is

∞∑
n=1

anx
n = F (x)− a0.

For the right-hand side, factor out x and shift the index:

∞∑
n=1

an−1x
n = x

∞∑
n=1

an−1x
n−1 = x

∞∑
m=0

amxm = xF (x).

Substituting these into the summed recurrence yields the single equa-
tion

F (x)− a0 = 3xF (x).

1Alternatively, one can extend the sequence by defining a−1 = a0/3, so that the recur-
rence also holds for n = 0 and the sums may start at n = 0.
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4. Incorporate the initial condition. Using a0 = 2:

F (x)− 2 = 3xF (x).

5. Solve for F (x) and extract coefficients.

F (x) =
2

1− 3x
.

Using the geometric series identity 1
1−3x =

∑∞
n=0 3

nxn from Table 3.1,
it follows that

F (x) = 2

∞∑
n=0

3nxn =

∞∑
n=0

(2 · 3n)xn, so an = 2 · 3n.

This first example illustrates the basic mechanism of the generating func-
tion method in its simplest form. A first-order linear recurrence translates
directly into a linear equation in the generating function, which can be solved
by elementary algebra. The resulting generating function has a simple ra-
tional form, making it straightforward to recover an explicit formula for the
sequence.

The next example extends this approach to a higher-order recurrence
relation. In this case, the recurrence involves multiple shifts of the se-
quence, which leads to additional terms in the generating function equation.
This demonstrates how generating functions naturally handle recurrences
of higher degree by systematically incorporating multiple shifts and initial
conditions.

Example 3.4.2. Solve the recurrence relation an = 3an−1+2an−2 for n ≥ 2,
with a0 = 1 and a1 = 4, by transforming it into its corresponding generating
function.

Let F (x) =
∑∞

n=0 anx
n.

1. Multiply the recurrence by xn. For n ≥ 2,

anx
n = 3an−1x

n + 2an−2x
n.

2. Sum over all n where the recurrence is defined. Summing from n = 2
to ∞ gives

∞∑
n=2

anx
n = 3

∞∑
n=2

an−1x
n + 2

∞∑
n=2

an−2x
n.

3. Rewrite the sums using F (x) and shift rules.

∞∑
n=2

anx
n = F (x)− a0 − a1x,
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∞∑
n=2

an−1x
n = x

∞∑
n=2

an−1x
n−1 = x

∞∑
m=1

amxm = x(F (x)− a0),

∞∑
n=2

an−2x
n = x2

∞∑
n=2

an−2x
n−2 = x2

∞∑
m=0

amxm = x2F (x).

Substituting into the summed recurrence yields

F (x)− a0 − a1x = 3x(F (x)− a0) + 2x2F (x).

4. Incorporate the initial conditions. With a0 = 1 and a1 = 4,

F (x)− 1− 4x = 3x(F (x)− 1) + 2x2F (x).

5. Solve for F (x). Rearranging gives

(1− 3x− 2x2)F (x) = 1 + x, so F (x) =
1 + x

1− 3x− 2x2
.

This example shows that even when the recurrence relation is more com-
plex, the procedure remains largely mechanical. Once the generating func-
tion has been expressed as a rational function, algebraic techniques such as
partial fraction decomposition can be used to obtain an explicit expression
for the sequence. This highlights one of the main strengths of the generating
function method: it reduces recursive problems to algebraic ones.

While the previous examples dealt with homogeneous recurrences, gen-
erating functions are equally effective for certain non-homogeneous recur-
rences. In particular, non-homogeneous terms that have well-known gener-
ating functions can be incorporated naturally into the algebraic framework.
The following examples illustrate this combinatorial setting.

Example 3.4.3. Suppose we consider codewords of length n in decimal
notation. We call a codeword valid if it contains an even number of zeros.
Let an denote the number of valid codewords of length n. Use generating
functions to find an explicit formula for an, where a0 = 1 and a1 = 9 [4]:

an = 8an−1 + 10n−1 (n ≥ 1).

Let F (x) =
∑∞

n=0 anx
n.

1. Multiply the recurrence by xn. For n ≥ 1,

anx
n = 8an−1x

n + 10n−1xn.

2. Sum over all n where the recurrence is defined. Summing from n = 1
to ∞ gives

∞∑
n=1

anx
n = 8

∞∑
n=1

an−1x
n +

∞∑
n=1

10n−1xn.
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3. Rewrite the sums using F (x) and standard identities.

∞∑
n=1

anx
n = F (x)− a0,

∞∑
n=1

an−1x
n = x

∞∑
m=0

amxm = xF (x),

and
∞∑
n=1

10n−1xn = x

∞∑
n=1

(10x)n−1 =
x

1− 10x
.

Substituting gives the single equation

F (x)− a0 = 8xF (x) +
x

1− 10x
.

4. Incorporate the initial condition. With a0 = 1,

F (x)− 1 = 8xF (x) +
x

1− 10x
.

5. Solve for F (x).

F (x)(1−8x) = 1+
x

1− 10x
=⇒ F (x) =

1

1− 8x
+

x

(1− 10x)(1− 8x)
.

To extract an, use partial fractions:

x

(1− 10x)(1− 8x)
=

1

2

(
1

1− 10x
− 1

1− 8x

)
,

so

F (x) =
1

2

(
1

1− 10x
+

1

1− 8x

)
=

∞∑
n=0

1

2
(10n + 8n)xn.

Hence,

an =
1

2
(10n + 8n).

These examples demonstrate how generating functions provide a sys-
tematic and flexible framework for solving a wide range of recurrence rela-
tions. By translating recursive definitions into algebraic equations, generat-
ing functions allow both homogeneous and certain non-homogeneous recur-
rences to be handled in a unified manner. Beyond their theoretical elegance,
this approach is particularly valuable in computer science, where generating
functions are used to analyse algorithmic growth, enumerate data structures,
and study discrete probability distributions. As such, generating functions
form a powerful bridge between discrete mathematics and practical applica-
tions in theoretical computer science. In the next section, a different type of
generating function is introduced: the probability generating function. This
class of generating functions is closely related to ordinary generating func-
tions but is specifically designed to model discrete probability distributions
and their properties.
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3.5 Probability generating functions

This section introduces a special type of ordinary generating function, called
a probability generating function (PGF) [6]. Additionally, from here
on, s will be used as the PGFs formal variable. In a PGF, the coefficients are
not arbitrary numbers but the probabilities associated with the outcomes of
a discrete random variable. As a result, a PGF encodes an entire probability
distribution into a single power series.

Example 3.5.1. The probability generating function for a single six-sided
die is

F (s) =
1

6
s+

1

6
s2 +

1

6
s3 +

1

6
s4 +

1

6
s5 +

1

6
s6.

Here, the coefficient of each term represents the probability of rolling a
particular face, while the exponent corresponds to the numerical value of
that outcome [10].

In probability theory, we often know the set of possible outcomes of a
random variable but not which outcome will occur in a given trial. A prob-
ability generating function captures this uncertainty by encoding the full
probability distribution into a power series, where the exponent represents
a possible outcome and the corresponding coefficient gives its probability.
This makes PGFs a compact and algebraically convenient way to represent
discrete probability distributions [11].

From a formal perspective, probability generating functions are ordinary
generating functions with a probabilistic interpretation: the coefficients form
a probability distribution and therefore sum to one. Consequently, many
algebraic properties of ordinary generating functions, such as shift rules
and product identities, carry over directly to PGFs. This close connection
allows techniques developed for ordinary generating functions to be applied
naturally in a probabilistic setting.

In the following definition, the random variable X takes numerical val-
ues. Outcomes that are naturally described by symbols, such as Heads and
Tails in a coin toss, are therefore encoded numerically by defining an appro-
priate random variable, for example, by assigning the values 0 and 1. Any
distinct non-negative integers can be used for such an encoding, although
using 0 and 1 is often convenient because it keeps the exponents small and
simplifies interpretation. This numerical encoding allows probability gener-
ating functions to be applied without changing the underlying probability
model [12].

Definition 3.5.2 (Probability Generating Function (PGF)). Let X be a
discrete random variable taking values in {0, 1, 2, . . . }. The probability
generating function of X is

FX(s) = E(sX) =
∞∑
x=0

sx P(X = x).
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Here, E[·] denotes the expected value (average). For each fixed s, the quan-
tity sX is a random variable, and FX(s) is its expected value.

The coefficient of sx equals P(X = x), while the exponent x represents
the value taken by the random variable. The PGF provides a compact rep-
resentation of the distribution of X and allows properties of the distribution
to be obtained through algebraic operations and differentiation [13].

One of the main advantages of probability generating functions is that
important characteristics of a random variable can be derived directly from
the generating function. In particular, moments such as the expectation
and variance, as well as the distributions of sums of independent random
variables, can be obtained through algebraic operations on PGFs. These
properties will be discussed in detail later in this section.

Classical probability calculations often rely on the explicit enumeration
of outcomes or repeated conditioning arguments, which can become cumber-
some as the complexity of a problem increases. Probability generating func-
tions offer an alternative approach by transforming probabilistic questions
into algebraic ones, thereby simplifying calculations that would otherwise
require extensive case analysis.

In the remainder of this section, we explore these properties in more
detail and compare the generating function approach with classical proba-
bility techniques, illustrating how PGFs provide an efficient and structured
framework for probabilistic analysis.

3.5.1 Comparison with classical probability calculations

In the following examples, the probability distribution of tossing two coins
is calculated in two ways. The first method is the classical one, and the
second uses probability generating functions. The goal is to illustrate how
probability generating functions work and why they are particularly effective
in probabilistic analysis.

We will start with the example of the classical method and then con-
tinue to apply the principles of the probability generating function. In both
experiments, we use fair coins, meaning each coin lands Heads or Tails with
a probability of 1

2 .

Example 3.5.3. Let X1 and X2 be the outcomes of coin 1 and coin 2, where
Xi = 1 denotes Heads and Xi = 0 denotes Tails. Then P(Xi = 0) = P(Xi =
1) = 1

2 for i = 1, 2, and we assume X1 and X2 are independent. Define the
random variable

S := X1 +X2,

which counts the total number of heads. We now determine the distribution
of S in two ways.

Classical approach. Using the definition above, we list all possible out-
comes of (X1, X2) and the corresponding value of S = X1 +X2:

25



Coin 1 Coin 2 Number of heads

0 0 0

0 1 1

1 0 1

1 1 2

Hence,

P(S = 0) =
1

4
, P(S = 1) =

1

2
, P(S = 2) =

1

4
.

PGF approach. Let X be the outcome of a single fair coin toss encoded
as X ∈ {0, 1}. Its PGF is

F (s) =
1

2
+

1

2
s.

Since X1 and X2 are independent, the PGF of S = X1 +X2 is

FS(s) = FX1+X2(s) = FX1(s)FX2(s) = F (s)2.

Therefore,

FS(s) =

(
1

2
+

1

2
s

)2

=
1

4
+

1

2
s+

1

4
s2.

Reading off the coefficients gives

P(S = 0) =
1

4
, P(S = 1) =

1

2
, P(S = 2) =

1

4
.

As can be seen, the coefficients are the same in both the classical and
the PGF approach. For two coins, this can be worked out directly, but
as the number of coins increases, the amount of bookkeeping grows. One
would have to enumerate many more outcomes or apply a general counting
argument. Using probability generating functions does not remove all work,
but it provides a systematic procedure that remains the same for any number
of independent coins, whether they are fair or unfair. In the unfair case, a
coin with probability p of Heads has PGF (1 − p) + ps, and the PGF of
the total number of heads is again obtained by multiplying the individual
PGFs.

The coin example shows how PGFs reproduce a distribution without
listing outcomes. Next, we illustrate that the same idea applies even when
the random variables are not identical: we add a Bernoulli variable [14] to
a uniform die roll.
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Example 3.5.4. Consider two independent discrete random variables. Let
X be a Bernoulli random variable with P(X = 0) = 1

2 and P(X = 1) = 1
2 ,

and let Y be the outcome of a fair four-sided die, so P(Y = n) = 1
4

for n = 1, 2, 3, 4. We determine the probability distribution of their sum
S = X + Y using probability generating functions.

The PGF of X is

FX(s) =
1

2
+

1

2
s,

and the PGF of Y is

FY (s) =
1

4
s+

1

4
s2 +

1

4
s3 +

1

4
s4.

Since X and Y are independent, we may use the fact that the PGF of a
sum is the product of the PGFs of the individual variables. Theorem 3.5.5,
which will be explained later, shows that the PGF of S = X + Y is the
product

FS(s) = FX(s)FY (s).

Expanding this product yields

FS(s) =
1

8
s+

1

4
s2 +

1

4
s3 +

1

4
s4 +

1

8
s5.

The coefficients of these generating functions give the full probability distri-
bution of S:

P(S = 1) =
1

8
, P(S = 2) =

1

4
, P(S = 3) =

1

4
,

P(S = 4) =
1

4
, P(S = 5) =

1

8
.

Instead of enumerating all possible pairs (X,Y ), a single algebraic multipli-
cation provides the distribution of the sum.

The main takeaway is that independence turns the distribution of a sum
into a product of generating functions. The next section will go into this
and other useful algebraic properties and show how they can be used.

3.5.2 Algebraic properties of PGFs

The algebraic operations from Section 3.2, such as multiplication and dif-
ferentiation, can also be applied to probability generating functions. Since
a PGF is an infinite power series, these manipulations are justified for the
values of s for which the series converges.

Convergence means that the partial sums of a series approach a finite
limit as more terms are added [15]. For example, the geometric series 1 +
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1
2 + 1

4 + . . . converges to 2, whereas 1 + 1 + 1 + . . . diverges. In addition,
converging absolutely means that the series still converges when each term
is replaced by its absolute value.

A general theorem for power series states that there exists a radius of
convergence R ∈ [0,∞] such that the series converges absolutely for |s| < R
and diverges for |s| > R (the boundary case |s| = R must be considered
separately). For PGFs, the coefficients satisfy pk ≥ 0 and

∑
k≥0 pk = 1,

which imply absolute convergence for all |s| ≤ 1. In particular, every PGF
satisfies FX(1) = 1. Moreover, the series can be differentiated term-by-
term for |s| < 1, and evaluating derivatives at s = 1 is valid whenever the
corresponding expectation is finite [15].

In contrast, in the beginning of this thesis, we treated ordinary generat-
ing functions primarily as formal power series, so analytic convergence was
not required for the algebraic manipulations performed there [8].

We start with the most important algebraic property: the sums of inde-
pendent random variables correspond to the products of their PGFs.

3.5.2.1 Product rule for PGFs

One of the main advantages of PGFs is that operations on random variables
translate into algebraic operations on their PGFs. The most important
property is the sum of independent random variables [15].

Theorem 3.5.5. If X and Y are independent discrete random variables,
then their probability generating functions satisfy

FX+Y (s) = FX(s)FY (s).

Proof. Using the definition of a PGF,

FX+Y (s) = E[sX+Y ] = E[sXsY ].

If X and Y are independent, then sX and sY are independent, hence

E[sXsY ] = E[sX ]E[sY ] = FX(s)FY (s).

Intuitively, when we multiply the series

FX(s) =
∑
x

pxs
x

and
FY (s) =

∑
y

qys
y,

each product term pxqys
x+y corresponds to the joint outcome (X = x, Y = y).

Independence gives P(X = x, Y = y) = pxqy, and collecting equal powers of
s adds up all probabilities of pairs with the same total. This is exactly the
convolution of the two distributions.
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Example 3.5.6. Let X and Y be independent Bernoulli random variables
with

P(X = 0) = 1− p,P(X = 1) = p, P(Y = 0) = 1− q,P(Y = 1) = q.

Their PGFs are

FX(s) = (1− p) + ps, FY (s) = (1− q) + qs.

By the product rule for independent sums,

FX+Y (s) = FX(s)FY (s) = ((1− p) + ps)((1− q) + qs).

Expanding gives

FX+Y (s) = (1− p)(1− q) + (p(1− q) + (1− p)q)s+ pqs2.

So the coefficients yield the distribution:

P(X + Y = 0) = (1− p)(1− q), P(X + Y = 1) = p(1− q) + q(1− p),

P(X + Y = 2) = pq.

If you want the simplest special case, set p = q = 1
2 , then

FX(s) = FY (s) =
1

2
+

1

2
s, FX+Y (s) =

1

4
+

2

4
s+

1

4
s2,

so
(
1
4 ,

1
2 ,

1
4

)
for 0, 1, 2 heads.

This example illustrates how the distribution of a sum can be read di-
rectly from the coefficients of the product FX(s)FY (s) without enumerating
all joint outcomes.

Besides combining distributions via multiplication, PGFs also allow us
to extract the numerical characteristics of a distribution through differen-
tiation. The next subsection shows how differentiation can be applied to a
PGF and how the derivatives of FX(s) are useful.

3.5.2.2 Differentiation of PGFs

A second valuable property of PGFs is that they can be differentiated. By
differentiating once or multiple times, factorial moments can be obtained,
which contain useful information such as the expected value and the vari-

ance. Assuming E[(X)r] < ∞, the r-th derivative F
(r)
X (s), evaluated at

s = 1, equals the r-th factorial moment:

F
(r)
X (1) = E[(X)r].
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For moments we use r to denote the derivative order, while for coefficient
extraction we will use k to match the probability pk.

Additionally, the probabilities pk = P(X = k) can be extracted from the
PGF by differentiating k times and evaluating at s = 0 [13]:

pk =
F

(k)
X (0)

k!
.

Since

FX(s) =
∞∑
x=0

pxs
x,

differentiating k times yields

F
(k)
X (s) =

∞∑
x=k

x(x− 1) · · · (x− k + 1) px s
x−k,

and evaluating at s = 0 removes all terms with x > k (because they still
contain a positive power of s), leaving only the x = k term:

F
(k)
X (0) = k! pk.

Theorem 3.5.7. Differentiating [13]

FX(s) =
∞∑
x=0

pxs
x

gives

F ′
X(s) =

∞∑
x=1

xpxs
x−1 = p1 + 2p2s+ 3p3s

2 + 4p4s
3 + . . . .

Below is an example of how the probabilities can be recovered via deriva-
tives.

Example 3.5.8. Consider the PGF

FX(s) =
1

2
+

1

3
s+

1

6
s2.

Then,

p0 = FX(0) =
1

2

Differentiating once gives

F ′
X(s) =

1

3
+

2

6
s =

1

3
+

1

3
s.

So,

p1 = F ′
X(0) =

1

3
.
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Differentiating twice gives

F ′′
X(s) =

1

3
.

Hence,

p2 =
F ′′
X(0)

2!
=

1
3

2
=

1

6
.

Therefore, the probabilities (p0, p1, p2) can be recovered from the derivatives
of the PGF evaluated at s = 0 [13].

In the next section, we show how differentiating a PGF and evaluating
the result at s = 1 yields the expected value and provides a direct route to
the variance.

3.5.3 Expected value and variance via PGFs

Two important concepts within probability are the expected value and the
variance. The formulas for these concepts can also be expressed using prob-
ability generating functions. Before doing so, we briefly recall their standard
definition.

Here we return to E[X], the expected value of X itself (rather than of
sX , as in the PGF definition).

The expected value (or mean) of a random variable X represents the
long-run average outcome of an experiment after many repetitions. It is
commonly denoted by µ. Formally, it is defined as [12]

E[X] =
∑
x

xP(X = x).

For a non-negative integer-valued X with px = P(X = x), this becomes

E[X] =
∞∑
x=0

xpx.

The variance of X measures how far the possible values of the random
variable typically deviate from the mean. It is defined by [12]

Var(X) = E[(X − µ)2].

Expanding the square shows the equivalent and often-used identity.

Var(X) = E[X2]− (E[X])2.

These classical definitions will form the basis for expressing the mean
and variance in terms of probability generating functions. They can be
rewritten using the probability generating function of a discrete random
variable. Since the PGF FX(s) is a power series whose coefficients are the
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probabilities p(x), differentiating it allows us to extract information about
the factorial moments of X.

Let X be a non-negative integer-valued random variable with

px = P(X = x).

Its PGF is

FX(s) = E[sX ] =
∞∑
x=0

pxs
x.

For |s| < 1, the power series defining FX(s) converges absolutely, so it
may be differentiated term-by-term. If in addition E[X] < ∞, then the
resulting series also converges at s = 1 and we can evaluate the derivative
there. Differentiating term-by-term gives

F ′
X(s) =

∞∑
x=1

xpxs
x−1.

Evaluating at s = 1 yields

F ′
X(1) =

∞∑
x=1

xpx = E[X],

so E[X] = F ′
X(1) [16].

Assuming additionally that E[X2] < ∞, a second differentiation pro-
vides access to the second factorial moment, which leads to the following
expression for the variance:

F ′′
X(s) =

∞∑
x=2

x(x− 1)pxs
x−2. Hence, F ′′

X(1) = E[X(X − 1)].

Using the identity X2 = X(X − 1) +X, we have

E[X2] = E[X(X − 1)] + E[X] = F ′′
X(1) + F ′

X(1).

Therefore,

Var(X) = E[X2]− (E[X])2 = F ′′
X(1) + F ′

X(1)−
(
F ′
X(1)

)2
.

These formulas illustrate the strength of the PGF approach: moments of a
random variable can be computed through differentiation rather than direct
summation [16]. The following two examples show how the expected value
and variance can be obtained from a PGF.

Example 3.5.9 (Expected value via a PGF). Let X be the outcome of a
fair six-sided die, so X ∈ {1, 2, 3, 4, 5, 6} and

FX(s) =
1

6
(s+ s2 + s3 + s4 + s5 + s6).
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Differentiating gives

F ′
X(s) =

1

6

(
1 + 2s+ 3s2 + 4s3 + 5s4 + 6s5

)
.

Using E[X] = F ′
X(1), we obtain

E[X] = F ′
X(1) =

1

6
(1 + 2 + 3 + 4 + 5 + 6) =

21

6
=

7

2
.

Thus, it can be concluded that the average outcome of throwing a die many
times is 3.5.

Example 3.5.10 (Variance via a PGF ). Encode a fair coin toss as a random
variable X ∈ {0, 1}, where X = 1 corresponds to Heads and X = 0 to Tails.
Then

FX(s) = E[sX ] = 1
2 + 1

2s.

Differentiate:
F ′
X(s) = 1

2 , F ′′
X(s) = 0.

Evaluating at s = 1 gives E[X] = F ′
X(1) = 1

2 . Moreover,

E[X(X − 1)] = F ′′
X(1) = 0,

so E[X2] = E[X(X − 1)] + E[X] = 0 + 1
2 = 1

2 . Therefore,

Var(X) = E[X2]−
(
E[X]

)2
= 1

2 −
(
1
2

)2
= 1

4 .

These examples illustrate that relatively simple derivative computations
on a PGF can yield the expected value and variance of a discrete random
variable without evaluating the defining sums term-by-term. This reinforces
the usefulness of PGFs as an algebraic interface to probabilistic quantities,
especially when direct summation becomes cumbersome.

33



Chapter 4

Related Work

This thesis focuses on ordinary generating functions and probability gen-
erating functions and uses them to illustrate a general workflow for solv-
ing counting problems and recurrence relations. In doing so, it necessarily
leaves out a large part of the generating function literature. The literature
on generating functions is broad, and several closely related frameworks are
commonly used depending on the type of objects being counted, the pres-
ence of labels, and whether one is interested in probabilistic or asymptotic
information. In this section, we will provide some other types and extensions
of generating functions.

4.1 Different types of generating functions

A first major extension beyond OGFs is the exponential generating function.

Definition 4.1.1. Exponential generating function (EGF). If (a0, a1, a2, . . . )
is an infinite sequence of integers, the exponential generating function [3] of
(an)n∈N is the function

F (x) =

∞∑
n=0

an
n!

xn.

While OGFs are particularly natural for many unlabelled counting prob-
lems, EGFs are standard when counting labelled combinatorial structures,
such as permutations and labelled graphs. In that setting, EGFs often
lead to cleaner algebraic rules that match the combinatorial operations on
labelled objects. This distinction between ordinary and exponential gen-
erating functions is treated in applied combinatorics texts and generating
function references, and it motivates why many introductions to combina-
torics present OGFs and EGFs as two foundational forms of generating
functions [16, 6].

Additionally, there are several other special generating functions that are
used in particular areas. For example, Dirichlet series generating functions
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are discussed along with broader formal theories of generating functions [6].

Definition 4.1.2. Given a sequence {an}∞1 ; we say that a formal series

F (s) =
∞∑
n=1

an
ns

= a1 +
a2
2s

+
a3
3s

+
a4
4s

+ . . .

is the Dirichlet series generating function (DSGF) of the sequence.

A Dirichlet series generating function encodes {an} using weights ns

instead of xn. This form is common in number theory because it interacts
naturally with divisibility and prime factorisation, and for suitable s, it
converges and can be studied as an analytic function. Along with other
variants, this shows that the choice of generating function depends on the
structure of the problem, whether that structure is combinatorial (labelled
versus unlabelled), analytic (asymptotic and growth rates), or probabilistic
(distributions and moments).

4.2 Multivariate and compositional frameworks

Within a type of generating function, many variations are possible. Bóna’s
Introduction to Enumerative and Analytic Combinatorics places generating
functions in a broader toolkit for counting and extracting further information
from sequences [17]. Beyond the basic one-variable generating functions, he
continues to multivariate generating functions, where additional variables
can mark extra parameters (for instance, counting objects of size n while also
tracking a statistic k) [17]. This perspective shows that generating functions
are not only a method for obtaining closed forms or solving recurrences, but
also a way to encode more detailed combinatorial information in a single
object.

More generally, the literature emphasises the standard translation be-
tween combinatorial constructions and algebraic operations on generating
functions. For example, multiplying generating functions corresponds to
combining objects from two classes into a single object whose size is the
sum of the sizes, while composition corresponds to building objects by re-
placing each component of a structure with an object from another class
[17, 6].

4.3 Generating functions in probability

On the side of probability, PGFs are an important tool for non-negative
integer-valued random variables. However, they are part of a larger group
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of generating function methods used in probability theory and statistics.
Moment generating functions (MGFs) are closely related to them, they rep-
resent a distribution via M(t) = E[etX ] and allow moments to be obtained
by differentiation at t = 0 [12, 18]. In many probability texts, MGFs are
introduced alongside other function representations because they make cer-
tain computations systematic, especially for sums of independent random
variables and for extracting summary statistics [12]. Compared to PGFs,
MGFs are not restricted to integer-valued variables, which explains why
they are widely used in statistics, while PGFs are particularly natural when
the random variable represents a count.

4.4 Concluding remarks

Overall, the related literature supports the main design choice of this thesis,
which focuses on OGFs as a broadly applicable starting point in discrete
mathematics and then introduces PGFs as a natural specialisation where the
same algebraic toolbox has a probabilistic interpretation. The different types
of generating functions given above extend the scope beyond the generating
functions discussed in this research. It allows for a more advanced step in
generating functions, especially for more specific applications of the material
[17, 6].

36



Chapter 5

Conclusions

The goal of this thesis is to provide an accessible introduction to generating
functions by building a clearer and stronger foundation for readers who are
new to the topic and to explain why it would be valuable for undergraduate
students at Radboud University. After the research that was conducted, we
can draw some conclusions.

This thesis demonstrates that generating functions are a powerful tool for
making computations easier. A generating function can be used to derive
an explicit formula. We looked at ordinary generating functions as the
foundation of this topic since they provide the basic tools and building blocks
that can be used for other generating functions. In addition to these building
blocks, there are algebraic properties, including multiplication, addition,
differentiation, and shifts, which can help build and manipulate generating
functions to achieve an outcome.

Moreover, there is a standard framework to which generating functions
can be applied. For example, a recurrence relation can be translated into
a closed formula by applying a set of steps. One of the advantages of this
approach is that recurrence relations become easier to analyse. They are
best suited for linear recurrences with constant coefficients.

Additionally, a probability generating function is a special type of ordi-
nary generating function that encodes an entire probability distribution in
a single power series. Its main advantage is that key properties of a dis-
crete random variable can be derived directly from the generating function.
For example, the expected value and variance follow from simple algebraic
operations on the PGF, such as differentiation and evaluation at s = 1.

Furthermore, probability generating functions obey the same core alge-
braic rules as ordinary generating functions, meaning the techniques devel-
oped for ordinary generating functions, such as manipulating series through
addition, multiplication, and differentiation, carry over naturally to the
probabilistic setting.

Generating functions can be useful in more contexts than recurrence
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relations. They are often used in counting problems in combinatorics, where
the coefficients represent the number of ways to construct an object of a
certain size, such as strings, paths, or partitions. They can also be used
to derive identities or closed forms for sums and to study the behaviour of
sequences, for example, growth rates. In probability, probability generating
functions make it easier to work with discrete distributions and sums of
independent random variables.

On top of that, there are many more types of generating functions. They
differ in form and application, allowing the user to choose a form that fits
their problem. It is nevertheless understandable that generating functions
are not always emphasised in undergraduate teaching, since the method re-
quires students to move comfortably between discrete reasoning and formal
power series manipulations. However, this thesis also indicates that gener-
ating functions could form a valuable addition to the mathematical toolbox
of computer science students at Radboud University. Their relevance ex-
tends beyond recurrence relations, since they also provide useful methods
for counting problems, discrete probability, and the analysis of sequences.
As such, they may help students develop a broader and more connected un-
derstanding of topics within discrete mathematics and theoretical computer
science.
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