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Chapter 1

Introduction

There are many different kinds of programming languages. One of the most basic ones
is the (pure) simply typed A-calculus, the basis for all typed functional languages. The
simply typed A-calculus sits in the intersection of logic and programming: via the Curry-
Howard isomorphism, its type system corresponds to minimalistic logic, that is, logic
with implication as the only connective.

One of the main aspects of programming language theory is the study of the properties
of programming languages as formal systems. This branch is also called the metatheory
of programming languages. There are several metatheoretic properties one can consider,
such as decidable type checking, (strong) normalization, canonicity, and confluence. In
some sense, the validity of these properties all contribute to the well-behavedness of a
particular programming language.

In this thesis, we are only concerned with the normalization property. Traditionally,
normalization has been defined in the context of term rewriting. One defines a collection
of rewrite rules (also called reduction rules) on the terms of a particular programming
language, expressing how to simplify programs. In this setting, normalization refers
to the process of applying the rewrite rules repeatedly until no more reductions are
possible. A program in which no reductions are possible is called a normal form.

One proof of normalization for the simply typed A-calculus is due to Tait [36]. His-
torically, this proof is important as it crucially relies on the type structure of the simply
typed A-calculus, instead of only considering the shapes of terms and their behavior
under reduction. His method uses a so called logical predicate, which is a family of
predicates on A-terms indexed by types and defined by induction on types.

Another important proof of normalization is due to Berger and Schwichtenberg [9].
They construct a normalization function that computes the normal form of a given
input term. An interesting aspect of their proof is that it is reduction-free: it does
not mention any notion of reduction and does not depend on term rewriting. Instead,
it uses denotational semantics, that is, evaluation into a suitable model. This is why
their method may be termed normalization by evaluation. Berger and Schwichtenberg’s
algorithm, although somewhat technical, is easy to implement and provides an efficient
solution to normalization.

There have been multiple accounts of a categorical reconstruction of normalization by
evaluation. The first one is due to Altenkirch, Hofmann, and Streicher [2]. They employ
a so-called twisted gluing category from which both the normalization function and its
correctness can be deduced. They note that normalization by evaluation is related to
the categorical Artin-gluing construction [37] without making the relation explicit. The
connection to categorical gluing has been made precise by Fiore [17, [1§].

In this thesis, we present three normalization proofs for the simply typed A-calculus.



The first one is based on Tait’s idea of a convertible term. The second one is a version
of normalization by evaluation, similar to Reynolds’ work [32]. The third one is a
categorical proof based on the work of Fiore [I7, 18] and Sterling and Spitters [34].

Besides presenting the proofs, we provide a comparison of the structure of the proofs.
Comparing the proofs adds to the understanding of the individual proofs themselves on
their own. The main message of the thesis is that there are close analogies between the
structure of all three proofs.

1.1 Related work

Normalization by evaluation was invented by Berger and Schwichtenberg [9], who called
their method ‘inverting the evaluation functional’. However, their coding mechanism for
generating fresh variables is rather elaborate. A simpler numbering scheme was used in
[7 and [16].

Berger [7] showed that a version of normalization by evaluation can be extracted from
a constructive proof of strong normalization, similar to the proof of weak normalization
in this thesis. He used Kreisel’s modified realizability interpretation for intuitionistic
logic as the program extraction method. Later, he and others [§] formalized these results
in various proof assistants.

Dybjer and Filinski [16] used normalization by evaluation for simply typed A-calculus
as the basis for type-directed partial evaluation.

As mentioned already, there have been several attempts at reconstructing Berger and
Schwichtenberg’s algorithm using the language of category theory, such as [2] and [I4].
Streicher’s short note [35] summarizes the situation.

The method of normalization by evaluation has been extended to more complex sys-
tems. Altenkirch, Hofmann, and Streicher presented reduction-free categorical nor-
malization proofs for a combinator version of System F [3] and then System F itself
[]. Altenkirch et al. [I] considered simply typed A-calculus with strong binary sums
(categorical coproducts), while Altenkirch and Kaposi [5] developed normalization by
evaluation for dependent type theory.

Kovécs [25] formalized normalization by evaluation for an intrinsically scoped and
typed version of the simply typed A-calculus in Agda.

Fiore [I7] was the first to relate normalization by evaluation to categorical gluing.
Sterling and Spitters [34] prove normalization for free A-theories generated from many-
typed first-order signatures using categorical gluing.

Kaposi et al. [24] transfer the categorical gluing method to type theory and develop
gluing for categories with families. Coquand [I3] also proves canonicity and normaliza-
tion for dependent type theory. His construction arises as a special case of the work of
Kaposi et al. [24].

1.2 Overview

In Chapter [2, we discuss the syntax and semantics of the simply typed A calculus using
a traditional syntactic presentation and model theory for the simply typed A-calculus.
Then, in Chapter 3], we discuss the first two proofs of normalization for the simply typed
A-calculus. In these two chapters, we try to avoid any reference to category theory to
make the methods more accessible.

The goal of the following three chapters is to present the categorical proof of nor-
malization. First, in Chapter [d] we recall some basic definitions, constructions, and
theorems from category theory. Then, in Chapter 5| we discuss the syntax and seman-
tics of the simply-typed lambda from a categorical perspective. Finally, in Chapter [6]



we present the categorical proof in detail.
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Chapter 2

Syntax and semantics of the
simply typed A-calculus

In this chapter, we discuss the syntax and semantics of the simply typed A calculus as
can be found in the early literature on the topic (for instance, [20, [31]). The reason for
this choice is that this presentation seems to give the simplest proof of normalization.

In Section we formally define the syntax of the simply typed A-calculus. Besides
the language of A-calculus, we discuss important syntactic notions such as substitution
and [Bn-conversion.

In Section we present some basic model theory for the simply typed A-calculus.
In particular, we prove a soundness theorem and construct the term model.

2.1 Syntax

2.1.1 Types and terms

Definition 2.1.1 (Types). We fix some nonempty set ¥ of base types. The types of
the simply typed A-calculus are generated by the grammar

oTu=0]0->T,
where 8 ranges over 3.

The type former — — — associates to the right. The set of types is denoted by Ty.

Definition 2.1.2 (Terms). We fix a pairwise disjoint collection of countable sets V,
indexed by types. Elements of V, are called variables of type 0. We inductively
generate a family of sets A, indexed by types o according to the rules in Figure
that is, (A, )sery is the smallest collection of sets closed under the rules. Elements of
A, are called terms of type o.

VAR APP LAM
z eV, te A, u € A, r eV, te A,
T €A, t-u€el; e t €Ay,

Figure 2.1: Terms of the simply typed A-calculus



The application operator — - — associates to the left. We write V = UaeTy V, and
A= UaeTy A,. Tf t € V, (respectively x € A,), we also write ¢ : o (respectively z : o)
and read it as "t (respectively x) has type o”. We also say that ¢ is an inhabitant of
o, or that o is inhabited by ¢.

The abstraction operator A binds the variable z in the term Az°. t, similarly how a
quantifier binds a variable in a formula. In other words, Az”. ¢ introduces the variable
x whose scope extends to t. The occurrences of z in ¢ are thus called bound. Variables
that are not bound are called free.

Definition 2.1.3. (i) The sets of free variables FV (¢) and bound variables BV ()
of a term t are defined recursively:

EV(=) A = Pan(V) BV(=): A = Pgn(V)
FV(x) = {z} BV(z) =@
FV(t-u)=FV(t)UFV(u) BV(t-u)=BV(t) uBV(u)
FV(\z°. t) = FV(t) \ {z} BV(\z’. t) = BV(t) U {x}

(ii) FV,(t) = FV(t) NV, is the set of free variables of ¢ of type o.
(iii) A term ¢ is closed if FV(¢) = @.

Generally in mathematics, the names of bound variables do not matter. The formulas
Va.P(z) and Vy.P(y) both denote the statement “P holds for all individuals”. Sim-
ilarly, the terms Az”. z and A\y°. y both denote the identity function that returns its
input unchanged.

Definition 2.1.4 (a-convertibility). Two terms are a-convertible if they only differ
in the names of bound variables. Details can be found in Chapter 2 of [6].

From now on, we identify a-convertible terms. This means that we do not distinguish

between a-convertible terms and treat them as being equal. Formally, this amounts to
taking a quotient of terms by the equivalence relation of a-convertibility. A consequence
of this is that all operations and properties on terms have to be defined on equivalence
classes rather than individual terms. In practice, this means that whenever we use a
representative of some equivalence class in a definition, we have to prove the invariance of
the definition under a-convertibility. The details of verifying such assertions are tedious
and not too interesting, so we leave them out. See also the discussion in Appendix C of
[].
Remark 2.1.5. When working with representatives of a-equivalence classes, we employ
Barendregt’s variable convention [6]. This means that all bound variables of all terms
that occur in a certain mathematical context (e.g. definition, proof) are assumed to be
distinct from all free variables of the terms. Given a countable collection of terms, it
is always possible choose representatives in such a way that this condition is satisfied.
The convention allows for a simpler treatment of substitution, see Definition 2.1.9]

Remark 2.1.6. The base types in X have no closed inhabitants, so one might wonder why
they are necessary. Indeed, the essence of lambda calculus lies in the function types.
However, since types are defined inductively, one needs at least one base type as a base
case. Otherwise, the set of types would be empty.

2.1.2 Substitution

The free variables of a term may be viewed as placeholders in which other terms may
be substituted. For instance, if t = x -y with 2 : ¢ = ¢ and v = A\2°. z, then we can
substitute u for z in ¢, denoted by t[z := u], to obtain (A\z°. 2) - y.



Instead of defining t[z := u], we take a more general approach where multiple terms
may be substituted simultaneously for distinct free variables. This operation is also
referred to as parallel substitution. We simply call it substitution.

Definition 2.1.7 (Substitution). A substitution is a partial function v : V' — A with
finite domain such that if z : 0 and z € dom(), then v(z) : 0.

The set of substitutions is denoted by Sub.

Notation 2.1.8.

The notation [z :=t,...,2, :=t, ] stands for the substitution v with
dom(v) ={zy,...,xz,} and ~(z;)=t; (t=1,...,n).

— For a substitution ~, variable z : o, and term t : o, we write y[z := t] for the
updated substitution with dom(y[z :=t]) = dom(~v) U {x} and such that

. oy ify#a
v[w.—t](y)—{t fy=o

For a finite set of variables I' € V, the identity substitution idr on I is given
by
idr(z)=2 (z€el).

If v is a substitution, we write

FV(y) = | FV(y().

redom(y)

Definition 2.1.9 (Substitution in terms). For v = [z :=t{,..., T, := t,], the expres-
sion ¢ty denotes the result of simultaneously substituting the terms ¢y, ... ,t, for the free
variables x1,...,x, of t. Formally, it is defined by recursion:

(=)(=): A, xSub — A,

{W(x) if z € dom(~)
ry = .
T otherwise

(t-u)y=ty-uy
(A7 t)y = X7 t(y[z = z])

Note that, by definition, substitution preserves types: if ¢ : o, then ¢ty : 0. Further-
more, we have FV (ty) € (FV(t) \ dom(~)) U FV (7).

Note also that we use the term substitution in two senses. It refers both to the data
specifying the terms to be substituted (Definition and to the operation defined in
Definition 2.1.91

Remark 2.1.10. The variable convention (see Remark [2.1.5)) ensures that we avoid vari-
able capturing, i.e. when a free variable of some t; becomes bound in the substituted
term. Concretely, when writing ¢, we assume BV(¢) N FV(v) = @.

2.1.3 Conversion

A key feature of the A-calculus is the so called SB-rule: applying a function Az’. ¢ to
an argument u results in substituting u for = in ¢. This is expressed by an equational
theory between A-terms.



REFL TRANS SYM

t:o Ft=u:o Fu=v:o HFt=u:o
Ft=t:o Ft=v:o Fu=t:o
CONG-APP CONG-LAM
Ft=t:o-7 Fu=d:o Ft=t:7

Ftou=t-u:7T Fax%t=X"t o> T
BETA ETA
t:T u:o tio—>T ( §EFV(t))
T
O\’ ) u=tlri=ul:T FXt-x=t:ioc—T

Figure 2.2: Rules for equations between A-terms

Definition 2.1.11 (f7n-conversion). The typed conversion relation is a family of
relations indexed by types, generated inductively by the rules in Figure ie. it is
the least family of relations closed under the rules. We write = ¢t = u : ¢ to mean
(t,u) € =,.

Note that by definition, only terms of the same type can be related. This is in contrast
with the approach taken in operational semantics where a reduction relation is defined
on untyped terms.

The following lemma states that substitution respects conversion.

Lemma 2.1.12. Suppose -t =t : o and ’y,’y’ € Sub such that
dom(y) =dom(y') and F~(z)=~'(z):7 forallz:T.
Then =ty = t'v' to.

Proof. By induction on the proof of - ¢ = t':o using the congruence rules CONG-APP
and CONG-LAM. O

2.1.4 Normal forms

The rule BETA can also be viewed as a reduction rule: (Az”. t) - u reduces to t[z := u].
This rule is then called g-reduction. Introducing a directionality is particularly useful
for applications to programming: it allows one to run a program by applying reduction
steps in sequence. Evaluation of a program is finished when no more reductions are
applicable. In this case, the program is said to be in B-normal form.

In the extensional A-calculus (A-calculus with the rule ETA), it is also natural to
consider normality with respect to the ETA rule. The natural direction for this rule is
reducing Az°. t-z to t (with x ¢ FV(¢)). Terms in which no more BETA or ETA-reductions
are applicable are said to be in 8n-normal form.

In a Sn-normal form, functions can be partially applied. For instance,if f : 0 - 0 = o
and x : o are variables, then f and f-x are both in Sn-normal form. It is also possible to
consider another notion of canonical form, where all functions are fully applied. This is
achieved by applying the rule ETA in reverse direction, referred to as n-expansion, until
all missing arguments are supplied. For instance, f - x is converted into Ay°. f -z -y
(for a fresh variable y) in this process. These canonical forms are called long Sn-normal
forms.

To make the distinction between the two notions of normal form more explicit, the
former notion is also referred to as short Sn-normal form. Alternative names for the



two notions include n-short B-normal form and n-long B-normal form, respectively.
The latter terminology emphasizes the fact that n-long S-normal forms are normal with
respect to B-reduction but not 7-reduction.

It turns out that long Sn-normal forms can be characterized syntactically by a simple
set of rules. Since we are only interested in long Sn-normal forms, we simply call them
normal forms.

Definition 2.1.13 (Neutral terms, normal forms). We define two families of sets of A-
terms, the sets of neutral terms Ne, € A, and the sets of normal forms Nf, € A,.
The two families are generated mutually inductively by the clauses in Figure 2.3

VAR-NE APP-NE
z eV, m € Ne, n € Nf,
x € Ne, m+n € Ne,
SHIFT LAM-NF
m € Neg n e NfT
—— (BeX) EUCamer—
m € Nig Ax.n € Nf,_,,

Figure 2.3: Normal forms and neutral terms

Neutral terms are an auxiliary class of terms used in the definition of normal forms.
They are terms with a variable in head position preventing the application of the rule
BETA.

Definition 2.1.14. Let ¢t : 0 be a term. We say that ¢ has a normal form if there
exists an n € Nf, such that = ¢ =n : 0. We then also say that n is a normal form of
t or t has the normal form n.

2.2 Semantics

2.2.1 Applicative structures, models

We first define an appropriate notion of model for the simply typed A-calculus.
Definition 2.2.1 (Applicative structure). An applicative structure A consists of

— a family of sets A, indexed by types o, and
— a family of maps appf,T A, X A, = A, indexed by pairs of types o, 7.

The maps app,, , are called application maps.

It is worth noting that even though terms of type o — 7 are thought of as functions,
A,_., does not necessarily have to be a set of functions. However, every element f €
A, -, of an applicative structure A determines a function

A A
appo’,'r(f7_) :'AO' _)A‘ra xHappU’T(f,x).
which represents the functional behavior of f.

Notation 2.2.2. We often omit the superscripts and subscripts of the application maps.
Furthermore, we often drop the application map completely and write fx for app, . (f, z)
when this does not cause confusion.

10



Definition 2.2.3 (Extensional applicative structure). We say that an applicative struc-
ture A is extensional if the following holds for all f,g € A,_:

(Vx € A,.fr =gx) implies f=g.

Remark 2.2.4. The assignment f +— app(f,—) gives a map A,_, — Af”. The exten-
sionality axiom is equivalent to the statement that this map is injective. Thus, in an ex-
tensional applicative structure, we may identify A,_,, with a subset of .Af”. Under this
identification, the application map app, , becomes the evaluation map (f,z) = f(z).

To be able to interpret A-terms in an applicative structure, one needs to choose
meanings for the free variables of the term. This role is filled by environments.

Definition 2.2.5 (Environment). Let A be an applicative structure.

(i) An environment for A is a partial function p : V — | A, with finite domain
such that if 2 : 0 and = € dom(p), then p(x) € A,.
(if) If T' € Vis a finite set of variables, then a I'-environment is an environment p

such that ' € dom(p).

c€Ty

The set of environments for A is denoted by Env?*. We write Envl’fl for the set of
T-environments. As usual, the superscript can be omitted. If p € Envp, we also write
p ET. Clearly, if ' € I' and pE F’, then p ET.

Note the formal similarity between substitutions and environments. Environments
can be seen as the semantic counterpart to substitutions. Whereas a substitution maps
free variables to terms, an environment maps them to elements of a structure. The two
notions are connected in the term model (Definition , for which environments are
essentially the same as substitutions.

Notation 2.2.6.

— For an environment p, variable z : o, and a € A,, we write p[x := a] for the
updated environment with dom(p[z := a]) = dom(p) U {z} and such that

. _ply) fy#z
plz :=al(y) = {a ity =

— The empty environment @ is the empty function.

The updated environment is the semantic analogue of the updated substitution (No-

tation [2.1.8]).

Definition 2.2.7 (Environment model). An environment model A is an extensional
applicative structure A together with an assignment

(t,p) — [[t]];4 €A, fort:oand pEFV(t)

such that the following equations are satisfied:

[];' = p(z) (2.1)
[t - ul) = [¢1; Tul) (2.2)
D’ t])'a = [t]fama) (a € A,) (2.3)

The value [[t]];‘ is called the interpretation of ¢ at environment p in the model A.
As before, we usually omit the superscript A.

11



Remark 2.2.8. Tt follows by a simple induction on terms and the extensionality of A that
there is at most one possible value for the interpretation [¢], of ¢. Hence, the conditions
in Definition [2:2.7] can almost be seen as a recursive definition of the interpretation of
A-terms. The only problem is that the interpretation of Az°. t : ¢ — 7 may not be
defined if A, _,, does not contain enough elements.

More specifically, recall from Remark [2.2.4] that if .A is an extensional applicative
structure, then A, _,, may be identified w1th a subset of A 7. By , the interpretation
[Az?. t], has to be equal to the function A, — A, given by a v [[t]] However, it
is possible that this function is not in A, _,.

An environment model is thus an extensional applicative structure in which it is
possible to interpret every A-term. Hence, we can say that an extensional applicative
structure A is an environment model if the uniquely defined interpretation function is
well-defined.

The intended semantics for the simply typed A-calculus is given by sets and functions.

plai=al®

Example 2.2.9 (Standard model). Let X = (Xj3)gex be a family of sets indexed by
base types. We define the model S(X), called the standard model (over X), as
follows. The sets S(X), are given by recursion on types:

S(X)s =X (BeX)
S(X)gor = S(X)30

The application map appS(X) S(X)f(X)" X 8(X), = S(X), is the evaluation map
(f,z) ~ f(z). It is clear that this applicative structure is extensional. The interpreta-
tion of A-terms is defined recursively according to the conditions in Definition [2.2.7]

An applicative structure contains an application map to model application of A terms.
On the other hand, A-abstraction does not have an immediate semantic counterpart,
which explains why it is not always possible to interpret a A-abstraction. In Defi-
nition [2:2.7] this was solved by postulating that the intended interpretation function
exists. This might feel strange from a model-theoretic perspective: a semantic structure
should be adequate to interpret syntax without us having to verify this explicitly. There
is an alternative formulation of when an extensional applicative structure is a model of
A-calculus which meets this criterion.

Definition 2.2.10 (Combinatory model). A combinatory model A is an extensional
applicative structure 4 with distinguished elements

A A
KO',T € AU—’T—NT and SU,T,X € A(o’—»‘r—»x)ﬁ(a—m’)—»a—»x

for every o, 7, x € Ty such that
A A
Kfay=z and Si. fgr= fr(gz) (2.4)
for all x,y, f, g of the appropriate types.

As for the application maps, we may omit the superscripts and subscripts of K and
S.

Remark 2.2.11. Combinatory models are so named because they provide semantics for
typed combinatory logic, a system equivalent to the simply typed A-calculus. Com-
binatory logic bypasses the use of variables by expressing all functions using certain
elementary functions called combinators. Specifically, it has constants

K,,:0>7—>0 and S,,, :(c>7-ox)>(0—-T)>0—>x

12



for every o, 7, x € Ty, satisfying the axioms
FK-t-u=t and FS-f-g-t=f-t-(g-t)

for every appropriately typed ¢, u, f,g. It should be clear that the intended semantics
of K, . and S, ;, in a combinatory model A are K;‘}T and S;L}T,X, respectively.
Remark 2.2.12. As in the case for environment models (see Remark [2.2.8)), the elements
K and S in Definition are uniquely determined by their defining equations .
Thus, every extensional applicative structure A can be equipped with at most one
choice of K and S to make it a combinatory model. In this case, we may say that A is
a combinatory model.

Proposition 2.2.13. Suppose A is an extensional applicative structure. Then A is an
environment model if and only if it is a combinatory model.

Proof. The result follows easily from the syntactic equivalence between simply typed
A-calculus and typed combinatory logic. For example, given an environment model A,
we can define combinators

K,.=[\". \y . 2],
Sorx = [[)‘fg_n—_)x /\90_)7- Az’ frz-(g-2)]o
In the other direction, to define [[t], in a combinatory model, we translate the A-closure
of ¢ to a combinatory term, take its semantics, and apply the resulting function to the

values in the environment p. Details on the translation to combinators for the untyped
case can be found in [6l 22]. O

By Proposition 2:2.13] we may simply speak of a model of A-calculus, and use either
the environment or the combinatory model formulation to prove that an extensional
applicative structure is a model. These kinds of models are also called Henkin models
in the literature [29].

2.2.2 Basic model theory

We now establish some basic results about Henkin models. The most important are the

Soundness Theorem [2.2.19| and the existence of a term model (Definition [2.2.20) which
2.2.22))

satisfies precisely those equations that are provable in the syntax (Proposition .

Lemma 2.2.14. Let t : . Then for all environments p,p & FV(t), we have

(Vo e FV().p(z) = p'(z))  implies (1, = [t1,-

Proof. By induction on t¢:

— Case z: ’
[z], = p(z) = p(2) = [z],
— Case t-w:
[t-ul, = [t 0ul, = 11 0ul,y = Tt - ul,
— Case \z°. t:

[[)\.’)30. t]]pa = [[t]]p[ﬁ:a] = [[t]]pr[a“:a] = II)\SUU. t]]p:a

In order to apply the induction hypothesis, we have used that p[z := a](y) =
p[z:=al(y) for all y € FV(¢) U {z}. O

13



Definition 2.2.15. If «y is a substitution and p is an environment such that p E FV (),
then the environment [v], F dom(y) U dom(p) is defined by

_ [v(z)l, if z € dom(y)
[1,(=) = {p(x) if € dom(p) \ dom(y)

Lemma 2.2.16 (Substitution lemma). Let A be a model. Then for all t : o, v € Sub,
and p E (FV(t) \ dom(~)) UFV(v), we have

[tv1, = [tlyg, -
Proof. By induction on the term ¢:
— Case z: if z € dom(7), then we have
(291, = [v(2)], = [v],(2) = [2]gy,-
If z ¢ dom(~), then
(271, = [=], = p(2) = [V, () = [2]g,-
— Caset-w:
[ -u)v], = [ty - uvl, = [t7],0uvl, = Dtlpyg, [ulpyy, = 0t - wlpyg,
— Case \z”°. t: Extensionality implies that it suffices to show
[(Az”. t)v],a = [Az”. tlfyp,@
for all a € A, .

[(A2”. 7], = [A2”. t(y[2 = 2D],a = [ty = 2 D] a0l

= [t toi=ett .oy = [0, t0i=a1 = DA g

plz:=al
In order to apply the induction hypothesis, we have used that
plz :=a] E (FV(t) \ dom(y[z := z2])) UFV(y[z := z]).

In the second line, we have used that [y[z := x]],,:20] = [7],[# := a]. This is
true since

H’Y[x = x]]]p[m::a](m) = II’}/[QT ‘= m](x)]]p[z:a] = [[x]]p[z:a]
= plz = a](z) = a = [7],[2 := a](2),

[Vl := 2]l prai=a(y) = plz 2= al(y) = p(y) = [¥],(v) = [7],l2 := al(y)
if y ¢ dom(vy) U {z} = dom(~[z := z]), and

[[’YI:'r = x]]]p[x::a](y) = [[’Yl:x = m](y)]]p[m:a] = [[V(y)]]p[z::a]
=W, = 1V, (y) = V][ 2= al(y)

if y € dom(y) \ {z}. In the last case, the equality [v(y)],1z:za] = [7(¥)], follows
from Lemma [2.2.14] because z ¢ FV (v(y)). O
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Corollary 2.2.17. Lett: 7, z: 0, and u: o. Then for all environments p E (FV(¢) \
{z}) UFV(u), we have

[[t[.l? = U’]]]p = [[t]]p[CE:II’U.]]p]
Proof. Follows immediately from Lemma [2.2.16| taking v = [z := «], using the equation
[[z :=ulll, = plz := [ul,].

The latter holds since

[[z :=ull,(2) = [l := u](2)], = [ul, = plz := [ul,)(x)

and
([ :=ull,(y) = p(y) = pla := [ul, 1(y)
for y € dom(p) \ {z}. O

Definition 2.2.18 (Satisfaction). Let A be a model.

(i) Suppose t,u : o, and p E FV(t) U FV(u). We say that the equation H ¢ =u: o
holds at p in A, written as A,pEt=wu: o, if [[t]]:)4 = [[u]];4

(ii) The model A satisfies the equation - ¢ = u : o, written as A E ¢t = u : o, if
ApEt=u:oforall pEFV()UFV(u).

Theorem 2.2.19 (Soundness). Let A be a model. Then
Ft=u:o implies AEt=u:o
forallt,u: o.

Proof. By induction on the derivation of = ¢ = u : 0. The cases REFL, TRANS, and
sYM follow from the fact that A F — = — : ¢ is an equivalence relation. For the cases
CONG-APP and CONG-LAM we use the compositionality of the interpretation of A-terms:
the meaning of compound terms is defined in terms of the meanings of the subterms.
Hence, if the latter are equal at all environments, so are the former.

For BETA, we use Corollary 2.2.17 Let p & (FV(¢) \ {z}) UFV (u). Then

[[()‘IU' t) . u]]p = H)‘xa' tl]pﬂu]]p = Hﬂ]p[m::ﬂu]]p] = [[t[.’E = u]]]p
Finally, ETA follows from the extensionality of A and Lemma [2.2.14]
[[Axa' 1 x]]pa = [[t ) x]]p[m::a] = [[t]]p[z::a][[x]]p[a:::a] = [[t]]pa'
Note that to apply Lemma [2.2.14] we use the assumption that z ¢ FV (¢). O

Definition 2.2.20 (Term model). The term model £ is defined as follows. The set
L, is the set of terms of type o quotiented by convertibility:

Loe=MA,/=,.
That is, £, = {[t] | t : o}, where
[t]={u:c| Ft=u:o}
denotes the Sn-equivalence class of t. The application map is given by

[t][u] = [t u]
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fort:o - 7and u:o.

By definition, an environment for £ is a mapping from variables to equivalences
classes of terms. If 7 is a substitution, then [v] denotes the environment given by
[v1(z) = [v(z)] for all z € dom(v). Every p € Env® can be written as [v] for some
substitution v by picking representatives in p(x) for each x € dom(p). That said, we
define the interpretation into £ as

L
[t157 = (]
Proposition 2.2.21. £ is a well-defined model.

Proof. To show well-definedness, we need to check that our definitions are independent of
the choices of representatives. For the application map, suppose we pick representatives
t',u' witht=¢t:0—>7and-u=1":0. By rule CONG-APP, we have - t-u = e T,
hence [t-u] = [t -u'].

Now suppose 7,7 are substitutions such that [y] = [7']. Then we have [v(z)] =
[7'(2)], hence - ~v(z) = 4'(z) : o for all z : ¢ € dom(y). By Lemma this
implies - ¢y = ¢y : o, and thus [ty] = [t7']. This shows the well-definedness of the
interpretation.

To show that the applicative structure £ is extensional, let [t], [t'] € £, and assume
that [¢][u] = [¢'][u] for all u : 0. Let z : o be a variable such that z ¢ FV(¢) UFV (u).
Then we have [t - 2] = [¢][z] = [t'][#] = [¢' - #] by assumption, hence - t-z =t -z : .
By CONG-LAM, we derive = Az t -z = Az°. txio—- T Applying ETA twice, we get
Ft=t:0— 7. Thus, [t]=[t'] as desired.

It remains to check that the interpretation satisfies the equations in Definition 2.2.7

[zl = [27] = [v(2)] = [7]1(x) (note that 2 € dom([y]) = dom(~))
[t - ulpyy = [t - u)y] = [ty - uy] = [ty][uy] = (¢l el
[xz?. t]glu] = [(Az”. )y ][] = [(Aa”. t(y[x = 2])) - u]
= [t(y[z = z])[x = u]] = [t(y[z = u])] = [t]y(0i=a)) = [EDiygrei=u)

Note that in the last case, t(y[z := z])[z := u] = t(y[x := u]) only because z ¢
FV (7). 0

Theorem 2.2.22. For allt andu, Ft=u:0o ifand only if LCEt=u:o0.

Proof. The only if part is a corollary of Theorem [2:2.19] and Proposition If
LEt=uwu:o, then [[t]][Lid] = [[u]][ﬁid], where id is the identity substitution on FV (¢).

Then
(] = [t(id)] = [t]pag = [ulpa = [w(id)] = [u],
and hence H ¢t =u: 0. O

2.2.3 Homomorphisms

When studying the properties of a class of mathematical structures, it is worthwhile
to consider structure-preserving mappings between the structures. These mappings are
usually called homomorphisms. For example, functions between groups preserving the
group operation are called group homomorphisms and they are an essential concept in
group theory.

We can apply the same idea to the notions of model defined in Section[2:2.1} Although
we do not make use of homomorphisms between Henkin models in this thesis, we believe
it is worth mentioning them to make it easier to relate this theory to the categorical
semantics to be introduced in Chapter
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Definition 2.2.23 (Homomorphism of applicative structures). Let A and B be applica-
tive structures. A homomorphism of applicative structures h : A — B is a family
of maps (h, : Ay = By)sery such that

A B
hT(appo,T(fvx)) = appo‘,T(hG’—’T(f)7 hd(x))
for all o,7 € Ty, f € A,_,, and x € A,.
Notation 2.2.24. Let h : A - B be a homomorphism of applicative structures.

— If x € A,, then we may write h(z) for h,(z), omitting the type o.

- Ifpe Env? is an environment for A, then hp € Env® is the environment defined
by (hp)(x) = hy(p(x)) for all z € dom(p) N V.

Definition 2.2.25 (Homomorphism of models). Let A and B be models. We say that
a homomorphism of applicative structures h : A — B is a homomorphism of models

if
ho(Ie17) = LD,
for all ¢t : o and p E FV(t).

Equivalently, using the combinatory model formulation, a homomorphism of models
h: A — B can be defined as a homomorphism of applicative structures such that

A B A B
h(Ka',T) = Ka’,‘r and h(Sa,T,X) = SG,T,X'

For every model A, there is an identity homomorphism 14 : A — A which is the
identity function at every type. Furthermore, homomorphisms f: A - Bandg: B - C
can be composed pointwise to yield a homomorphism gf : A — C. Thus, Henkin models
and homomorphisms of models form a category.
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Chapter 3

Normalization for the simply
typed A-calculus

Normalization refers to the process of finding a normal form for a given term. Tradi-
tionally, normalization and the notion of normal form have been defined in the context
of term rewrite systems. A term rewrite system is given by a set of terms and a set
of rewrite rules, also called reduction rules. In this context, a normal form is a term
in which no reductions are possible, and normalizing a term consists of applying the
rewrite rules repeatedly until a normal form is reached.

There is a computational reading of this process: terms represent programs, and
applying rewrite rules corresponds to running a program. The execution is finished
when no more reductions are possible, in which case the final term represents the value
of the program. Thus, normal forms correspond to values that a program can output,
and normalization corresponds to execution of programs. In particular, in the (simply
typed) A-calculus, the most important rewrite rule is S-reduction (the rule BETA applied
from left to right).

An interesting question to ask about a term rewrite system is whether every term
can be normalized, i.e. whether every term can be reduced to a normal form. A rewrite
system in which this is possible is said to satisfy the weak normalization property. There
is a stronger property known as strong normalization which states that every possible
reduction path is finite, i.e. no infinite reductions are possible.

In a programming language that satisfies the strong normalization property, any se-
quence of execution steps will eventually lead to a final result, i.e. no program can run
forever. In programming language terminology, we say that the programming language
is terminating: all programs are guaranteed to terminate and return a result. In con-
trast, if a language only satisfies weak normalization, then we only know that there
is some execution path that leads to a result, but not necessarily that each of them
does. However, if evaluation in the language is deterministic (that is, there is at most
one possible execution step at each stage), then this property already implies that the
language is terminating. Thus, weak normalization can still be a useful property.

In a reduction free setting, we cannot formalize the strong normalization property.
However, the weak normalization property still makes sense if reduction is replaced
by convertibility. The property then states that every term has a normal form (see
Definition . Fiore [I'7, [18] calls this the extensional normalization problem. Fur-
thermore, it is convenient to characterize normal forms syntactically without reference
to any reduction rules. This was done in Definition for long Sn-normal forms.

For practical purposes, the weak normalization property is not sufficient. Instead,
we need an effective procedure for determining the normal form of a term, that is, a
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function that maps terms to their normal forms. Fiore [I7, [I8] calls this the intensional
normalization problem. Such a normalization function can then be used for example
to decide the convertibility of two terms (Corollary . This is interesting from a
logical point of view: the simply typed A-calculus can be viewed as an equational theory,
and thus the validity of formulas in this theory is decidable.

In Section we prove weak normalization for the simply typed A-calculus using
the method of computability predicates invented by Tait [36] and Godel [2I]. We then
provide an analysis of this proof in terms of the notion of logical relation introduced by
Statman [33], which is a generalization of Tait’s predicates.

In Section we consider normalization by evaluation, a technique invented by
Berger and Schwichtenberg [9], providing a solution for the intensional normalization
problem. Normalization by evaluation lies on the observation that normalization is
essentially evaluation for open terms. However, instead of an operational approach,
it employs denotational semantics for evaluation, thereby bypassing reduction. Hence,
normalization of a term may be implemented by evaluating it in a context where the
free variables are mapped to themselves, and then turning the semantic object back into
a normal form.

There is a close analogy between Tait’s proof and normalization by evaluation. In
fact, Berger showed [7, 8] that a version of normalization by evaluation can be obtained
from a Tait-like proof of strong normalization using a mechanized procedure known as
program extraction. In Section we highlight the correspondences between the two
proofs.

3.1 Weak normalization

In this section, we prove the following theorem:
Theorem 3.1.1 (Weak normalization). All terms t : o have a normal form.

A naive attempt of a proof of this theorem would try to prove the statement directly
by induction on terms. However, this approach gets stuck at the application case: we
cannot prove that ¢« has a normal form if ¢ and u have one. A counterexample in the
untyped A-calculus is the term (Az. z ) (\z. = z).

In Section[3.1.1] we present a proof of Theorem [3.1.1] based on the idea of a convertible
term by Tait [36], who used it to prove normalization of terms in Gédel’s system T [21].
Tait’s method itself was inspired by Gédel’s notion of a computable/reckonable functional
(German: berechenbare Funktion) [21].

The essential idea of the proof is that we define when a term is convertible by induction
on the type of the term (Definition . A term of base type is convertible iff it has
a normal form; a term of function type is convertible iff it maps convertible inputs to
convertible outputs. Now proving that every term is convertible is straightforward using
induction on terms (Lemma, solving the issue of the naive attempt. Furthermore,
every convertible term has a normal form (Lemma; hence, the theorem follows. On
a methodological level, the proof considers a stronger property (convertibility) in order
to provide a stronger induction hypothesis, thus making the induction go through. This
method is sometimes referred to as induction loading.

In Section we introduce the notion of logical predicate, which is a special case of
the notion of logical relation introduced by Statman [33]. Precursors of logical relations
and extensions thereof have been widely used in the literature to prove (among other
things) definability results about the simply typed A-calculus [31], [33] 23] 19]. The point
of logical predicates is that they generalize the core idea behind Tait’s convertibility
predicate, namely, that the property we wish to prove should be defined by induction
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on the type structure. We also prove a generalization of Lemma (Theorem ,
dubbed the Fundamental Theorem of Logical Relations by Statman [33].

Furthermore, we introduce the notion of bilogical predicate (Definition and
prove a corresponding fundamental theorem (Theorem . The fundamental the-
orem abstracts away the ingredients of the proof in Section [3.1.1] This development
was inspired by Fiore’s Basic Lemma [17, [I§] and it is essentially an instantiation of his
result phrased in a simpler framework.

Finally, in Section we give a very short proof of Theorem employing the
results of Section[3.1.2] This proof is essentially a rephrasing of the proof in Section[3.1.1]

3.1.1 “Syntactic” proof
Definition 3.1.2. Let T' S A,. We define

C(T)={t:o|JueT. +t=u:o}.

That is, C(T') is the set of terms of type o that are convertible to some term in T.
Note that C'(Nf,) is the set of terms of type o that have a normal form.

Definition 3.1.3 (Convertibility predicate). We define a family of predicates R, € A,
on A-terms by recursion on types:

Rg = C(Nfp) (BeX)
Ry,.,={ttc—>7|VYu€eR, t-ueR,}

Lemma 3.1.4. If-t=t:0 andt € R,, thent € R,.
Proof. By induction on o:

— Case § € X: Suppose t e Rg, i.e. there is a normal form n : 8 such that
Ft =n:pB Siceb t=t:054, transitivity implies = ¢ = n : 8. Hence,
— Case ¢ — 7: Suppose t € Ry.,, and let w € R,. Then t' -u € R,. Since
Ft=t:0 -7, wederive -t -u=t-u:7. Thus, we can apply the induction
hypothesis to conclude that ¢ - v € R,.. Hence, t € R,_,. O

Lemma 3.1.5 (Fundamental Lemma). Let ¢ : o and v € Sub such that FV(t) €
dom(y). If y(x) € R, for all x € FV (1), then ty € R, .

Proof. By induction on t¢:

— Case z: v = v(z) € R, by assumption.

— Case t - u: We have ty € R,_,, and wy € R, by the induction hypotheses. Thus,
(t-u)y =ty-uy € R, by the definition or R,_,,.

— Case Az”. t: We need to show that (Az”. t)y = \z”. t(y[z := z]) € R, ..
Let u € R,. Then ~[x := u] satisfies the conditions of the lemma, and hence
we can apply the induction hypothesis to obtain ¢(y[z := u]) € R,. Since F
(Az?. t(y[z := 2])) - u=t(y[z := u]) : 7, we infer (\z’. t(y[z :=2]))-u € R, by
Lemma B.14 O

Lemma 3.1.6. The following two statements hold for all types o:

(i) R, < C(Nf,);
(ii) C(Ne,) € R, .

Proof. We prove both statements simultaneously by induction on o.
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— Case f € X: (i) holds by definition. (ii) holds since Neg & Nfg, and hence
C(Neg) € C(Nfp).

— Case 0 — 7: For (i), let t € R, and let = : ¢ such that x ¢ FV(¢). Since
2 =2 :0and z € Ne,, we have z € C(Ne, ). Thus, by the induction hypothesis
for (ii), we get « € R,. By the definition of R,_,,, this implies ¢t-x € R,. Applying
the induction hypothesis for (i), we get that ¢ - € C(Nf,), and hence there is a
normal form n : 7 such that = ¢z =n : 7. Using CONG-LAM and ETA, we derive
Ft=Xz".n:0— 7. Since A\z°. n is a normal form, this means t € C(Nf,_,), as
desired.

For (ii), suppose t € C(Ne,_,), i.e. there is a neutral term m : ¢ — 7 such
that ¢t =m : 0 - 7. To prove t € R,_,,, we need to show that ¢t -u € R,
for all w € R,. If uw € R,, then the induction hypothesis for (i) implies that
there is a normal form n : ¢ such that = u = n : 0. Using CONG-APP, we derive
Ft-uw=m-n:7. Since m-n is a neutral term, this means ¢ -u € C'(Ne,). Then,
by the induction hypothesis for (ii), we conclude ¢t - u € R,. O

Proof of Theorem[3.1.1. Let id be the identity substitution on FV(¢). By Lemma|3.1.6
(ii), id(z) = ¢ € R, for all x € FV(t). Hence, t = t(id) € R, by Lemma [3.1.5| By
Lemma (i), t € C(Nf, ), which is what we wanted to prove. O

3.1.2 Logical predicates

Definition 3.1.7 (Logical predicate). Let A be an applicative structure. A logical
predicate R over A is a family of subsets R, € A, indexed by types o such that for
all f e A,_,, we have

fERor &V ER,. fr€R,. (3.1)

It is clear that (3.1)) can be seen as the definition of the set R,_,. Thus, a logical
predicate R over A is completely determined by the sets R for 8 € X.

Definition 3.1.8. If R is a logical predicate over A, then we say that an environment
pE Env” satisfies the predicate R if p(x) € R, for all z € dom(p) N V.

Theorem 3.1.9 (Fundamental Theorem of Logical Relations). Suppose A is a model
and R is a logical predicate over A. Then for every term t : o and environment p €
Env?\,(t) satisfying R, we have [[t]];)4 ER,.

Proof. By induction on t:

— Case z : 7: [z], = p(z) € R, by assumption.
— Case t - u: We have [[t], € R,-, and [u], € R, by the induction hypotheses.
Thus, [t -u], = [t],[u], € R. by the definition or R,_..
— Case A\z°. t: Let a € R,. Then p[z := a] satisfies R, and hence we can apply the
induction hypothesis to obtain [t] ,:—a] € R-. Thus, [Az°. t],a = [t] {z:=a] € R+
for all @ € R,. Therefore, by definition, [Axz°. tl, € Rosr O
Definition 3.1.10. Suppose A is an applicative structure. A bilogical predicate

over A consists of two families of subsets Q,,S, € A, indexed by types o, satisfying
the following conditions:

(i) Qp € S for all B € 3
(ii) f € Qy—, and z € S, implies fzx € Q;
(iii) if fz € S, for all z € Q,, then f € S, _,,.

Definition 3.1.11. If (Q,S) is a bilogical predicate over A, then we say that an envi-
ronment p € Env” satisfies the predicate (Q,8) if p(z) € Q, for all x € dom(p) N'V,.
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Theorem 3.1.12 (Fundamental Theorem of Bilogical Relations). Suppose A is a model
and (Q,8) is a logical predicate over A. Then for every term t : o and environment

pE Envﬁv(t) which satisfies (Q,S), we have [[t]];,4 €S,.
Proof. Define the logical predicate R by Rg = S for all 3 € . We show that

Q SRy €S, (3:2)
for all types o. The proof proceeds by induction on o.

— Case f € X: We have Q3 € Rg = Sg by definition of R and condition (i) for
bilogical predicates.

— Case 0 = 7: Let f € Q,_,, and suppose = € R,. By the induction hypothesis for
o,z € S,, so condition (ii) for bilogical predicates implies fx € Q.. Therefore,
by the induction hypothesis for 7, fx € R,. Hence, fx € R, for all z € R, and
thus f € R,_, by definition of R,_,,.

Now let f € R,_, and suppose z € Q. By the induction hypothesis for o, we
have x € R, hence fr € R,.. By the induction hypothesis for 7, we get fx € S,.
Hence, we have fx € S, for all x € Q,, so f € S, by condition (iii) for bilogical
predicates.

This concludes the proof of (3.2]). Now let ¢ and p be as in the statement of the theorem.
Since Q, € R, for all types 7, we have that p satisfies R. Hence, by the Fundamental
theorem of logical relations (Theorem , we get [[t]],f‘ ER, CS,. O

3.1.3 “Semantic” proof

Lemma 3.1.13. Let

My ={[m] | meNe,} and N,={[n]|neNf,}
for all 0. Then (M, N) is a bilogical predicate over L.
Proof. We verify the conditions of bilogical predicates.

(i) Mg € Nj by rule SHIFT.
(ii) Let [m] € M,_, and [n] € N,, where m € Ne,_,, and n € Nf,. Then m - n by
rule APP-NE. Hence, [m][n] =[m - n] € M,.
(iii) Let [t] € L,-, such that [¢t][m] € N, for all [m] € M,. Then, in particular,
[t][z] = [t - ] = [n] for some n € Nf,, where x is a variable of type o such that
x € FV(¢). This means that ¢ -2 =n : 7, and by rules CONG-LAM and ETA, we
derive -t = Az”. n: 0 — 7. Hence, [t] = [Mz°. n] € N, ,. O

Alternative proof of Theorem[3.1.1} Let (M, N') be the bilogical predicate of Lemma
and let id be the identity substitution on FV(¢). Since x € Ne, for all z : o by rule
VAR-NE, [id] satisfies (M, ). Applying the Fundamental theorem of bilogical relations
(Theorem [3.1.12)), we get that [¢] = [[t]]’[cid] € N,. This means that [t] = [n] for some
n € Nf,, thatis, —t =n: 0. O

3.2 Normalization by evaluation

In this section, we define a mormalization function nf, : A, — Nf, that returns the
normal form of the input term. It has to satisfy the following requirements:

(i) Ft=nf,(t):oforallt: o, and
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(ii) if F ¢t = u : o, then nf,(t) = nf, (u).

The normalization function nf, will be constructed using the method of normalization
by evaluation (NOE) invented by Berger and Schwichtenberg [9]. Informally, NbE works
by evaluating the term to be normalized in a suitable model, and then mapping the
resulting semantic object back into syntax, producing a normal form evaluating to that
object. Since we want the normal form to be convertible to the original term, the
mapping provides an inverse to the evaluation function modulo convertibility. Hence,
NbE can also be described as inverting the evaluation function ([9]).

To implement this idea, we have to solve some technicalities. By the definition of
long An-normal forms (Definition [2.1.13), a normal form of function type has to be a A-
abstraction. Hence, when inverting a semantic value of type ¢ — 7, we need to produce
a term of the form Az°. t where t € Nf... To avoid confusion of free and bound variables,
the variable x has to be fresh with respect to the whole computation.

We solve the problem by keeping track of free variables in order to generate fresh
variables when necessary (see Notation and Definition [3.2.26). For this reason, in
Section [3:2.1] we introduce contezts whose role is to specify the free variables in a term.
Thus, terms in this section are indexed by both types and contexts. Accordingly, in
Section we introduce a notion of “indexed” model, called a Kripke model [30], to
implement the algorithm. In Section we construct the algorithm (Definition [3.2.28)
and prove its correctness (Theorem [3.2.30)).

There are also alternative ways to solve the problem of generating fresh variable
names, see for instance [9, [16]. An advantage of our presentation of normalization by
evaluation is that it is closer to the more abstract categorical view on normalization
to be discussed in Chapter [§] However, it is also possible to implement NbE without
referring to contexts and using simple Henkin models, see Dybjer and Filinski [16]. An
advantage of Dybjer and Filinski’s approach is that their normalization algorithm is
more efficient and easier to describe. We believe, however, that the algorithm presented
here is mathematically more elegant. For instance, it gives a stronger specification to the
normalization function, guaranteeing that its output is well-typed in the same context
as its input.

We remark that NbE can be implemented for all sorts of syntaxes for the simply
typed A-calculus. For instance, Kovéacs [25] formalized NbE for a well-scoped version of
A-calculus with de Bruijn indices in Agda.

3.2.1 Adding contexts

Definition 3.2.1 (Context). A context I' is a finite set of variables (of any type), that
is, an element of Pg, (V).

Notation 3.2.2.
— The set of contexts is denoted by Con.
Let A,(T') = {t € A, | FV(t) € T}. Let Ne,(T") and Nf,(T") denote the subsets of
neutral terms and normal forms, respectively, in A, (T").
If t € A,(T), then we write I' ¢ : 0.
Similarly, if t,u € A,(T") and =t = u : o, then we write ' =t =u: 0.

We can give “context-aware” derivation rules for terms, displayed in Figure|3.1} The
soundness of these rules is easily shown by unfolding the notations in Notation and
using Definition and Definition We write (z : 0) €T’ to mean z € ' NV,
and we write I', z : o to mean I' U {z} with the assumption that z : o.

With contexts, we can also give a more refined specification to the normalization
function.
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VAR APP LAM
(x:0)el T'Htio-T 'Fu:o Tx:obt:T

I'kz:o 'Hteu:r TX’ t:o>T

Figure 3.1: Terms of the simply typed A-calculus with contexts

Definition 3.2.3. A normalization function is a family of (computable) functions
nfy @ A, (T') - Nf,(T)

indexed by contexts I and types o, satisfying the following requirements:

(i) THt= nfb(¢) : o for all t € A ('), and
(ii) f T'+¢=wu: o, then nft (¢) = nfl (u).

Remark 3.2.4. Let us explain why we put parentheses around the word computable in
Definition Constructing a program that implements a normalization function
amounts to showing that it is computable. Hence, for a practical implementation of
normalization, we need to make sure that the normalization function is computable.

If we work in a constructive metatheory, then the condition is automatically fulfilled
since the definitions directly give rise to a functional program. In a classical metatheory,
some additional work could be necessary to implement the mathematical normalization
function in a programming language and prove that it corresponds to the mathematical
definition.

3.2.2 Kripke models
For a more thorough discussion of Kripke models, see Mitchell and Moggi [30].

Definition 3.2.5 (Kripke applicative structure). Let (W, <) be a poset. A Kripke
applicative structure A over W consists of

— a family A} of sets indexed by ¢ € Ty and w € W,

— a family of transition maps iy : AY - AY indexed by o € Ty and w,w' € W
such that w < w', and
— a family of application maps appf,U,T AV X AL - AY

such that
SWL,W . . . . w
— i, is the identity function on A, ,
1 n 1 n
LW o,W LW, W LW, W
- i, oi,” =i, ,and

— app, , (o237 (f), i (2)) = i7" (app, . (f, z))
for all 0,7 € Ty and w < w s w'.

Notation 3.2.6. As before, we may drop the types when they are understood from
context, and we may write fx for app, ,(f, ).

The poset W is viewed as a set of possible worlds partially ordered by accessibility.

The transition map iy allows us to transport an element at world w to any “future”
world w'.

For the remainder of this section, we fix some poset (W, <). The notation T (w) stands
for the the set {w' ew |w = w}.
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Similarly to standard applicative structures, every element f € A, determines a
function A, — A7 sending z to fx. With Kripke applicative structures, more is true:
we can use the transition map i, . to view f at world w'. Hence, there is a family

)

of functions AY — AY given by z + i (f)x for every w' = w, representing the
applicative behaviour of f in all future worlds.

Definition 3.2.7 (Extensional Kripke applicative structure). We say that a Kripke
applicative structure A over W is extensional if the following holds for all f,g € A,

(Vu' =z wVz e AY i (f)z =i"" (¢)z) implies f=g.

Remark 3.2.8. Compare this definition with Definition The property states that
if the applicative behaviour of two elements is the same, then the elements must be
identical.

For the definition of a Kripke model, we need the following auxiliary notion.

Definition 3.2.9 (Global element). Let A be a Kripke applicative structure over W.
A global element a of A of type o is a family a,, € A, indexed by w € W such that

1
SW,W ! 1
ip’ (ay) = a, forallw<w.

If a is a global element of A of type o, we write a € A, to express this fact. Further-
more, we write a,, for the component of a at w.

Definition 3.2.10 (Kripke model). A Kripke model A over W is an extensional
Kripke applicative structure A over W with distinguished global elements

K" €A, ., and S77%¢ Algoroy)s(oor)mo—x
for every o, 7, x € Ty such that
K zy=2 and S0 "%fgx = fz(gz)
for all x,y, f, g of the appropriate types.
Remark 3.2.11. This is an indexed version of Definition [2.2.101
Example 3.2.12 (Standard model). Let X = (X5)ges wew be a family of base sets
and j = (j;;’w’ 1 X5 - ng')ﬁez’ws,w' a family of base transition maps such that

- jg”w is the identity on ng,
U n w’wl _ .w’w"

R .
— Jg °Jg Jg

n

forall 3 € ¥ and w < w' < w". We define the model S(X, ), called the standard

(Kripke) model, as follows. The sets S(X,j)s and the transition maps i, " are
defined simultaneously by recursion on types:

S(X.j)s = X5 (BeX)

i () = 5" (1) (Bew)
w w:S(X,j)ﬁ" I n I
S(X, )i=r = {f e []sex.px | Vo' > wYu" 2w Vi f(i(x) =i(fw'(w))}

w'zw

ig)’—zl;"((f)w”zw) = (fw")w"zw'
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The application map app, , is given by (f,z) + f,(z). The global elements K and S
are defined as follows:

(KST () () = i ()
(((ST™) () (9)) () = (Fum (@) ) (g ().

In what follows, A denotes a Kripke model over W.

Definition 3.2.13 (Environment).
(i) An environment for A is a partial function p : VX W — UgeTy,wew A, with
finite domain such that
— if x: 0 and (z,w) € dom(p), then p(z,w) € A, , and
— if (z,w) € dom(p) and w < w', then (z,w') € dom(p) and p(z,w') =
i (p(z, w)).
(ii) IfT' € Con and w € W, then an environment p is said to satisfy I" at w, notation
pET | w,if I'x {w} € dom(p).
Remark 3.2.14. Compare with Definition

Notation 3.2.15. For an environment p, variable x : o, and a € A, , we write p[z := a]
for the updated environment with dom(p[z := a]) = dom(p) U {z}x 1 (w) and such
that

ply,w') ify#a
i (a) ify=x

Remark 3.2.16. Compare with Notation [2.2.6)

pla = al(y,w') = {

Proposition 3.2.17 (Interpretation of A-calculus in a Kripke model). There is an
assignment
(t,p) » [tl, € Ay forTHt:oandpET | w

such that the following equations are satisfied:

[[ac]];U = p(z,w) (3:3)
[t - ul, = [t], [u],
iw}w'(ﬂ)\xa. t]]:)u)a = Ht]]z]['x::a] (a € .A;U’,w’ 2 w) (35)

Remark 3.2.18. Similarly to Henkin models, the clauses in Proposition [3.2.17] uniquely
define the interpretation of a term t in an environment p. Hence, it can be seen as
the definition of interpretation. The well-definedness of the assignment is guaranteed
by the existence of the interpretations for the combinators K and S. Compare with

Remark Remark [2.2.12] and Proposition [2.2.13
Example 3.2.19. Specializing Proposition [3.2.17| to the standard Kripke model (Ex-
ample [3.2.12)), we get the following standard interpretation function:
o1 = pla,w)
[t - ul, = ([t1,)w([uly)
([N 1) wr(a) = [Elpfaica) (2 € AT, w' = w)
Definition 3.2.20 (Satisfaction).

(i) Suppose ' =t : o, T F u : 0 and p E T | w. We say that the equation
I't¢t=wu:o holds at w and p in A, written as A,p E T ¢t = u : o, if

[tl, = [uly.
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(ii) The model A satisfies the equation I' -t =u : o, written as AE T'Ht =u: o,
ifApETHFt=u:ocforalweWand pET | w.

Remark 3.2.21. Compare with Definition [2.2.18

Theorem 3.2.22 (Soundness). For allT'Ft:0 and T+ u: o, we have
't=u:o implies AFETHt=u:o.

Proof. By induction on the proof of I' = ¢t = w : 0. The proof is similar to that of
Theorem 2.2.179 O

3.2.3 The algorithm

We are now ready to define the algorithm. Our algorithm is similar to that of Reynolds
[32]. The main steps of the algorithm are as follows:

(i) We construct a suitable model S (Definition [3.2.24).

(ii) The model gives rise to an interpretation [—] of terms in the model.

(iii) We define a family of functions qg : S}; — Nf_(T") indexed by types and contexts by
recursion on . These functions provide an inverse to the interpretation/evaluation
function [—]. Due to the contravariance of function types in the first argument,
we also need a family of functions ug ¢ Ne,(I') - S(I; in the other direction,
embedding neutral terms (in particular, variables) into the semantics.

(iv) We derive the normalization function nfg from the ingredients above. For this, we
need a special environment nr (Definition |3.2.27) that maps all variables in T' to
their semantic counterpart.

There is a close analogy between these steps and the structure of the proof of Sec-

tion B.1.11

(i) The model S corresponds to the convertibility predicate R (Definition [3.1.3). In

particular, both S}; and R, are defined by induction on the type o.
(ii) The fact that there is an interpretation [—] of terms in the model corresponds the
Fundamental Lemma (Lemma [3.1.5)).

(iii) The functions qg and ug correspond to the two parts of Lemma respectively.

(iv) The derivation of the normalization function follows the proof of weak normaliza-
tion in Section In particular, the environment nr corresponds to the fact
that the identity substitution on I" satisfies the logical predicate R.

We now present the construction of our normalization function.
Definition 3.2.23. We write C for the poset of contexts ordered by inclusion.

Definition 3.2.24. Let S be the standard Kripke model over C, where the base families
(X,j) are given by Xg = Nfg(I') and jg’r (n) =n.

Notation 3.2.25.

— For a context I, let vr , denote a fresh variable of type o for I', that is, a variable
vr,, € V, such that vr, € I
— Let T'7 denote the context T'U {vp ,}.
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Definition 3.2.26. We define two families of functions o : Sk — Nf, (') and u), :
Ne, (T') - S; simultaneously by recursion on o:
r
ap(n) =n

() = M d (oo (b (0r.0)))

ug(m) =m
(uh_,m)p(a) = uk (m - qb (a))

Definition 3.2.27. For all contexts I', we define the environment nr as follows:

ne(z,T') = ul;’(m) for (z:0) el 2T
We have that np E T | T.

Definition 3.2.28. We define the function an as follows:

nfy (1) = ap ([t]h,.)-

We now prove the correctness of nf by showing that it is a normalization function in
the sense of Definition B.2.3

Lemma 3.2.29.
) r r
(i) For all m € Ne,(T'), we have [m],. = u,(m).
(ii) For all n € Nf,(T'), we have nfy(n) = n.

Proof. By simultaneous induction on neutral terms and normal forms. O

Theorem 3.2.30. The function nfg defined in Definition satisfies the require-
ments in Definition [3.2.3

Proof. Condition (ii) follows from Theorem [3.2.22| and the definition of nfs. By Theo-
rem [3.1.1] we know that there is n € Nf, such that ¢ = n : 0. By Condition (ii) and

Lemma [3.2.29, we get nf> (¢) = nf- (n) = n. Hence, - ¢ = nf'(¢) : o, showing Condition
(i). (Note: technically, we need to show I' - ¢ = nfg(t) : 0. For this, we need that
'+ n : o, which can be shown by a syntactic argument). O

Corollary 3.2.31. ForallT -t : 0 and ' - u : o, we have U' =t = uw : o iff
nfl () = nfl (u).

Proof. The only if direction is Definition (ii). The if direction follows from Def-
inition (i), and reflexivity, transitivity, and symmetry of the convertibility rela-
tion. O

Corollary 3.2.32. GivenI' =t :0 and ' -t : o, it is decidable whether ' -t =u : 0.

Proof. By Corollary|3.2.31] we can compute nf’ (¢) and nf’ (u) and compare the resulting
normal forms for syntactic equality. O
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Chapter 4

Categorical preliminaries

In this chapter, we recall some important categorical notions, constructions, and theo-
rems that are used throughout the upcoming chapters, and we fix the associated nota-
tion.

Categories are denoted by uppercase Latin letters in calligraphic font (e.g. A, B,C).
Specific named categories are written with boldface letters, such as the category Set of
sets and functions and the category Cat of small categories and functors. The collection
of objects of a category C is denoted by Ob(C). To indicate that A is an object of C,
we also write A € C instead of A € Ob(C). For A, B € C, the collection of morphisms
from A to B is denoted by C(A, B), or Hom(A, B) if the category C is clear from
the context. The identity morphism on A is written as 14, and the composition of
morphisms f: B —» C and g : A —» B is written as f o g or fg. The subscript of 1,4 is
sometimes dropped when understood from context.

The image of an object A € C under a functor F' : C — D is written as F(A) or FA.
Similarly, the image of a morphism f is written as F(f) or Ff. The identity functor
on C is denoted by Ids or 1c. Just like for morphisms, the composition of functors
F:B - Cand G: A — Bis written as F' o G or FFG. Note that juxtaposition is
thus overloaded to mean both composition and application. However, we try to avoid
ambiguity by employing appropriate notation.

Given a natural transformation p : F' = G between functors F,G : C — D, we denote
its component at A € C by pus. The vertical composition of natural transformations
pw:G—- Handv:F — G isagain denoted by pov or uv. For a natural transformation
u: F — G between functors F,G : C — D and functor H : B — C, we write uH :
FH — GH for the natural transformation given by (uH)s = puga : FHA - GHA.
The operation sending p to puH is called whiskering (on the right).

4.1 Universal properties

Definition 4.1.1. An object T in a category C is called terminal if for every object
X of C there is exactly one morphism A : X — T. Diagrammatically:

x -y

Given a terminal object T', we write !x : X — T for the unique morphism into 7T". If
a category C has a terminal object, it is denoted by 1 or simply 1.

Example 4.1.2. In the category Set, every singleton set is terminal. A canonical choice
for the terminal object is the set {@} containing only the empty set. Since the choice
does not matter, we choose some singleton set {*} for the terminal object and use the
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notation * for its only element. The unique morphism !x : X — {*} is the constant
map with value .

Example 4.1.3. In the category Cat, any category with exactly one object and one
identity morphism on that object is terminal.

The dual notion of a terminal object is an initial object.

Definition 4.1.4. An object I in a category C is called initial if for every object X of
C there is exactly one morphism A : I — X. Diagrammatically:

- x

Given an initial object I, we write !y : I — X for the unique morphism out of I. If
a category C has an initial object, it is denoted by O¢ or simply 0.

Example 4.1.5. The category of sets has exactly one initial object, namely, the empty
set @. The unique morphism !y : @ — X is the empty function.

Definition 4.1.6. Let A and B be objects in C. Then a (binary) product of A and B
is an object P together with morphisms p; : P — A, py ¢ P — B satisfying the following
universal property: for every pair of morphisms f : X — A, g : X — B there exists a
unique morphism h : X — P such that

piroh=f and pyoh=g.

X
|

£/ 3 N9
\i/

A¢—P—>B

Diagrammatically:

If (P,p;,py) is a product of A and B, then P is denoted by A X B. The maps p;
and po are called projections, and they are denoted by fsty p : AX B —» A and
sndg g : AX B — B, respectively. In the literature, the object A X B itself is often
referred to as the product of A and B, leaving the projections implicit; we follow this
convention. Given maps f: X —» A, g : X — B, the unique morphism arising from the
universal property is written as (f,g) : X — A X B and is called the pairing of f and

g.

Example 4.1.7. The categorical product of sets A and B is the cartesian product AX B
together with the projection functions fsty p : AX B - Aandsndyp: AXB —» B
sending (a,b) to a and b, respectively. The pairing of functions f : X - Aand g: X —
B is the function (f, g} : X —» A X B given by {f, g)(z) = (f(x), g(z)).

Definition 4.1.8. Suppose that for every pair of objects A, B in C we have chosen a
product AX B of A and B. Then we can define the product functor —x—:CxC - C
that sends a pair of objects (A, B) to A X B and a pair of morphisms (f : A — A',g :
B - B') to

fxg=(fofstypgosndsp): AxB— A x B

Proposition 4.1.9. The operations defined in Definition[.1.§ constitute a functor.

Definition 4.1.10. Let A and B be objects in C such that for every object X of C we
have chosen a product X X A of X and A. Then an exponential of A and B is an
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object E together with a map € : E X A — B satisfying the following universal property:
for any morphism f : X X A — B there exists a unique morphism h : X — FE such that

EO(hX1A)=f.

Diagrammatically:
E ExA—— B
A
EI!h,i hX1AT /
|
X XxA

If (E,¢) is an exponential of A and B, then F is denoted by A = B. The map ¢
is called evaluation, and it is denoted by evy4 g : (A = B) x B = A. Similarly to
products, the object A = B itself is often referred to as the exponential of A and B in
the literature, leaving the evaluation implicit; we follow this convention. Given a map
f : X XA - B, the unique morphism h : X - A = B arising from the universal
property is written as A(f), and the maps f and h are called exponential transposes
of each other. The operation sending f to A(f) is also called currying.

Example 4.1.11. The exponential A = B in Set is given by the set B* of functions
from A to B, and the evaluation map evy g : B* x A > B sends a pair (f,x) to f(z).

The exponential transpose of a function f : X X A —» B is the function A\(f) : X — B*
that sends an element x € X to the function a — f(z,a).

Definition 4.1.12. Suppose that for every pair of objects A, B in C we have chosen
an exponential A = B of A and B (note that this also requires choices for products).
Then we can define the exponential functor — = — : C°® x C — C that sends a pair
of objects (A, B) to A = B and a pair of morphisms (f: A' - A,g: B— B') to

f=g=/\(goeVA7Bo(1xf)):A=>B—>A'=B’.
Proposition 4.1.13. The operations defined in Definition [[.1.19 constitute a functor.

Definition 4.1.14. Let f : A - C and g : B — C be morphisms in C. Then a pullback
of f and g is an object P together with morphisms p; : P — A, py : P — B satisfying
the following universal property: for every pair of morphisms a : X - A, b: X - B
such that fa = gb, there exists a unique morphism h : X — P such that

proh=a and pyoh=0.

Diagrammatically:

The notation and terminology of pullbacks is similar to that of products. If (P, pq, ps)
is a pullback of f : A - C and g : B — C, then the maps p; and p, are called
projections. In the literature, the object P itself is often referred to as the pullback
of f and g, leaving the projections implicit; we follow this convention. Given maps
a: X - A b: X — B, the unique morphism arising from the universal property is
written as {a,b) : X — P and is called the pairing of a and b.
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Example 4.1.15. In the category Set, the pullback of functions f : A — C and
g : B — C is the set

P={(z,y) € AXB | f(z) = g(y)}

together with the projection functions fst4 p and sndy4 p restricted to P. Given a
commuting square

X —t5pB

N
A——C

the pairing (a, b) : X — AXB factors through P, i.e. we have (a,b)(z) € Pforallx € X.
This is because (a,b)(xz) = (a(z),b(x)) and f(a(z)) = (fa)(z) = (gb)(x) = g(b(z)) for
all x € X due to the commutativity of the square above.

4.2 Cartesian closed categories and functors

Definition 4.2.1. A cartesian closed category (or CCC for short) is a category
equipped with

— a choice of a terminal object 1,

— an operation which sends a pair of objects A and B to a product (AXB, fst4 g,snd 4 5)
of A and B, and

— an operation which sends a pair of objects A and B to an exponential (A =
B,ev, p) of A and B.

We often omit the objects in the subscripts of the projections and the evaluation when
they are understood from context.

Remark 4.2.2. Definition[4.2.T]defines a CCC as a category equipped with the additional
data of choices of a terminal object and products and exponentials for every pair of
objects. That is, a CCC is a 4-tuple (C,1,— X —,— = —). In the literature, another
common definition is to require the mere existence of a terminal object, products, and
exponentials, without fixing any particular choices. To elucidate the distinction, we may
refer to a CCC in the former sense as a CCC with structure and to a CCC in the
latter sense as a CCC with property. The unqualified term CCC refers to a CCC
with structure.

Assuming the axiom of choice, the two definitions are equivalent since it is always
possible to choose products, exponentials, or other structures defined by universal prop-
erties. In constructive mathematics, however, it is often easier to carry around a choice
of such structures together with the categories. For instance, to define the product func-
tor —x — : C xC — C (Definition , it is necessary to have a choice of a product for
every pair of objects in C.

The distinction between structure and property also becomes important (even in the
classical setting) once one considers the notion of morphism between structured cat-
egories. In particular, one may consider (at least) two kinds of morphisms between
CCCs: strict morphisms which preserve the additional structure on the nose, i.e. up
to equality, and weak morphisms which preserve it only up to isomorphism. A more
detailed explanation can be found in Remark

Example 4.2.3. The category Set is cartesian closed. This follows from examples

112, {17 and 111}

Definition 4.2.4. Let C and D be cartesian closed categories and let F' : C —» D be a
functor. We say that
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(i) F strictly preserves the terminal object if F(1¢) = 1p;
(ii) F strictly preserves products if

F(AXB)=FAXFB, F(fStA7B)=fStFA7FB, and F(SHdA7B)=SHdFA,FB

for all A, B € C;
(iii) F strictly preserves exponentials if

F(A=>B)=FA=>FB and F(eVA,B)=eVFA,FB
for all A, B € C.

Definition 4.2.5. A functor F' : C — D between CCCs is called strict cartesian
closed if it strictly preserves the terminal object, products, and exponentials.

Remark 4.2.6. The adjective strict in Definition [1.2.4] indicates that the structure is
preserved up to equality: the chosen structure on C is mapped to the chosen structure
on D. Note that this notion of structure preserving morphism does not make sense when
C or D does not carry a chosen structure. This is our main motivation for adopting CCCs
with structure since we need to work with strict morphisms in Chapter [6]

There is another, more widespread, notion of preservation in the literature on category
theory, whereby the structure is only preserved up to isomorphism. For instance, in the
case of products, we could weaken the condition F'(AX B) = FAX FB to F(AX B) =
FA x FB. We refer to this idea as weak preservation to distinguish it from the strict
notion. An advantage of weak preservation is that it is possible to generalize it to the
case when C or D does not have all (chosen) products; see Definition

The notions in Definition also make sense when C and D are not necessarily
cartesian closed. For instance, if C and D only have chosen terminal objects 1. and
1p, we still say that I strictly preserves the terminal object whenever F(1;) = 1p.
Similarly, we only need to assume the existence of chosen products to state that a
functor strictly preserves them.

From the universal properties of products and exponentials, it follows that a strict
cartesian closed functor strictly preserves pairing and currying too.

Proposition 4.2.7. Let F : C = D be a strict cartesian closed functor. Then

(i) F('x) =px for all X € C;
(i) F({f,9)) =(Ff,Fg) forall f: X - Aandg:X — B;
(iii) F(fxg)=FfxFgforal f:A— A andg:B - B';
(iv) F(A(f))=AFf) forall f: X x A— B.
Proof. (i) The equality follows since both sides are maps into the terminal object
F(lc) = 1D~
(ii) Note that we have

fstpa,pp o F({f,9)) = F(fsta ) o F({f,g9)) = F(fsta g o (f,9)) = Ff

and

sndpa rpp o F((f,g)) = F(snda ) o F((f,g)) = F(snda g o (f,g)) = Fyg.

However, since (Ff, Fg) is the unique morphism FFX — FA X FB such that
fstpa ppo(F f,Fg) = Ffandsndpa ppo(F f, Fg) = Fg, we must have F({f,g)) =
(Ff.Fg).
(iii) We calculate:
F(fxg)=F((fofstap,gosndyp)) = (F(fofstyp), F(gosndyp))
=(Ffofstpapp, Fgosndpa pp)=FfXxFg.
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(iv) We have
evra,rp © (F(A(f)) X 1pa) = Fevap) o (F(A(f)) X F(14))
= F(eva,p) o F(A(f) x14) = F(eva,p o (A(f) X 14)) = Ff.
Hence, by the universal property of exponentials, F'(A(f)) = MFf). O

The class of strict cartesian closed functors includes the identity functors and is closed
under composition. Hence:

Definition 4.2.8. Cartesian closed categories and strict cartesian closed functors be-
tween them form a category CCC.

Definition 4.2.9. Let F' : C — D be a functor and suppose that T is a terminal object
in C. We say that F' weakly preserves the terminal object T if F'T is terminal in
D.

Definition 4.2.10. Let F' : C — D be a functor.

(i) Suppose that
A P1 P P2 B
is a product of A and B in C. We say that I’ weakly preserves this product if

FA S pp P2y pp

is a product of FA and F'B in D.
(ii) We say that ' weakly preserves products if F' weakly preserves all products
that exist.

Notation 4.2.11. If C and D have chosen terminal objects and the functor F': C - D
weakly preserves the terminal object, then the unique map

pae) t F(1e) = 1p

. . . o -1
is an isomorphism. We denote its inverse by !5 .

Notation 4.2.12. If C and D have chosen products and F' : C — D is a functor, then
there is a canonical map

(F(fst),F(snd))

F(AX B) > FAX FB

denoted by 557 5, which is natural in A and B. Naturality means that if f : A - A' and
g: B = B', then the square

F(AxB) =22y FAx FB

F(fxg)l lFfXFg

F(A'xB'Y — FA'x FB'

SAI’BI

commutes. If F' weakly preserves products, then si, g is an isomorphism and we denote

its inverse by (5573)_1.
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Notation 4.2.13. If C and D have chosen exponentials and F' : C — D is a weakly
product preserving functor, then there is a canonical map F(A = B) - FA = FB
which is the exponential transpose of the composite

(SI;:B,A)_I F(ev)

F(A= B)x FA —222" 5 P((A= B)x A) —— % FB

We denote this canonical map by tﬁ’ B-

As usual, the subscripts and superscripts in sin and tiB may be omitted.

4.3 Presheaves and representables

Given two categories C and D, the collections of functors C — D and natural transfor-
mations between them form a category [C, D] called a functor category.

Definition 4.3.1. Let C be a small category.

(i) A presheaf on C is a functor C° — Set.
(ii) The category of presheaves on C is the functor category [C°",Set] and is
denoted by PSh(C).

Definition 4.3.2. For any small category C, there is a functor
y : C = PSh(C),

called the Yoneda-embedding, defined as follows. It sends an object C' € C to the
presheaf yo with yo(X) = Hom(X,C) for each object X € C and where for each
morphism f : Y — X the operation yo(f) : yo(X) = yo(Y) is given by yo(f)(g) =
g o f. Furthermore, it sends a morphism g : C' —» D to the natural transformation
Yy * Yo — yp with components (y,)x * yc(X) = yp(X) given by (y,)x(f) =ge f.

Proposition 4.3.3. The Yoneda-embedding vy is fully faithful.
Proof. For the proof, see [27]. O

Definition 4.3.4. Let F' : C — D be a functor. The reindexing functor or pre-
composition functor F* : PSh(D) — PSh(C) maps a presheaf P : D® — Set to
PF : C°” - Set and it maps a natural transformation p : P — @ to the whiskering
WFP . PF o QF°P.

Definition 4.3.5.

— The terminal presheaf 1 is defined by 1(C) = {*} and 1(f) = 1.

— The product PxQ of presheaves P and Q is pointwise: (PxQ)(C) = PCxQC and
(PxQ)(f) = PfxQf. The projections fstp g : PXQ — Pandsndpg : PXQ — Q
are also pointwise: (fstp)c = fstpe,ge and (sndpg)e = sndpe e

— The exponential P = @Q of presheaves P and @ is defined as follows: (P =
Q)(C) = Hom(yc x P,Q) and (P = Q)(f)(c) = o o (y; x 1p). The evaluation
evpg (P = Q) x P — Qis given by (evpg)c(o,z) = oc(1c, x).

Proposition 4.3.6. The category PSh(C) is cartesian closed with terminal object, prod-
ucts, and exponentials as in Definition [{.3.5

Proof. For a full proof, we refer the reader to standard category theory literature, e.g.
[28, 26]. Here, we simply note the following. The pairing (u,v) : X = P X Q of natural
transformations g : X —» P and v : X — Q is pointwise: {u,v)¢ = {uc,vc). The
exponential transpose A(i) : X » P = Q of a natural transformation p: X X P - Q

is given by A(p)c(2)p(h,a) = pp(P(h)(x),a). O
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Definition 4.3.7. Let p: Q —» S and v : R — S be morphisms of presheaves. The
pullback of 1 and v is the presheaf P given by

PC = {(z,y) € Q€ X RC' | pc(z) = vc(y)}
(Pf)(z,y) = (Qf) (=), (Rf)(y))

together with projections p; : P —» @ and p, : P — R given by (p1)c(z,y) =  and
(p2)c(z,y) = y.
Proposition 4.3.8. The category PSh(C) has pullbacks as given in Definition .

Proof. We again refer the reader to basic category theory literature, e.g. [26]. O

Note that the construction of pullbacks in PSh(C) is also pointwise. That is, the
pullback Pof p: Q@ — S and v : R — S in PSh(C) evaluated at C is the pullback of
et QC — SC and vg ¢ RC - SC in Set.

Proposition 4.3.9. The Yoneda-embedding weakly preserves the terminal object and
products.

Proof. The proof follows from reformulating the universal property of terminal objects
and products by stating that we have a natural bijection on the hom-sets. O

Proposition 4.3.10. Let F : C — D be a functor. The reindexing functor F* :
PSh(D) — PSh(C) weakly preserves the terminal object and products.

Proof. The reindexing functor F* : PSh(D) — PSh(C) has a left adjoint given by Kan-
extension ([27], Chapter X, Section 4, Theorem 1). Hence, it weakly preserves limits, in
particular, the terminal object and products. O

Definition 4.3.11. Let P : C°” — Set be a presheaf.

(i) We say that P is representable if there exists an object C' € C such that yo = P.
(ii) If C € C and p : yo — P is an isomorphism, then we say that the pair (C,p) is a
representation of P.

Note the difference between the two parts of Definition [£:3.11] A representation of
a presheaf P is extra structure, namely the pair (C,p), attached to P. In contrast,
representability is a property of a presheaf P, stating that there merely exists a rep-
resentation of P. The distinction is analogous to the discussion regarding CCCs with

structure versus CCCs with property (Remark [4.2.2)).

Remark 4.3.12. There may be multiple representations of the same presheaf. How-
ever, it follows from the properties of the Yoneda-embedding (Proposition that
any two representations are isomorphic in an appropriate sense. Hence, if a presheaf
is representable, then its representation is essentially unique, meaning unique up to
isomorphism.

4.4 Comma categories

Definition 4.4.1. Let
A

I
B——C

be a diagram of categories and functors. The comma category F'| G is defined as
follows:
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— objects are triples (A, B,p) where A€ A, Be B,and p: FA - GB;
— morphisms (4, B,p) = (A', B',p') are pairs (f, g) with f: A - A'andg: B —» B'
such that the square

FA Ly paA

pl lp'
GB —— GB'
g

commutes;
— identities and composition are componentwise.

There is a projection functor Prg ¢ F'l G — A sending (A, B,p) to A and (f,g)
to f. Similarly, Qr¢ ¢ 'l G — B projects the components in B. Furthermore, there
is a natural transformation 0 ¢ : FPpg = GQp given by (0pc)a,Bp) = p- These
objects can be organized into a diagram

Pr g
FIG—— A

B———¢C

There are important special cases of the comma category construction for which we
introduce notation.

Notation 4.4.2.

— If F or G is the identity functor Idc, then we replace the name of the functor by
the category C. For instance, C | G stands for Id¢ | G.

— If the domain of F' or G is the terminal category 1, then the functor can be
identified with an object X in C, and we use the object in place of the functor.
For instance, F'| X stands for F'| G where G : 1 — C sends the unique object of
1 to X.

Lemma 4.4.3. Suppose C and D are categories with a terminal object and F : C — D
weakly preserves the terminal object. Then (1p,1¢, '}11) is a terminal object in D] F.

Proof. Given an object (X, A,p) € D| F, we have a morphism

X —X 1

FA—))Fl

F(la

in D| F. The square commutes since F'1 is terminal. The uniqueness of this morphism
follows from the fact that its components are maps to terminal objects. O

Lemma 4.4.4. Suppose C and D are categories with products and F : C — D weakly
preserves products. Then the product of (X, A,p) and (Y,B,q) in D] F is

(fstx,vy, fsta,B) (sndx,y,snda,B)

(X, A,p) < (XXY,AXB,r) > (Y, B,q)

where r is the composite

XxY 2% pAx FB =223 F(Ax B)
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Proof. The first projection (fstx y,fst4 p) is a morphism in D | F' since

fStX,y

XXY —— X

PXQ\L

FAXFB P
\

SA,B fstra,rB

F(Ax B) —)\> FA

F(fsta p

commutes. The proof for the second projection (sndx y,sndy4 g) is similar.
Now suppose we have two morphisms (f,a) : (Z,C,u) — (X,A,p) and (g,b) :
(Z,C,u) -» (Y,B,q) in D| F, i.e. commuting squares

7z L v x z7—2 5y
L) L
FC —— FA FC —— FB

The pairing {(f,a),(g,0)) : (Z,C,u) » (X XY, A X B,r) is defined as ({f,g), (a,b)).
This is a morphism since

7 (f.9) XxY

lPXq

u FAXFB
A l )
(Fa,Fb) SA.B
e
FC Fﬁ((a,b)F(AXB)

commutes. Using the universal properties of X XY and A X B, it can be shown that it
is the unique morphism satisfying the universal property of the product. O

Lemma 4.4.5. Suppose C and D are categories with exponentials, D has chosen pull-
backs, and F : C — D weakly preserves products. Then the exponential of (X, A,p) and
(Y,B,q) mDI F is

(evx,y (kx1),eva B)

(R,A= B,r)x(X,A,p) > (Y. B,q)

where R, v, and k are given by the pullback diagram

k \

R
l f:q (4.1)

F(AﬁB)ﬁFA:FB?)XﬁFB
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Proof. First, we check that the evaluation is a morphism in D} F', i.e. that the diagram

RxX —PL s (X =YV)xX 2y

rxp

F(A :E) XA q
sa=p,a

F((A =VB) x A) > 1;23

F(eva,B)

commutes. This follows from the pullback diagram by taking the exponential
transposes of the two composites.

Next, suppose we have a morphism (f, g) : (Z,C,u) X (X, A,p) » (Y,B,q) in D| F,
i.e. a commuting diagram

IxX —L sy

Taking the exponential transposes of the two composites, using the naturality of 5_1,
we get that the diagram

AS)

Z > X =Y
FC 1=q

F(A(g))l

F(AﬁB)ﬁFAﬁFBF)XﬁFB

commutes. Hence, applying the pullback property of (4.1), we obtain a morphism f :
7 — R such that kf = A(f) and such that the diagram

7z — R

commutes. This shows that (f,\(g)) : (Z,C,u) —» (R,A = B,r) is a morphism in

D F. Using the universal properties of R, X = Y, and A = B, it can be shown that
this is the unique morphism satisfying the universal property of the exponential. O

Proposition 4.4.6. Let C and D be cartesian closed categories and F' : C — D be a
functor. Suppose F weakly preserves the terminal object and products, and suppose D
has chosen pullbacks. Then
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(i) the comma category D F is cartesian closed, and
(ii) the projection functor Qp p: D1 F — C is strict cartesian closed.

Proof. The first claim is a corollary of the previous three lemmas. The second claim fol-
lows immediately from the definitions of the terminal object, products, and exponentials
inD| F. O
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Chapter 5

Categorical semantics for the
simply typed A-calculus

In Chapter [2, we discussed the syntax and semantics of simply typed A-calculus in a
traditional way. In this chapter, we will discuss the categorical semantics of simply

typed A-calculus.

To motivate the categorical semantics, we first look at a different version of the syntax.
This is done in Section There are two main differences between the new and the

old syntax.

— In the new syntax, we use de Bruijn indices instead of variable names. The goal
of de Bruijn indices is to have a variable numbering scheme which eliminates the
need for a-conversion. With this scheme, each occurrence of a variable is replaced
by the number of A-binders between the occurrence of the variable and the binder

the variable refers to. For example, the term
XN ey

is expressed as
ANTTN 140

with de Bruijn indices.

— Substitutions are made explicit in the new syntax. That is, while in the old syntax,
substitution was an operation defined on terms, in the new syntax, substitution in
terms is a primitive term former. Accordingly, instead of defining a substitution as
a mapping from variables to terms, there are rules for the formation of substitutions
in the syntax. Moreover, there are two convertibility relations: one for terms, one

for substitutions.

After presenting the new syntax, we discuss the categorical semantics of the simply
typed A-calculus, including notions of models and morphisms, in Section We also

give a general method to construct models from cartesian closed categories.

5.1 Simply typed A-calculus a la de Bruijn with ex-

plicit substitutions

Types are as before (Definition [2.1.1):

oTi=plo-oT
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where (8 ranges over X.
Contexts are defined as follows.

Definition 5.1.1 (Context). A context is a list of types.

Notation 5.1.2. (i) We denote the set of contexts by Con and range over its elements
by I' A, 0, E.
(ii) The empty context is denoted by [].
(iii) If I" € Con and o € Ty, then we write I', o for the extended context obtained
by appending ¢ at the end of the list T".

Now we define terms and substitutions.

Definition 5.1.3. We generate two families Tm(I; o) and Sub(A;T') of sets, called
terms and substitutions, respectively, by mutual induction. Terms are indexed in

contexts and types, substitutions are indexed in pairs of contexts. The rules are displayed
in Figure[5.1)). We write I' ¢ : o for t € Tm(I';0) and A =~ : T for v € Sub(A;T).

APP LAM
;Z . 'Htio—-rT 'u:o T,obt:r
7T Ve @ Thtou:r THFXN tioor
SUBST EXT
't:o AbF~:D EMP AF~y:T Akt:o o
T QOp:[] Fkidp:T
Abty:o A (v,t): T, 0o
COMP
AF~y:T OF§:A ;ROJI— -
OF~00:T 7 Do

Figure 5.1: Terms and substitutions

As mentioned before, the main difference between this syntax and the previous one
is that the new syntax uses de Bruijn indices instead of variable names, and that sub-
stitutions are part of the rules for generating the syntax. Note however, that only the
zero de Bruijn index vE is part of the generators for the syntax. The other de Bruijn
indices are expressed in terms of this and the weakening substitution pg as follows.

Definition 5.1.4 (De Bruijn indices). We define a subset Var(I';0) € Tm(T;0) of
terms, called de Bruijn indices, by induction. The rules are displayed in Figure
We write I' =" z : ¢ for € Var(T'; o).

\A

vz 'H'z:0
v _ T,
Nobk"v,:0

rrH" xpz ‘o
Figure 5.2: Rules for de Bruijn indices

Thus, a de Bruijn index is of the form vp" for some natural number n, where p"
denotes an n-fold composition of p of the appropriate types. Such a de Bruijn index
points to the n-th free variable in the context, counting from zero.
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Notation 5.1.5. (i) For 't : o, let t* € Sub(T';[¢]) be the substitution (()r,t).
(ii) For T' ¢ : o, let (t) € Sub(T';T, o) denote the singleton substitution (idr,t).
(iii) For A+« :T and o € Ty, let 47 € Sub(A, 0;T, o) denote the lifted substitu-

tion (7 0 ', vs).

The convertibility relation is defined similarly to the traditional presentation. How-
ever, we also need to define convertibility for substitutions.

Definition 5.1.6 (Convertibility). We generate two families of equivalence relations

=% ¢ Tm(T;0) X Tm(T;0) and  =A'p € Sub(A;T) x Sub(A;T)

by mutual induction. The rules are displayed in Figure . We write I ¢ = ¢' : o for
Tm Sub

(t,t") e =r, and Ay = 4T for (7,7') € =AT-
Finally, we define normal forms and neutral terms. These are defined similarly to the
traditional presentation.

Definition 5.1.7. We define two families Ne(I'; o) and Nf(T'; o) of subsets of Tm(T; o),
called neutral terms and normal forms, respectively, by mutual induction. The rules
are displayed in Figure We write T F"° m : o for m € Ne(T;0) and T " n : o for
n € N{(T'; o).

For the gluing proof, we also need neutral substitutions, which are essentially lists of
neutral terms. Note that a substitution is equivalently given by a list of terms.

Definition 5.1.8. A substitution is neutral if every term in it is neutral.

The identity substitution is convertible to a neutral by definition, and thus it is neutral
as well.

Proposition 5.1.9. The identity substitution is neutral.

Proof. The identity substitution can be expressed as a list of variables, all of which are
neutral terms. O

5.2 Semantics

In this section, we introduce a notion of model for the simply typed A calculus which we
call A-domain, based on simply typed categories with families. We also define morphisms
of such models, leading to the category of A-domains. Next, we construct an initial model
from the syntax of A-calculus. Finally, we show how every cartesian closed category gives
rise to a A-domain.

5.2.1 Simply typed categories with families

Categories with families provide a nice categorical setting for dealing with type sys-
tems with variable binding, especially those with dependent types. They were originally
invented by Dybjer [I5] to model a basic framework for dependent types (essentially,
Martin-Lof type theory without any type formers). The axioms of categories with fam-
ilies thus serve to formalize the notions of context, substitution, and variables corre-
sponding to the judgmental framework of dependent type theories.

Categories with families can be seen as models of the structural components of depen-
dent type theory. However, they lie rather close to the syntax of dependent type theory
— specifically, Martin-Lo6f’s substitution calculus. Thus, they can act as an intermediary
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REFL TRANS SYM

I't:o 'Ht=u:o 'Fu=v:o I'Ht=u:o
I'Ht=t:o 'Ft=wv:o I'Fu=t:o
CONG-APP CONG-LAM
PHt=t:0-7 Fbu=u:o F,al—t=t':7’
PHt-u=t-u:7 THEX . t=X\.t:0>57
CONG-SUBST CONG-EXT
F'Ht=t:0 Ab~y=4:T Ab~y=4:T Abt=t:co
Abty=ty:o AF ()= 1):T,o
CONG-COMP BETA
AF~vy=+:T ©OFé§=4:A Tokt:r Thu:o
OFyobd=+068:T W\ t)-u=t{u):7
ETA EMP-ETA ID-L
'Ht:io-rT F'E~v:[] AbF~:T
XN tpv=t:io—>T F'Ey=0p:[] AFidpoy=~:T
ID-R COMP-ASSOC
AbF~:T AbF~:T OFd: A Z=F60:0
AbF~yoidpa=v:T EF(y0d)of=~0(foh):T
PROJ VAR-SUBST
AbF~:T Akt:o AbF~:T Akt:o
Abpo((y,t))=v:T AbEv((y,t)=t:o
APP-SUBST LAM-SUBST
'Htio-r 'u:o AbF~:T Iokt:7 AbF~:T
A ({-u)y=ty-uy:r AWM. t)y=X.t(y"):io>T
SUBST-ID SUBST-COMP
'Ht:o 'Ht:o AbF~:T OFd: A
I'kt(idr)=t:o Ok t(yod)=(ty)d:0
EXT-ETA
AbF~:To

AF(poy,vy)=v:T,0
Figure 5.3: Equations between terms and substitutions

between syntax (formal systems) and semantics (categorical/algebraic notions). This
double role enables one to prove equivalences between certain type theories and some
classes of models for those type theories. For instance, see [12] for the case of Martin-Lof
type theory, and [I1] for results about various simpler type systems.

In this section, we introduce a kind of semantic domain (Definition in which to
interpret the simply typed A-calculus. The notion is based on simply typed categories
with families (Definition [5.2.1)), a simplified version of categories with families, where
types do not depend on contexts. This simplified version provides a notion of model
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VAR APP

T z:0 rFm:oc—>r Fl—nfn:a
r"“z:o r"m-n:r
SHIFT LAM .
'H“m:p Lo "n:r

nf (662) nf o
'"m:p r"XN.n:og-r

Figure 5.4: Normal forms and neutral terms

for a bare-bones simple type system with no type formers and only variables as terms.
As such, simply typed categories with families are a suitable basis for modelling more
complex type systems. For instance, we shall see (Definition how to incorporate
function types, which are necessary to model A-calculus.

For a more thorough introduction to categories with families in general, we refer the
reader to [I5] and [11].

Definition 5.2.1 (Scwf). A simply typed category with families, or scwf, consists
of:

(i) a category C with a terminal object 1,
(ii) a set Ty,

(iii) for every A € Ty, a presheaf Tm, : C°” — Set, and

(iv) forevery I' € C and A € Ty, a representation of the presheaf ypxXTmy : C°” — Set.

Definition [5.2.1] is rather concise, but may be hard to understand for a reader not
trained in category theory, also known as general abstract nonsens It turns out
that the data packed in the definition matches the syntax of simply typed A-calculus
presented in Section [5.1] excluding function types, application, and abstraction. Let us
unpack the definition to illustrate this point. The notation and terminology regarding
scwis also help make the connection clearer.

(i) The category C is called the base category of the scwf. Its objects are referred
to as contexts, and its morphisms as substitutions. For this reason, we also
write Con for Ob(C) and Sub(A;T") for C(A,T"). Since C is a category, we have
the usual composition and identity operations on substitutions.

The terminal object 1 is called the empty context and written as e. The
unique map I' — o is called the empty substitution and written as nr.

We use capital Greek letters (I', A, ©, .. .) to range over contexts, and lowercase
Greek letters (v, 4,0, ...) to range over substitutions.

(ii) The elements of the set Ty are referred to as types. We use uppercase Latin
letters (A, B, C,...) to range over types.

(iii) For T' € Con and A € Ty, the elements of Tm4(T") are called terms of type A
in context I'. The set Tm 4(T") is also written as Tm(I'; A).
For a substitution v : A — I', the functorial action of Tm, gives a function

Tmy(y) : Tm(T; A) - Tm(A; A)

referred to as substitution in terms. If ¢t € Tm(T'; A), then we write ¢[v] for

Tm 4 (v)(2).
We use lowercase Latin letters (¢, u,v,...) to range over terms.

1ht‘cps ://en.wikipedia.org/wiki/Abstract_nonsense
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(iv) Given I' € Con and A € Ty, the presheaf yp X Tmy : C” — Set sends a context
A to the set Sub(A;T') X Tm(A; A) and a substitution d : © — A to the function

Sub(A;T) x Tm(A;A), — Sub(0;T)x Tm(0;A)
(v,1) = (yedtd]).

Thus, a representation of this presheaf amounts to a context I' -+ A together
with a substitution p4 : T - A - T and a term qY € Tm(T - A; A) satisfying the
following universal property: for every context A, substitution v : A — T', and
term ¢ € Tm(A; A), there exists a unique substitution .t : A —» I' - A such that

T I
pac(yt)=v and qu[y.t]=t

We say that the triple (T' - A, pl;;, qi) is a context comprehension of I" and
A. We also say that I - A is obtained by extending the context I with the type
A.

We emphasize that the constants and operations e, Ty, Tm_, -, p, q, and . are part
of the structure of an scwf. Hence, an scwf is formally a tuple (C, e, Ty, Tm,-,p,q,.).
In this thesis, however, we refer to scwfs only by their base category, and leave the
other parts of the structure implicit. If necessary for disambiguation, we indicate the
base category for the other components. For instance, Con®, SubC(A;F), Tyc, and
TmC(F;A) denote, respectively, the collections of contexts, substitutions, types, and
terms of the scwf C. As before, we often omit superscripts and subscripts (e.g. in pg)
to simplify notation.

Example 5.2.2. We define the scwf Set of sets as follows.

— Its base category is the category Set of sets.

— Types are sets.

— Terms Tmr A are functions I' = A. Substitution in terms is given by precomposi-
tion of functions.

— Context comprehension is given by cartesian products of sets and the projection
functions.

Remark 5.2.3. The notion of scwf can also be presented as a generalized algebraic
theory [10]. The collections of contexts, substitutions, types, and terms become the
sorts, and the empty context, empty substitution, substitution in terms, and context
comprehension become the operations of the theory, subject to the equations arising
from the functoriality of Tm 4 and the universal properties of the terminal object and
representability.

A full presentation of (dependently typed) cwfs as a generalized algebraic theory
can be found in [I5]. A similar presentation for scwfs can be obtained by removing the
dependency of types on terms. The resulting formal theory is essentially the same as the
syntax of simply typed A-calculus presented in Section (again, excluding functions).

The following notations are the semantic counterpart of Notation

Notation 5.2.4. (i) For t € Tm(T; A), let t" : ' — o - A be the substitution np.t.
(ii) For ¢ € Tm(T; A), let (t) : T' = I' - A denote the singleton substitution idr.t.

(iii) Forv: A - T and A € Ty, let 'yA :A+A - T A denote the lifted substitution
(vep)a

To model type formers, we need to require additional structure on scwfs. This struc-
ture essentially consists of operations on types and terms, corresponding to the type
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formation, introduction, and elimination rules of type systems, satisfying certain equa-
tions corresponding to 8 and optionally n-rules for the type former. For our minimalistic
simply typed A-calculus presented in Section [5.1] it suffices to define what it means for
an scwf to support function types.

Definition 5.2.5 (Function-structure). A function-structure on an scwf C consists of a
type former — = — : Ty X Ty — Ty and for each I € C and A, B € Ty, term formers

=S$rap—:Tm(IA= B)x Tm(I'; A) - Tm(T'; B)
M p(=) : Tm(T - 4; B) » Tm(I'; A = B)

satisfying the equations

M p(8) $rapu=s[{u)] (5.1)
A p(t[p]Sraapa) =t (5.2)
(tSr.a,u)v]=t[v]8a 4,8 ulv]

forall s € Tm(I'- A;B), t € Tm(I'; A = B), v € Tm(T'; A), and v : A - T.

Often, we drop the subscripts of )\f}, (=) and $r 4 p to improve readability.

In Definition the operation $r 4 p corresponds to function application in A-
calculus, and /\7 g(=) corresponds to A-abstraction. The first and second equations
correspond to the 8 and n-rules, respectively. The third equation describes how to
perform a substitution in an application.

There is also a substitution law for abstraction: for each ¢t € Tm(IT' - A; B) and
v:A - I', we have

A s = Aa sty ]). (5.4)

This law can be derived from the axioms of scwfs and function structures. Compare
these equations with the corresponding rules in Figure (BETA, ETA, APP-SUBST, and
LAM-SUBST).

A function-structure on an scwf C is a tuple (=, $, A(=)). To simplify notation, we
usually omit the explicit reference to the function structure.

Example 5.2.6. We define the function-structure on the scwf of sets as follows. The
function type A = B is given by the set of functions B, The operations )\?7 g(=) and
$r,4, are given by currying and function application, respectively.

We now introduce a notion of morphism between scwfs.

Definition 5.2.7 (Strict scwf-morphism). Let C and D be scwfs. A strict scwf-
morphism from C to D consists of

1) a Iunctor : i etween € base ca egorles,
i) a functor F : C — D bet the b tegori
ii) a function T': Ty~ — Ty, an
ii) a function T : Ty — Ty~ , and
111 or eac (S vy, a natura. ransrormation 74 M mA i mTA o
iif) f h A e Ty tural transformati Tm§ —» Tmo, o F

such that F strictly preserves the empty context and 7 strictly preserves context com-
prehension.

Again, the compactness of the categorical definition above might obscure the intuitive
idea behind strict scwf-morphisms. Thus, we spell out Definition in detail while
also introducing notation for the components of a strict scwf-morphism.
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(i) We have a mapping £ : Con® - Con® of contexts, corresponding to the object
part of the functor F' : C — D. The morphism part of F' is given by mappings
FE‘}F : SubC(A; ) - SubD(FconA; FCOHF) of substitutions for each A,T' € Con®.

The functoriality of F' means that composition and identities are preserved: we

have
Sub Sub

For(v08) = FAT(3) o Fo'x(6)
for all v € SubC(A;I‘Ld € Subc(@;A), and

Sub

FF,F (ldr‘) = idFCO“F

for all T € Con.

(ii) The function T : TyC - TyD provides a mapping from the types of C to the types
of D and is written as F'Y.

(iii) For each A € Tyc7 the natural transformation 74 : Tmi - TmiT)A o F'is denoted
by Fi™. Its components (74)p : Tm(I; A) » Tm(F"T; FY A) for T' € Con®
are mappings of terms and are denoted by F;F ", Naturality of F3™ amounts
to preservation of substitution in terms. That is, for all ¢ € TmC(I‘;A) and
~ € SubC(A;F), we have

FAR(]) = Fr A (OIFRR ()]
(iv) Strict preservation of the empty context means that F Con(oc) =o”.
(v) Finally, strict preservation of context comprehension means that

F,Con(F . A) — F,ConF . FTyA
Sub , T Foorp
Froar(pa) =pprya

Tm r Foorp
Froaa(da) = qpryy -

We can also rephrase this condition by saying that, for all I € Con® and A € Tyc,
the triple

Con Sub T Tm r
(F77 (T - A), Fr.ar(pa), Fr.aA(dqa))
is a context comprehension of F' “onp e Con” and F™YA € TyD.

Similarly to scwfs, scwf-morphisms have several components. Formally, an scwf-
morphism from C to D is a tuple (F,T,7). By convention, we use the symbol for
the base functor to denote all three components of an scwf-morphism. However, as
demonstrated above, the notation can get quite verbose. To simplify notation, we drop
the superscripts and subscripts most of the time, since they can usually be inferred from
the argument of F'.

Note that our notion of scwf-morphism is exactly the same as one would expect
when viewing scwfs as generalized algebraic structures: they are structure preserving
mappings between the sorts of the structures. If one thinks about the sorts (contexts,
substitutions, types, terms) syntactically, then a good intuition for scwf-morphisms is
that they are syntactic translations from one theory to another one.

Definition 5.2.8. Suppose C and D are scwfs with function-structures. An scwf-
morphism F': C — D is said to strictly preserve the function-structure if

F(AZ)B) =FA=FB and F(t$F,A,B U) :Ft$FI‘,FA,FB Fu

forall T € Con®, A,Be Ty , t € Tm(T'; A = B), and u € Tm(T"; A).
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In Definition [5.2.8] we only require F' to preserve the application operation. By
the axioms of scwfs and function-structures, this already implies that it also preserves
abstraction. That is, we have

FO 5(1)) = Ait pp(Ft)

for all t € Tm(T - A4; B).

Scwfs equipped with a function structure provide the main notion of semantic domain
for the simply typed A-calculus in this and the next chapter. Hence, we introduce the
following terminology.

Definition 5.2.9. (i) A A-domain is an scwf equipped with a function-structure.
(ii) A morphism of A-domains is an scwf-morphism preserving the function-structure.

It is easy to see that scwf-morphisms are componentwise composable, and that the
identity morphism at each component gives an identity scwf-morphism on each scwf.
Moreover, the property of preservation of function-structure is stable under composition,
and the identity scwf-morphisms trivially preserve the function-structure. Hence:

Definition 5.2.10. A-domains and their morphisms form a category A—Dom.

5.2.2 Abstract syntax and models

The goal of this section is to show that there exists a syntactic A-domain (Defini-
tion which satisfies the universal property of being a free A-domain over the
set of base types X (Theorem [5.2.16)). We then define a notion of model for the simply
typed A-calculus (Definition and show that there is a syntactic model (Defini-

tion [5.2.20) which is initial in the category of models (Theorem [5.2.21)).

As a first step, we discuss how to interpret the syntax of simply typed A-calculus
presented in Section[b.1|in a A-domain C. To do this, we need to choose an interpretation
J: X - Tyc for the base types. Then, we can extend the interpretation J to an
interpretation [—]; of the syntax of A-calculus by structural recursion on the syntax.
The definitions are entirely straightforward: we simply replace each syntactic operation
by the corresponding semantic operation. We spell out the interpretation in steps for
the different kinds of syntactic entities.

Definition 5.2.11 (Interpretation of A-calculus in a A-domain). Let C be a A\-domain
and let J : ¥ — Tyc be an interpretation for the base types. The interpretation of
A-calculus in C with respect to J is defined as follows.

(i) The interpretation of types is defined by structural recursion on types:
T c
[-1;": Ty - Ty
T
[81,"=J(B) (Bex)
[o -1 =01 =[],
(ii) The interpretation of contexts is defined by structural recursion on lists:
[-15°" : Con — Con®

[[115°" = o€
[T, 015" = [T15°" - [o]}"
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(iii) The interpretation of terms and substitutions is defined by mutual recursion on

the generating rules for terms and substitutions (see Figure [5.1)).

[-17™ : Tm(T;0) » Tm®([T15 [o15)
[-15"" : Sub(A;T) - Sub’([A]S*"; [T15°")
CpTm _  [TI5"
[[Va]]J - [[U]]‘l;y
It-uly™ = [eD5™ $ [ul )™
Ty
IV = A
[v15™ = [0 V15"
[O:15"™ = npryees
[ O™ = VI3 L™
[idr 15" = idgppcer
Iy o 815" = [VI5™ o 615"
I DqSub _ s
i [-15"

To improve readability, we often drop the superscripts from [[—]]Ey, [[—]]90“

write [—]; uniformly for all the interpretation functions.
An important property of the interpretation is that convertible terms and substitu-
tions are mapped to the same semantic object. This property is referred to as soundness.

, etc. and

Theorem 5.2.12 (Soundness of the interpretation). Let C be a A-domain and J : ¥ —
c . )
Ty~ an interpretation for the base types.
(i) Forallt and t, if T+t =1t :0, then [t], = [t'], € Tm ([T [o],)-
(ii) For ally and~', if A&y =~":T, then [v]; = [V, € Sub’([Al; IT1).
Proof. Both statements are proved simultaneously by mutual induction on the derivation
of THt=t":0, respectively A -~ =~': I'. We omit the unsurprising details. O

The next step is to define the syntactic A\-domain. We do this in stages corresponding
to the structural complexity of \-domains. First, we define the so called syntactic cate-
gory (Definition [5.2.13)), which serves as the base category for the syntactic A-domain.
Next, we endow the syntactic category with the structure of an scwf to obtain the syn-
tactic scwf (Definition Finally, we equip the syntactic scwf with the syntactic
function-structure resulting in the syntactic A-domain (Definition .

Definition 5.2.13 (Syntactic category). The syntactic category L of A-calculus is
defined as follows.

(i) Its objects are syntactic contexts, i.e. lists of types.
(ii) For I'A € L, L(A,T') is the set of syntactic substitutions Sub(A;T") quotiented
by the convertibility relation =i‘f'13. That is,
LAT)={["]AF~y:T},

where , ’
[7]={AI—7:F|AI—7=7:F}

denotes the equivalence class of A =~ :T.
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(iii) Composition of substitutions is done on representatives of equivalences classes:

[y]0” [8]=[v04]

for A~y :T and ©® F § : A. This operation is well-defined since, by the
. . I I .
congruence rule CONG-cOMP (Figure , if v and § are also representatives of
the equivalences classes [v] and [d], respectively, then [yo 8] = [y 0 d'].
(iv) The identity substitution of £ on the context I' is the equivalence class of the
syntactic identity substitution on I':

idf = [idr]

The category axioms are satisfied due to the associativity (COMP-ASSOC) and identity
(ID-L, ID-R) laws of the syntax (Figure [5.3)).

To summarize the construction of Definition the syntactic category L is ob-
tained by using corresponding syntactic objects and operations for each component of
the category. That is, contexts are syntactic contexts, substitutions are syntactic substi-
tutions, etc. However, there is a subtlety involved for morphisms: instead of using the
substitutions themselves, we quotient them by convertibility, thereby identifying con-
vertible substitutions. Taking the quotient is necessary to satisfy the category axioms:
without quotienting, they would only hold up to convertibility instead of equality.

The downside of quotienting is that all operations defined on equivalence classes must
be proved to be well-defined, that is, independent of the chosen representatives. In the
syntactic category, this was ensured by the congruence law CONG-COMP. In the rest
of this section, we omit such verifications, as they all follow immediately from one of
the congruence rules (CONG-APP, CONG-LAM, CONG-SUBST, CONG-EXT, CONG-COMP in
Figure for the syntax.

Definition 5.2.14 (Syntactic scwf). The syntactic scwf has as base category the
syntactic category £. The remaining structure is defined as follows.

(i) The terminal object o’ is the empty list [] and the unique map n5 : T' — [] is
the equivalence class of the empty tuple ()p. (Note that this equivalence class is
a singleton set since () is the unique element of Sub(T';[]).)
(ii) The set Ty’c is the set Ty of types of the simply typed A-calculus.
(iii) Given o € Ty, the presheaf Tmf is defined as follows. It sends a context I' to the
set of syntactic terms Tm(I'; o) quotiented by the convertibility relation :Eff;, and
it sends an equivalence class [v] : A — I of substitutions to the function

Tm(T;0)/=r% - Tm(A;0)/=x"

given by [t] +— [¢y], where A -~ :T and T' = ¢t : 0. The presheal axioms are
satisfied due to the rules SUBST-ID and SUBST-cOMP (Figure [5.3)).

(iv) Context comprehension is given by context extension, and the operations on sub-
stitution are defined by the analogous operations on the syntax.

Definition 5.2.15 (Syntactic A-domain). The syntactic function-structure on the
syntactic scwf L is defined as follows.

(i) We define o = Ttobeo—T.
(i) We define [t] $p o - [u] to be [t - u].
(iii) Finally, we define AL, ([¢]) to be [A7. t].

The syntactic A-domain is the syntactic scwf £ equipped with the syntactic function-
structure.
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We are now ready to state the universal property of the syntactic A-domain.

Theorem 5.2.16. For every A-domain C and function J : ¥ — Tyc, there is a unique
morphism of A-domains [-]5 : £ — C such that [B]5 = J(B) for all B € .

Proof. The components of the desired morphism of A-domains [[—]]S are given by the
interpretation functions of Definition[5.2.11] These definitions on the equivalence classes
of terms and substitutions are well-defined due to the soundness of the interpretation
(Theorem . The structure of A-domains is preserved by the definition of [[—]]S
Uniqueness of the morphism follows by induction on the syntax of the A-calculus given
in Section .11 O

In categorical terms, the above theorem states that L is a free A-domain over the set
Y of base types. We can rephrase the result in terms of initiality. For this, we introduce
a category of models (Definition and show that there is a syntactic model which
is an initial object in this category.

Definition 5.2.17 (Model). A model of simply typed A-calculus is a A-domain C
together with an interpretation function J : ¥ — Tyc for the base types.

Definition 5.2.18 (Model morphism). Let (C,J) and (D, K) be models. A model
morphism from (C,J) to (D, K) is a morphism of A\-domains F : C — D such that
F(J(B)) = K(B) for all B € X..

Obviously, the composite of model morphisms is a model morphism, and the identity
morphism on each A-domain is a model morphism. Hence:

Definition 5.2.19. Models and model morphisms form a category Mod.

Definition 5.2.20. (i) The canonical interpretation [ : ¥ — Ty’c of base types
is the inclusion of ¥ into Ty.
(ii) The syntactic model is the syntactic A-domain £ together with the canonical
interpretation I of base types.

Theorem 5.2.21. The syntactic model (L,I) is an initial object in Mod.
Proof. This theorem is a rephrasing of Theorem [5.2.16] O

5.2.3 Semantics in cartesian closed categories

In this section, we show that cartesian closed categories provide a wide range of models
for the simply typed A-calculus. Instead of defining the interpretation directly, we use
the framework of the previous section.

Proposition 5.2.22. We have a functor S : CCC - A—Dom.

Proof. We only discuss the object part of the functor. Given a CCC C, we let S(C) be
the A-domain defined as follows:

(i) Its base category is C.

(ii) Types are objects of C.

(iii) Terms Tm(T; A) are morphisms I' —» A in C. Substitution in terms is given by
precomposition of morphisms.

(iv) Context comprehension is given by the categorical product in C.

(v) The function type A = B is the exponential A = B in C. The operation )\?,B(—)
sends a term I'x A — B to its exponential transpose. Finally, the operation $p 4 g
maps the pair (t: T - (A= B),u:T - A)toevo (t,u): T - B.
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Corollary 5.2.23 (Interpretation of A-calculus in a CCC). Let C be a CCC and let
J X > Ob(C) be an interpretation for the base types. The interpretation of A-calculus
in C with respect to J is given by the following clauses.

(i) Types:

[-1; : Ty - Ob(C)
[8l, = J(8) (BeX)

[o—7ls=[cl; =171,

(ii) Contexts:

[-15" : Con — Ob(C)
[ = 1¢
[T,ol; =[T1s x (o],

(iii) Terms and substitutions:

[-17™ : Tm(I;0) = ([T, [o],)
[-15" : Sub(A;T) - ¢([AL,, [T],)

[ve 1 = sndgry, o1,
[t-ully = evo ([t [ul,)
X 1, = A([tD)
[tv]s = [tls o [

[Ocls =ry,
[Cv, )1 = ([v1, [t]s)
ﬂidF]]J = ]‘[[F]]J
[yodl; =01, 0],
[Pl = fstyry, fo1,

Proof. These clauses arise from the interpretation morphism [[—]]i(c) 1L 5(C). O
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Chapter 6
Gluing

In this chapter, we look at a categorical reconstruction of normalization by evaluation
using categorical gluing. The presentation is similar to and is inspired by the work of
Fiore [I7, 18] and Sterling and Spitters [34].

The structure of the proof follows closely the components of normalization by evalu-

ation (Section [3.2.3)).

(i) First, we define a suitable model, namely the gluing category G (Definition
together with the interpretation p of base types (Definition [6.2.7). The gluing
category G can be seen as the category of logical predicates.

(ii) The model (G, p) gives rise to an interpretation functor [[—]]g : L - G (Defini-
tion .

(iii) Next, we define families of natural transformations q” and u’ (Definition .
These natural transformations correspond to the ‘quote’ and ‘unquote’ functions
of normalization by evaluation.

(iv) Finally, we define the normalization function as interpretation followed by quote
(Definition [6.4.1]). For this, we need to extend the unquote map to contexts (Def-
inition ich is used to embed substitutions into the semantics. The envi-
ronment nr corresponds to unquoting the identity substitution.

6.1 Neutral and normal forms via presheaves

In this section, we define presheaves Ne, and Nf, of neutral and normal terms, re-
spectively, for all types ¢ € Ty. Intuitively, Ne, and Nf, are variable sets indexed
by contexts, i.e. Ne,(I') = Ne(T';0) and Nf,(T") = Nf(I';0). The presheaf action on
morphisms corresponds to substitution. Since neutral and normal terms are not closed
under arbitrary substitutions, we need to restrict the base category of the presheaves to
an appropriate subcategory of L.

In this thesis, we choose the category of weakenings for the restricted base category,
which is isomorphic to the dual of the poset of contexts under the prefix ordering. Alter-
native base categories are the category of order-preserving embeddings or the category
of renamings. The former is used in [2] (in which it is confusingly called the category of
weakenings) and [25], and the latter in [17], 4] [1§].

Definition 6.1.1 (Poset of contexts). We order the set Con of contexts by the prefix
ordering: ' < A iff ' is a prefix of A. We write = for the dual order, which we call the
extension order: A =T iff ' < A. If A =T, we also say that A is an extension of T.

From now on, the set Con is assumed to carry the ordering = of Definition unless
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otherwise stated. We view the poset Con as a category whose objects are contexts and
such that Con(A,T") is a singleton {*} if A > T' and Con(A,TI') is empty otherwise.

Lemma 6.1.2. For every A,T" € Con, we have
A>T < A=I'v3IA eConoeTy. A=(A,c)AA" =T
Proof. Follows by induction on the difference of the lengths of A and I O

In what follows, we often employ Lemma [6.1.2] to define mathematical objects de-
pending on a pair of contexts A and I" such that A = T" by case distinction (for instance,
Definition . In the second case, the definition may refer recursively to the object
being defined but depending on the “smaller” pair A' = T. This type of definition can
be seen as a sort of recursion principle for the partial order =. Alternatively, one may
think of this definition scheme as recursion on lists but where the base case is I' instead
of the empty list.

Definition 6.1.3. We define substitutions A + pg : I for any pair of contexts A = I':

r _ idp ifA=T
| N pZ'OpE ifA=(A',a)/\A'2I"
The substitution pg is a sort of generalized weakening. The primitive substitution pg

only adds the single type o to a context I'. In contrast, pg extends I with any number
of types.

Lemma 6.1.4. O - pg o pé = pg :T
Proof. Using Lemma on the proof that © = A. O
Proposition 6.1.5. There is an inclusion functor i : Con — L.

Proof. The functor i : Con — L is the identity on contexts, and it sends the unique
morphism A = I' in Con to the equivalence class of px € Sub(A;T'). Composition is
preserved by Lemma and identities are preserved by the definition of pg. O

The functor 4 is bijective on objects and faithful. Hence, it allows us to view Con as
a wide subcategory of L, containing only morphisms of the form pg for A = I". This
subcategory is also called the category of weakenings.

Recall from Definition [1.3-4] that the inclusion i : Con — L gives rise to a reindexing
functor i* : PSh(L) — PSh(Con).

Definition 6.1.6. We define the functor Sub : £ — PSh(Con) as the composite

£ % PSh(£) S PSh(Con).

We write Subr for Sub(T"). Intuitively, Subr is the presheaf of substitutions with
codomain I'. The presheaf action weakens the domain of a substitution, allowing extra
free variables in the context.

We are now ready to define the presheaves of neutral and normal terms [2] 34].

Proposition 6.1.7. We have presheaves Ne, € PSh(Con) and Nf, € PSh(Con) whose
object parts are given by

Ne,(I') = Ne(I';0) and Nf (') = Nf(T';0).
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Proof. The morphism parts of the presheaves Ne, and Nf, are essentially given by
Ne,(A=2T) T F"m:0) = mpa

and
Nf (A = T)(T o o) = npg,

where, abusing notation slightly, we write A = T" for the unique element of Con(A,T').
However, we cannot use the substitution term former (SUBST in Figure since terms
of the form tv for a term ¢ and substitution v are neither neutral nor normal. Instead,
we need to define these actions using mutual recursion on the syntax of neutral terms
and normal forms. We omit the details. O

Proposition 6.1.8. We have the following morphisms:

- Neg i Nfﬁ
— var, : Subp,] = Ne,
— app,,, : Neg, X Nf, — Ne,

— lam,, : (Sub,; = Nf,) 5 Nf,_,,

Proof. The first morphism coincides with the morphism in [I8 Figure 13]. The final
three morphisms coincide with those in [I8, Figure 14]. O

Similarly to the presheaves of neutral terms, we have presheaves Ner € PSh(Con) of
neutral substitutions. These are necessary for Definition [6.3.2

6.2 Gluing category

In this section, we construct the gluing category (Definition [6.2.4) and prove that it
is cartesian closed and hence a model of the simply typed A-calculus. We also define
the gluing interpretation (Definition [6.2.7)) and discuss how to interpret the syntax of

A-calculus in the gluing category (Corollary [6.2.10]).
As a first step, we need to show that the syntactic category L is cartesian closed.

Notation 6.2.1. Let I' = [A;,...,A,] € Con and A € Ty. Then I' » A € Ty is
shorthand for 4, —» ... - A, - A.

Definition 6.2.2. (i) The terminal object in £ is the empty context [].
(ii) The product I' X A of contexts I" and A in £ is their concatenation T', A.
(iii) If A = [By,..., B,], then the exponential ' = A is the context [ = By,...,T -
B,].

Lemma 6.2.3. The syntactic category L is cartesian closed with structure given in

Definition[6.2.3

Proof. The lemma can be proved using constructions similar to Cubrié et al. [14,
Proposition 3.6]. There are two differences: they use variable names in the context
of P-category theory, whereas we use de Bruijn indices and explicit substitutions in the
context of ordinary category theory. O

We can now define the gluing category G.
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Definition 6.2.4 (Gluing category). We define the gluing category G to be the comma
category PSh(Con) | Sub. The functors 7; and 7y are given by following diagram:

G — PSh(Con)

L W PSh(COD)

Recall that objects of G are triples (P, T',p) where P € PSh(Con) is a presheaf over
Con, I € L is a syntactic context, and p : P — Subr is a natural transformation. The
morphism p can be seen as an indexed predicate over substitutions (where the index
is the domain of the substitutions). Naturality of p means that the predicate is stable
under weakening.

Now we show that G is cartesian closed and that my is strict cartesian closed. For
this, we need the following lemma.

Lemma 6.2.5. The functor Sub : £ — PSh(Con) weakly preserves the terminal object
and products.

Proof. This is a consequence of Proposition [£:3.9] and Proposition [£.3.10} O

Proposition 6.2.6. (i) The category G is cartesian closed.
(ii) The functor my : G — L is strict cartesian closed.

Proof. Follows immediately from Proposition Lemma [6.2.3] Proposition
Lemma and Proposition O

We now define the gluing interpretation. Recall that for every term I' = ¢ : o we have
the substitution ¢* € Sub(T';[o]) (Notation [5.1.5).

Definition 6.2.7 (Gluing interpretation). We define the gluing interpretation p :
Y, = G as follows:

p(ﬁ) = (Nfﬁ7 [B]anﬁ)a
where ng : Nf 5 — Subys; sends a normal form s € Nfg(T') to [n"] € £(T, [B]).

By Theorem |5.2.16] we get an interpretation functor [[—]]g : L — G which is a mor-
phism of A-domains. This satisfies the following proposition.

Proposition 6.2.8. The following diagram of categories and functors commutes:

[-15
L ——

Q

T2
Id£

o

Proof. By definition, the interpretation functor [=]7 is the interpretation morphism

[[—]]f(g), where S is the functor from Proposition [5.2.22l Applying the functor S to
my ¢ G = L, we get the following commutative diagram of A-domains due to the initiality

of L:
-1
L —= 5(G)

N
N
AN lS(T"Q)
N
N

S(L)
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We now obtain the desired diagram by forgetting the extra structure of A-domains and
their morphisms. O

Remark 6.2.9. The above proof crucially depends on the strictness of the functor w5 :
G — L. This is why we decided to adopt CCCs with structure and strict cartesian closed
functors in Chapter 4] See also Remark

We now characterize how the syntax of A-calculus is interpreted in the gluing category.
Corollary 6.2.10. The following statements hold for the interpretation functor [[—]]g.

(i) For every o € Ty, we have

[o1,” = (R,,[0],7,)

for some R, € PSh(Con) and r, : R, — Suby,].
(#i) For every T' € Con, we have

[[F]]Son = (RFa Fy TF)

for some Rp € PSh(Con) and rp : Rp — Subr.
(#1) For every Tt : o, we have

[e1™ = (£,[¢°]) : (Rp, T, rp) = (R, [0],75)

for some t : R — R,,. That is, the diagram
Rr — LR,
TI‘J/ J/T‘U

Subp W) Sub[g]

commutes.
(iv) For every A+~ : T, we have

Sub ~
[[’Y]]p = (7? [’Y]) : (RAaAaTA) - (RF7F7TF)
for some 4 : Ra — Rr. That is, the diagram
Ry —— Ry
TA\L l’f‘p
SubA W) Subp

commutes.

Proof. This follows from Proposition because w9 picks out the second coordinate
from the objects of the gluing category. O

6.3 Quote and unquote

The goal of this section is to define the quote and unquote functions of normalization
by evaluation.
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Proposition 6.3.1. We have two families of natural transformations
u’ :Ne, = R, and ¢’ :R, — Nf,.

Proof. We define u’ and q° by mutual recursion on the type o. For the definitions, we
use the morphisms in Proposition [6.1.8

(i) For base types 8 € X, we have Rz = Nfg. Thus, we put w’ = (Neg 5 Nfz) and

B
q = Ing,-
(ii) For function types o — 7, by Corollary [6.2.10] we have that R,_,, is given by the
pullback diagram

Ryor > R, = R,

TO.A'TJ/ lRU:rT (61)

Subpsr] m (Sub[o] = Sub[T]) ————— R, = Sub[

’I‘G=>Sub[.,.]

— We define u’~" : Ne,_, — R,_, using the universal property of the pull-
back square (6.1)). For that, we need natural transformations f : Ne,_, —
Sub[,_,] and g : Ne,, = R, = R, such that the square

g

Neoﬁ-r > Ra = RT

fl lR(,:WT

Subfor) 577 (Subge) = Subpr) — 55— Ro = Subpy
commutes. For f, we choose the morphism m,_, that sends a neutral term
m € Ne,,.(I') to [m*] € L(I',[c = 7]). For g, we take the exponential
transpose of the composite

aPPy,

1xq” T
Ne,., X Ry — 9% s Ne,_, x Nf, \ Ne, —% 3 R,

— We define ¢°7 : R,_,, = Nf,_,, as the composite

o T
u var,=q lam, -

Ro’—>‘r —k> (Ro = R‘r) _— (Sub[a] = Nfr) — Nfa—»T

O

We now extend the unquote function to contexts. This is necessary to define the
normalization function. Note that R[j =1 and Rr, = Rr X R, by Corollary [6.2.10

Definition 6.3.2. We define u' : Ner — Rpr by recursion on the context I'.

Wl (Op) = *
ux (7, 4)) = (ua(7), ud (#))

6.4 Normalization function
In this section, we construct the normalization function and prove its correctness.

Recall from Corollary [6.2.10| that the interpretation [[t]],g, ofaterm I' - ¢ : o in the
category G takes the form (,[t"]) for some ¢ : Rp — R,,.
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Definition 6.4.1. We define the normalization function nf- : Tm(I'; ) — Nf(I'; o) as

nfy (t) = af (fr(ur(idp))).

In essence, the definition of the normalization function has the same form as the one
for normalization by evaluation in Section [3.2.3]
Diagrammatically, the normalization function is the composite

-1,

Tm(T;0) —= G([T],,[o],) — PSh(Con)(Rr, R,) —— R,(T) 9y NH(T: o)

where ¢ is given by
@(f) = fr(ur(idp)).

The correctness of the normalization function can be expressed via the following two
propositions.

Proposition 6.4.2. IfT' ¢ = u: o, then nf-(¢) = nfl (u).

Proof. Note that nf-(¢) is defined in terms of the interpretation [[t]]g. Hence, by the
soundness of the interpretation (Theorem [5.2.12)), convertible terms have equal normal
forms. O

Proposition 6.4.3. T Fnf.(t) =t: 0.

Proof. This is Theorem 3.6 in [34]. O
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Chapter 7

Conclusion

We presented and compared three reduction-free normalization proofs for the simply
typed A-calculus, all of which share a similar structure. The proofs have advantages and
disadvantages.

(i) First, we proved weak normalization using Tait’s idea of a convertibility predicate
(Section . An advantage of this proof is that it is rather short and easy to
understand. A disadvantage is that the weak normalization theorem does not tell
us how to compute the normal form of a term.

(ii) The second proof constructed a normalization function which computes the nor-
mal form of a given input term (Section . This proof used the technique
of normalization by evaluation, whereby normalization is implemented by inter-
preting the term in a suitable model and then turning the semantic object back
into a normal form. An advantage of this proof is that it provides an efficient
normalization algorithm which does not rely on concepts from term rewriting. A
disadvantage is that the proof itself is more involved.

(iii) The third proof was a categorical reconstruction of normalization by evaluation
using the categorical gluing construction (Chapter @ The main advantage of
this proof is that it is independent of the syntactic presentation of A-calculus: it
employs categorical semantics where the syntax can be characterized as an initial
model. A disadvantage is that the constructions in this proof are complicated and
abstract, and thus this proof is much harder to understand.

On the way to presenting the proofs, we also provided introductions to various flavors
of syntax and semantics for the simply typed A-calculus. In particular, we discussed
Henkin models, Kripke models, simply typed categories with families, and cartesian
closed categories.

As an attempt to generalize the structure of the Tait-like normalization proof, we
introduced the notion of bilogical predicates. Using this notion, we were able to give a
very short proof of weak normalization for the simply typed A-calculus. As future work,
one could consider a similar generalization for normalization by evaluation.

Another, orthogonal direction of research is to consider more complex type theories,
such as dependent type theory or type theory with simple inductive types. A comparison
between the different proof methods for such systems would be interesting.
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