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Computation:  
Linear Equation System.
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Bartocci, E., Grosu, R., Katsaros, P., Ramakrishnan, C., Smolka, S.: Model repair for probabilistic systems. TACAS 2011. 
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Requirement: 
• increase probability of  

‘two’ 
• introduce unfair coins

Model repair: (Minimally) change model such that specifications are met

Bartocci, E., Grosu, R., Katsaros, P., Ramakrishnan, C., Smolka, S.: Model repair for probabilistic systems. TACAS 2011. 
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Parameter Synthesis
More general: 
• for which coins are  

requirements met? 
• introduce parameters

Parameter synthesis: Find parameter values where specifications are 
satisfied or violated?

• rational function over 
parameters 

• obtained via variants 
of state elimination 

• probability of reaching 

s1

p · (1�p) · 1�q
1�pq
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Hahn, E.M., Hermanns, H., Wachter, B., Zhang, L.: PARAM: A model checker for parametric Markov models. CAV 2010 
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The Need for Parameter Synthesis
Probabilistic Model Checking 
• applicable for a wide range of benchmarks 

(network protocols, systems biology, 
randomized algorithms, security, planning and 
synthesis, power management) 

• tools like PRISM, Storm, iscasMC, MRMC, ...

Limitation 
• concrete probabilities need to be known a priori 
• is this a valid assumption?  
• what about results when probabilities fluctuate?
Goal 
• treat parametric models 
• synthesize “good" or "robust" parameter values
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Outline

1. Parameter Synthesis for Markov Chains 
2. Parameter Synthesis for MDPs 
3. Sequential Convex Optimization 
4. The Convex-concave Procedure 
5. Numerical Examples
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Parameter Synthesis
Input 
• parametric discrete-time Markov chain (PDTMC) 
• property (reachability, expected cost) 
• threshold

Output 
• for which parameter values does PDTMC 

satisfy the property with the given threshold?

Method 
• compute rational function for property 
• evaluate function against threshold and well-

defined probability distributions

}specification
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Parameter Space Partitioning 
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safe and unsafe regions
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PROPhESY - A PRObabilistic 
ParamEter SYnthesis Tool

Evaluation of rational function using SMT solving or approximation

• applicable to models with millions of states 
• restricted to few parameters 
• SMT performance often unpredictable

CAV 2015 

ATVA 2016

Journal under 
submission
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41 States - 138 Transitions - 2 Parameters

The numerator has 408 terms, 
The denominator is the product of 48 linear polynomials
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Output of Parameter Synthesis

p · (1�p) · 1�q
1�pq

Parameter Space Partitioning 
• concise description of parameter values that  

yield (un)satisfactory results 

Rational Function 
• generalization of non-parametric model 

checking

Feasible Solution  
• one parameter valuation that is satisfactory

Already the feasibility problem is ETR-hard! (existential theory of the reals)

Winkler T., Junges S., Pérez, G. A., Katoen, J.-P.: On the Complexity of Reachability in Parametric Markov Decision Processes 
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Outline

1. Parameter Synthesis for Markov Chains 
2. Parameter Synthesis for MDPs 
3. Sequential Convex Optimization 
4. The Convex-concave Procedure 
5. Numerical Examples
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State elimination not applicable.
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Probability and cost functions 
over parameters

Monomial ai 2 R, c, pi 2 R>0 :
Posynomial ck 2 R>0 :
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sI

↵1

↵2

T

G

p1
1� p1

p2

p1 + 2p2

p21
Actions ↵1,↵2 2 A

Types of functions

withg = c · pa1
1 · · · pan

n

Parameters p1, p2, . . . , pn 2 V

f =
KX

k=1

ck · pa1k
1 · · · pank

n

States S

Probability and cost functions 
over parameters

Monomial ai 2 R, c, pi 2 R>0 :
Posynomial ck 2 R>0 :

Signomial ck 2 R :
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Safety specification
' = P�(⌃T ), T ✓ S

Performance specification
 = E(⌃G), G ✓ S

sI

↵1

↵2

T

G

p1
1� p1

p2

p1 + 2p2

p21
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Given pMDP     , find a well-defined valuation of  
parameters and a scheduler                     such that 

M
� 2 SchedM

M� |= ' ^  
and value for objective function                 is minimal.f : V ! R

Safety specification
' = P�(⌃T ), T ✓ S

Performance specification
 = E(⌃G), G ✓ S

Objective function                f : V ! R
sI

↵1

↵2

T

G

p1
1� p1

p2

p1 + 2p2

p21

feasibility

optimality
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Direct Application — Model Repair

0.75 + p10.75

0.5� p2

0.5 + p2

0.25� p1sI

↵1

↵2

T

G

0.25

0.5

0.5

TConcrete MDP, minimal probability to reach     is    0.25

Repair the MDP such that the minimal probability is 0.2

Introduce parameters to adjust transition probabilities

min p21 + p22

Cost function:

Find parameter valuation such that cost is minimal
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Nonlinear Programming

       arbitrary functions: general nonlinear program 
• finding feasible or optimal solution is NP hard 
• only applicable for small problem instances 

f, gi, hj

       signomials: signomial program 
• if feasible solution is found, local optima can be 

computed efficiently

f, gi, hj

posynomials,f, gi hj                          monomials: geometric program 
• transformation to convex optimization problem 
• global optima can be computed efficiently 

minimize f

subject to

8i. 1  i  m gi  1

8j. 1  i  p hj = 1

p1 p2 p21p1 + 2p2

1� p1
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Problem Encoding — Variables

{�s,↵ | s 2 S,↵ 2 Act(s)}

{ps | s 2 S}

{cs | s 2 S}

Randomized scheduler

Probability of reaching

Expected cost of reaching

T

G

Safety specification
' = P�(⌃T ), T ✓ S

Performance specification
 = E(⌃G), G ✓ S

Objective function                f : V ! R
sI

↵1

↵2

T

G

p1
1� p1

p2

p1 + 2p2

p21
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Feasibility Problem
psI  �

csI  
safety and performance specifications

well-defined schedulers and  
parameter instantiations

8s 2 S.
X

↵2Act(s)

�s,↵ = 1

8s 2 S 8↵ 2 Act(s).
X

s02S

P(s,↵, s0) = 1

8s 2 T. ps = 1

8s 2 S \ T. ps =
X

↵2Act(s)

�s,↵ ·
X

s02S

P(s,↵, s0) · ps0 probability computation

8s 2 G. cs = 0

8s 2 S \G. cs =
X

↵2Act(s)

�s,↵ ·
⇣
c(s,↵) +

X

s02S

P(s,↵, s0) · cs0
⌘expected cost computation
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Nonlinear Program

8s 2 S \ T. ps =
X

↵2Act(s)

�s,↵ ·
X

s02S

P(s,↵, s0) · ps0

real-valued  
variable

signomials real-valued  
variable

SMT solving over nonlinear arithmetic 
• exponential in the number of variables, constraints and the 

degree of polynomials 
• exact solutions

Signomial programming 
• If feasible solution is known, local optimum efficiently 

computable
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Geometric Programming
minimize f

subject to

8i. 1  i  m gi  1

8j. 1  i  p hj = 1

f  h () f

h
 1Division transformation:

strictly positive

Relaxation: f = h ) f  h , f

h
 1

posynomials,f, gi hj                          monomials: geometric program 
• transformation to convex optimization problem 
• global optima can be computed efficiently 

p1 p2 p21p1 + 2p2
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Convexification
8s 2 S \ T. ps =

X

↵2Act(s)

�s,↵ ·
X

s02S

P(s,↵, s0) · ps0

8s 2 S \ T.

P
↵2Act(s)

�s,↵ ·
P
s02S

P(s,↵, s0) · ps0

ps
 1

+

8s 2 S \ T. ps �
X

↵2Act(s)

�s,↵ ·
X

s02S

P(s,↵, s0) · ps0

+upper bound  
on actual 

probability

still signomials 
(not convex) 

division transformation

relaxation
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Lifting

signomial posynomial lifting  
variable

P(s,↵, s̄) = 1�
X

s02S\{s̄}

P(s,↵, s0) P̄(s,↵, s̄) = p̄s,↵,s̄ 2 L)
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Lifting

f

ss1

s2 sn�1

sn
f1

f2
fn�1

1�
Pn�1

i=1 fi

. . .

ss1

s2 sn�1

sn
f1

f2
fn�1

f̄

. . .

signomial posynomial lifting  
variable

P(s,↵, s̄) = 1�
X

s02S\{s̄}

P(s,↵, s0) P̄(s,↵, s̄) = p̄s,↵,s̄ 2 L)
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⇣
c(s,↵) +

P
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cs
 1
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on actual 

 probability/cost
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met

substochastic 
probability 

distributions
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Tightening of Equality Constraints

psI
�

 1

csI


 1

8s 2 S.
X

↵2Act(s)

�s,↵  1

8s 2 S 8↵ 2 Act(s).
X

s02S

P(s,↵, s0)  1

8s 2 S \ T.

P
↵2Act(s)
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P
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 1

8s 2 S \G.

P
↵2Act(s)
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Tightening of Equality Constraints
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Correctness

M� |= ' ^  

The GP resulting from relaxation, lifting, and tightening 
computes a well-defined valuation of parameters and 

 scheduler                     such that� 2 SchedM
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Experimental Results

2 3 4 5 6 7 8

0.1

0.2

0.5

1

2

5

10

20

50

TO

Number of parameters
T
im

e
(s
)

MOSEK Z3

PROPhESY

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2



Nils Jansen

Outline

1. Parameter Synthesis for Markov Chains 
2. Parameter Synthesis for MDPs 
3. Sequential Convex Programming 
4. The Convex-concave Procedure 
5. Numerical Examples

ATVA 2018



Nils Jansen

Looking at the Functions Again

sI

↵1

↵2

T

G

p1
1� p1

p2

Actions ↵1,↵2 2 A

Parameters p1, p2, . . . , pn 2 V

States S

Probability and cost functions 
over parameters

p1

p1 + 2p2 + 0.5
<latexit sha1_base64="E1aHkZ77nJYC1FrJZzi20wfU2ww=">AAABYHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxRTEG2obFcQbaRvomcYLKBvoGYCBAibDEMpQdhD+eMToVPiKgHgB+5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUT6QywW00RDdfExGmJGeobGeUSDQaksGCOBgkGZQYtBgMGQwZ3Bg8GAIYAhlSGYoYJjGMJ9hAcMjRg5GfkZBiFImRqgeYQYUwCgFAIx2WV4=</latexit>
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Looking at the Functions Again
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Types of functions
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Affine Functions

p1

f =
nX

k=1

ck · pk + b
<latexit sha1_base64="LmKZUxJmS9B0mkNpA59pVGn4p9s=">AAABdXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvIp9nGFJfmxldn2xrWxuUpJMdnxySn5JcoFMRnK2grJMULKBvoGYCBAibDEMpQdnCIeBb9intRQLyAfUxKfnJpbmpeSXJOYnFxtKFBQU lsdWJRSWZyTmotV0xmXkFpSXVBYnJ2YnpqMVwgNzG5KB/I5QLaaIhuPiYjzEjP0FjPKBBotSUDBHAwSDMoMWgwGDKYMzgweDAEMIQyJDO0Mqxm2MKwleE7oyyjCqMaRCkTI1SPMAMKYNQHADykYag=</latexit>

ck 2 R, b 2 R :
<latexit sha1_base64="+sEa2s+bXroalHmLi7UuO5FeEfg=">AAABeHicZU27TsMwFL0pr1JegY4sUTsAEoqSdECwUImFsSDSVCJVZBtTrDhxZDtIKOrOpzCxwgcw8Qd8BisThlYg6JnO495zcMGZ0p73ZtXm5hcWl+rLjZXVtfUNe3Orr0QpCQ2J4EIOMFKUs5yGmmlOB4WkKMOcRjg9+cqjWyoVE/mFvivoMEOjnF0zgrSxErtFkjRmuRNnSN9gXJ2P9x1sjF99lNhtz/W+4cwSf0ra3eb7S/ AaPfQS+zi+EqTMaK4JR0pd+l6hhxWSmhFOxw1TX5S6KhBJ0YiqHyNDRAojG2bR/98/S/qB63fc4MxMH8IEddiGFuyCDwfQhVPoQQgE7uERnuAZPizH2rH2Jqc1a/rThD+wgk/sa2QS</latexit>

p1 + 2p2 + 0.5
<latexit sha1_base64="E1aHkZ77nJYC1FrJZzi20wfU2ww=">AAABYHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxRTEG2obFcQbaRvomcYLKBvoGYCBAibDEMpQdhD+eMToVPiKgHgB+5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUT6QywW00RDdfExGmJGeobGeUSDQaksGCOBgkGZQYtBgMGQwZ3Bg8GAIYAhlSGYoYJjGMJ9hAcMjRg5GfkZBiFImRqgeYQYUwCgFAIx2WV4=</latexit>
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Nonlinear Program
minimize psI
subject to

8s 2 T. ps = 1

8s, s0 2 S. 8↵ 2 Act . P(s,↵, s0) � ✏
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8s 2 S \ T. 8↵ 2 Act . ps �
X

s02S

P(s,↵, s0) · ps0
<latexit sha1_base64="x5wNzcS5ggvKO9uQaH53ODjj3ZU="></latexit>



Nils Jansen

Nonlinear Program

graph-preserving 
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probability computation
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<latexit sha1_base64="x5wNzcS5ggvKO9uQaH53ODjj3ZU="></latexit>
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Nonlinear Program

graph-preserving 
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Nonlinear Program

graph-preserving 
parameter instantiations

probability computation

upper bound  
on the probability

affine  
function

real-valued 
variable
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<latexit sha1_base64="x5wNzcS5ggvKO9uQaH53ODjj3ZU="></latexit>
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Quadratically Constrained 
Quadratic Programming (QCQP)

minimize xTP0x+ qT0 x+ r0

subject to

8i 2 {1, . . . ,m} xTPix+ qTi x+ ri  0
<latexit sha1_base64="RGdMy3UjtxLerozfGJ8Ufkf3I84=">AAACG3icZY7LSgMxGIWTeqv1NurSTbAgQmvJVEFcCAU3Liv2BqYOmTStsZnJdJKR6jCP4tO4EMStC9/GqR28tGd1ODk53+8GUmiD8SfMLSwuLa/kVwtr6xubW9b2TkurKGS8yZRUYcelmkvh86YRRvJOEHLquZK33eHF5L39wEMtlN8wjwHvenTgi75g1KSRY70iYvjYxJ7whSeeeIIQOkBkFNEeIh41d24/Hie3DVR38J8AldDIwWn8G5VCBxNSyPZ05N5zZpBRyWSPFEhfhVRKJBARPiKxXSayp4wueyRtTIFoFilmkWIWmTYkHyHsWEVcwd9C88bOTBFkqjvWOekpFnncN0xSrW9sHJhuTEMjmORJIb0yiEwcUDakA65/Ao+yUOkk5dmz6/OmVa3Yx5Xq1UmxdpaR82AP7INDYINTUAOXoA6agMEjeA0J7MJn+ALf4Pu0moPZn13wT/DjC/AMmnM=</latexit>

Pi = 0
<latexit sha1_base64="o6OU8V5g6gB17RuQfZwvYvokzoA=">AAABV3icZY3NSsNAFEZvqtZYtabqTgSxG1dhpl2Ii0LBjcsIpi3YEibjtQydZIaZiSClz+BWH8lH6F6fo0ZbBO1ZHb7786VaCusImXuVjc2t6ra/U9vd268fBI3DnlWF4RhzJZUZpMyiFDnGTjiJA22QZanEfjq5/p73n9BYofI796xxlLFxLh4FZ66M4igRHZIETRKSH87Wha6k2a0vPt9Pjz+iJOgMHxQvMswdl8zae0q0G02ZcYJLnNWGIteFm2rGJ2yM9jfIGDfKzso++v/7uvRaIW2Hrduy+AqW+HAC53ABFC6hCzcQQQwcBLzAK7zBHBZe1fOXqxVvdXMEf/AaX5EOWG0=</latexit>

Pi
<latexit sha1_base64="iZzuJcXwDXK7PyVESV2zJ3cwrDQ=">AAABVXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBQfEZ8YLKBvoGYCBAibDEMpQduD7//SkrMiTgHgB25iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUX5xLdA+Q3TTMRlhRnqGxnpGgUCLLRkggINBmkGJQYPBkMGcwYHBgyGAIZQhmSGdoZdhGsN0husMfxlZGNkgSpkYoXqEGVAAIz8A4CdX7A==</latexit>

QCQP is a linear program <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>

positive semidefinite (PSD) <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>

QCQP convex

Pi
<latexit sha1_base64="iZzuJcXwDXK7PyVESV2zJ3cwrDQ=">AAABVXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBQfEZ8YLKBvoGYCBAibDEMpQduD7//SkrMiTgHgB25iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUX5xLdA+Q3TTMRlhRnqGxnpGgUCLLRkggINBmkGJQYPBkMGcwYHBgyGAIZQhmSGdoZdhGsN0husMfxlZGNkgSpkYoXqEGVAAIz8A4CdX7A==</latexit>

not PSD <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>

QCQP nonconvex
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Quadratically Constrained 
Quadratic Programming (QCQP)

minimize xTP0x+ qT0 x+ r0

subject to

8i 2 {1, . . . ,m} xTPix+ qTi x+ ri  0
<latexit sha1_base64="RGdMy3UjtxLerozfGJ8Ufkf3I84=">AAACG3icZY7LSgMxGIWTeqv1NurSTbAgQmvJVEFcCAU3Liv2BqYOmTStsZnJdJKR6jCP4tO4EMStC9/GqR28tGd1ODk53+8GUmiD8SfMLSwuLa/kVwtr6xubW9b2TkurKGS8yZRUYcelmkvh86YRRvJOEHLquZK33eHF5L39wEMtlN8wjwHvenTgi75g1KSRY70iYvjYxJ7whSeeeIIQOkBkFNEeIh41d24/Hie3DVR38J8AldDIwWn8G5VCBxNSyPZ05N5zZpBRyWSPFEhfhVRKJBARPiKxXSayp4wueyRtTIFoFilmkWIWmTYkHyHsWEVcwd9C88bOTBFkqjvWOekpFnncN0xSrW9sHJhuTEMjmORJIb0yiEwcUDakA65/Ao+yUOkk5dmz6/OmVa3Yx5Xq1UmxdpaR82AP7INDYINTUAOXoA6agMEjeA0J7MJn+ALf4Pu0moPZn13wT/DjC/AMmnM=</latexit>

vector of variables

real-valued  
coefficients

Pi = 0
<latexit sha1_base64="o6OU8V5g6gB17RuQfZwvYvokzoA=">AAABV3icZY3NSsNAFEZvqtZYtabqTgSxG1dhpl2Ii0LBjcsIpi3YEibjtQydZIaZiSClz+BWH8lH6F6fo0ZbBO1ZHb7786VaCusImXuVjc2t6ra/U9vd268fBI3DnlWF4RhzJZUZpMyiFDnGTjiJA22QZanEfjq5/p73n9BYofI796xxlLFxLh4FZ66M4igRHZIETRKSH87Wha6k2a0vPt9Pjz+iJOgMHxQvMswdl8zae0q0G02ZcYJLnNWGIteFm2rGJ2yM9jfIGDfKzso++v/7uvRaIW2Hrduy+AqW+HAC53ABFC6hCzcQQQwcBLzAK7zBHBZe1fOXqxVvdXMEf/AaX5EOWG0=</latexit>

Pi
<latexit sha1_base64="iZzuJcXwDXK7PyVESV2zJ3cwrDQ=">AAABVXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBQfEZ8YLKBvoGYCBAibDEMpQduD7//SkrMiTgHgB25iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUX5xLdA+Q3TTMRlhRnqGxnpGgUCLLRkggINBmkGJQYPBkMGcwYHBgyGAIZQhmSGdoZdhGsN0husMfxlZGNkgSpkYoXqEGVAAIz8A4CdX7A==</latexit>

QCQP is a linear program <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>
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QCQP convex

Pi
<latexit sha1_base64="iZzuJcXwDXK7PyVESV2zJ3cwrDQ=">AAABVXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKBQfEZ8YLKBvoGYCBAibDEMpQduD7//SkrMiTgHgB25iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUX5xLdA+Q3TTMRlhRnqGxnpGgUCLLRkggINBmkGJQYPBkMGcwYHBgyGAIZQhmSGdoZdhGsN0husMfxlZGNkgSpkYoXqEGVAAIz8A4CdX7A==</latexit>

not PSD <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>

QCQP nonconvex



Nils Jansen

Construction of the QCQP
minimize psI
subject to

8s 2 T. ps = 1

8s, s0 2 S.8↵ 2 Act(s). P(s,↵, s0) � ✏

8s 2 S.8↵ 2 Act(s).
X

s02S

P(s,↵, s0) = 1

� � psI

8s 2 S \ T.8↵ 2 Act(s). ps � xTPs,↵x+ qTs,↵x
<latexit sha1_base64="IK4nxhuB/BKzjP6371ef0cKJEIc="></latexit>
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Construction of the QCQP
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subject to
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s02S
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8s 2 S \ T.8↵ 2 Act(s). ps � xTPs,↵x+ qTs,↵x
<latexit sha1_base64="IK4nxhuB/BKzjP6371ef0cKJEIc="></latexit>

P(s,↵, s0) · ps = (a · v + b) · ps
<latexit sha1_base64="MI+Y3g6EoPu45Df28IECPJHMgaI=">AAABjXicdY3LSsNAFIZP6q3WS6OuxE2wCyuWMElra8FKwYUuK9gLmBIm07EdOskMmUlBSsE38Wnc6tq3MaFecOG3+vnO5Q8kZ0oj9GHkVlbX1jfym4Wt7Z3dorm331MiiQntEsFFPAiwopxFtKuZ5nQgY4rDgNN+ML3O5v0ZjRUT0b1+knQY4nHEHhnBOlW+2fRCrCcE83lnUVYVD3M5wRV1cuqRkdCW9FWrjJd5Zp1Zwa/3zRKymxd1t1a3kI1Qw3GdLLiNWrVmOanJKLUPnyGj45stbyRIEtJIE46VenCQ1MM5jjUjnC4KHotkoucSkykeU/UjQkxioRZp3/dT6//Qc22nart3aXETluThCI6hDA40oA230IEuEHiBV3iDd6NonBuXxtVyNWd83RzAH4ybTx8YZ+w=</latexit>

quadratic part
a · v · ps

<latexit sha1_base64="OpQCGF4FCerusP2wpGBW5Fn+I5A=">AAABZ3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQsIJsYkp+SXKJRBqIL44ngBZQM9SwszIxMzBQM9AwNzQyNDEMPI3MTYRMEQKAICyg7CH48YnQpfERAvYB+Tkp9cmpuaV5Kck1hcHG1oUFASW51YVJKZnJNayxWTmVdQWlJdkJicnZieWgwXyE1MLsoHcrmANsKMVcDNCDPSMzTWMwoEWm3JAAEcDNIMSgwaDIYM5gwODB4MAQyhDMkM5QxzGZYxLGd4ycjPKMYoAVHKxAjVI8yAAhgVARqoXUw=</latexit>

affine part
b · ps

<latexit sha1_base64="OPx3DPL66fdISmnV9q3C+w9hrNg=">AAABXnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRSXFJKfklygUxBfHCygb6FlamBmZmCkY6BkYmBsaGYIYRuYmxiYKhkAREFB2EP54xOhU+IqAeAH7mJT85NLc1LyS5JzE4uJoQ4OCktjqxKKSzOSc1FqumMy8gtKS6oLE5OzE9NRiuEBuYnJRPpDLBbQRZqwCbkaYkZ6hsZ5RINBqSwYI4GCQZlBi0GAwZDBncGDwYAhgCGVIZshjmMIwl2EewwNGNkZeRn6IUiZGqB5hBhTAKAEAH2ZaOg==</latexit>
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X

s02S

P(s,↵, s0) = 1

� � psI

8s 2 S \ T.8↵ 2 Act(s). ps � xTPs,↵x+ qTs,↵x
<latexit sha1_base64="IK4nxhuB/BKzjP6371ef0cKJEIc="></latexit>

P(s,↵, s0) · ps = (a · v + b) · ps
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quadratic part
a · v · ps

<latexit sha1_base64="OpQCGF4FCerusP2wpGBW5Fn+I5A=">AAABZ3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQsIJsYkp+SXKJRBqIL44ngBZQM9SwszIxMzBQM9AwNzQyNDEMPI3MTYRMEQKAICyg7CH48YnQpfERAvYB+Tkp9cmpuaV5Kck1hcHG1oUFASW51YVJKZnJNayxWTmVdQWlJdkJicnZieWgwXyE1MLsoHcrmANsKMVcDNCDPSMzTWMwoEWm3JAAEcDNIMSgwaDIYM5gwODB4MAQyhDMkM5QxzGZYxLGd4ycjPKMYoAVHKxAjVI8yAAhgVARqoXUw=</latexit>

affine part
b · ps

<latexit sha1_base64="OPx3DPL66fdISmnV9q3C+w9hrNg=">AAABXnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRSXFJKfklygUxBfHCygb6FlamBmZmCkY6BkYmBsaGYIYRuYmxiYKhkAREFB2EP54xOhU+IqAeAH7mJT85NLc1LyS5JzE4uJoQ4OCktjqxKKSzOSc1FqumMy8gtKS6oLE5OzE9NRiuEBuYnJRPpDLBbQRZqwCbkaYkZ6hsZ5RINBqSwYI4GCQZlBi0GAwZDBncGDwYAhgCGVIZshjmMIwl2EewwNGNkZeRn6IUiZGqB5hBhTAKAEAH2ZaOg==</latexit>

The QCQP is nonconvex in general.

not PSD!
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Nils Jansen

Difference-of-Convex (DC) Problem
minimize f0(x)� g0(x)

subject to

8i = 1, . . . ,m. fi(x)� gi(x)  0
<latexit sha1_base64="KKjTfGzCYGtI6n/+hk+XAunX76I=">AAAB9HicZU3LSsNAFJ3xUZv4irp0EyyUCjUk9YWLQsGNywr2AU4Jk+mkjp1k0sykVEP+xIUgbv0f/8ZqQ6XtWZ3Hved4EWdS2fY3XFvf2CxsFTV9e2d3b984OGxLkcSEtojgIu56WFLOQtpSTHHajWKKA4/Tjje8/c07YxpLJsIH9RLRXoAHIfMZwWpquca7pmlI0YlKAxaygL1SMzPLaJTgvum7dgUFWD15fjrJTs8Gixohff4sE++ZEmUqkZXNWTCNfBFjzk1Wd6qI94WS1cDStP96tlS/oBGnI9PWXaNkW/YfzFXi5KQEcjRdo476giQBDRXhWMpHx45UL8WxYoTTTEcsjBKVRpgM8YDKuRFgEguZTfec5fZV0q5ZzrlVu78oNW7y5SI4BiegAhxwDRrgDjRBCxBYgFV4Ca/gGL7BD/g5O12D+c8RWAD8+gHANYf/</latexit>

fi, gi
<latexit sha1_base64="HbUJ69wlh4j8RyDzdRF8VrnMgR0=">AAABXHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRaTFZ+oopMdnxgsoG+gZgIECJsMQylB2EP54xOhU+IqAeAH7mJT85NLc1LyS5JzE4uJoQ4OCktjqxKKSzOSc1FqumMy8gtKS6oLE5OzE9NRiuEBuYnJRPpDLBbTREN18TEaYkZ6hsZ5RINBqSwYI4GCQZlBi0GAwZDBncGDwYAhgCGVIZshhmMQwm2EOwz1GFkZuRl6IUiZGqB5hBhTAKAYAhKNYww==</latexit>

are convexare convex
�gi

<latexit sha1_base64="bdjXnNp8kC4s9ryhif1oYhXlcAU=">AAABWHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEJ6abHZ8YLKBvoGYCBAibDEMpQdhD+eMToVPiKgHgB+5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUT6QywW00RDdfExGmJGeobGeUSDQaksGCOBgkGZQYtBgMGQwZ3Bg8GAIYAhlSGbIYOhjmM4wg+EWIwMjOyMnRCkTI1SPMAMKYBQCALIGV04=</latexit>

are concave
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Difference-of-Convex (DC) Problem
minimize f0(x)� g0(x)

subject to

8i = 1, . . . ,m. fi(x)� gi(x)  0
<latexit sha1_base64="KKjTfGzCYGtI6n/+hk+XAunX76I=">AAAB9HicZU3LSsNAFJ3xUZv4irp0EyyUCjUk9YWLQsGNywr2AU4Jk+mkjp1k0sykVEP+xIUgbv0f/8ZqQ6XtWZ3Hved4EWdS2fY3XFvf2CxsFTV9e2d3b984OGxLkcSEtojgIu56WFLOQtpSTHHajWKKA4/Tjje8/c07YxpLJsIH9RLRXoAHIfMZwWpquca7pmlI0YlKAxaygL1SMzPLaJTgvum7dgUFWD15fjrJTs8Gixohff4sE++ZEmUqkZXNWTCNfBFjzk1Wd6qI94WS1cDStP96tlS/oBGnI9PWXaNkW/YfzFXi5KQEcjRdo476giQBDRXhWMpHx45UL8WxYoTTTEcsjBKVRpgM8YDKuRFgEguZTfec5fZV0q5ZzrlVu78oNW7y5SI4BiegAhxwDRrgDjRBCxBYgFV4Ca/gGL7BD/g5O12D+c8RWAD8+gHANYf/</latexit>

fi, gi
<latexit sha1_base64="HbUJ69wlh4j8RyDzdRF8VrnMgR0=">AAABXHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRaTFZ+oopMdnxgsoG+gZgIECJsMQylB2EP54xOhU+IqAeAH7mJT85NLc1LyS5JzE4uJoQ4OCktjqxKKSzOSc1FqumMy8gtKS6oLE5OzE9NRiuEBuYnJRPpDLBbTREN18TEaYkZ6hsZ5RINBqSwYI4GCQZlBi0GAwZDBncGDwYAhgCGVIZshhmMQwm2EOwz1GFkZuRl6IUiZGqB5hBhTAKAYAhKNYww==</latexit>

are convexare convex
�gi

<latexit sha1_base64="bdjXnNp8kC4s9ryhif1oYhXlcAU=">AAABWHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEJ6abHZ8YLKBvoGYCBAibDEMpQdhD+eMToVPiKgHgB+5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUT6QywW00RDdfExGmJGeobGeUSDQaksGCOBgkGZQYtBgMGQwZ3Bg8GAIYAhlSGbIYOhjmM4wg+EWIwMjOyMnRCkTI1SPMAMKYBQCALIGV04=</latexit>

are concave

Ps,↵ = P+
s,↵ � P�

s,↵ with P+
s,↵ = Ps,↵ + tI and P�

s,↵ = tI
<latexit sha1_base64="0dH4l+isBjv6kDfELr8Ngw9ZPgI=">AAABwXicZU3LTsJAFJ0BH4ivqks3jWxMENLCwrhoQsJGdjWRR2KxmQ4jjkzbyczFR5r+g4mf4dY/ceVvuHNnBQJBzuqcc889J5CCa7CsL5zLr61vbBa2its7u3v7xsFhR8djRVmbxiJWvYBoJnjE2sBBsJ5UjISBYN1g1Py7dx+Z0jyOruFFsn5IhhG/45RAZvlG6PqJPvMIhdR0TPe2vJCVTFbm0gP2DIn5xOHeTJeCzqKiDC1zFiTRYJJbNDjQ8o2SVbUmMFeJPSOlRunh7fv1/cP1DccbxHQcsgioIFrf2JaEfkIUcCpYWvR4JMeQSEJHZMj03AgJVbFOsz37f/sq6dSqdr1au8qGL9AUBXSMTtApstE5aqBL5KI2ougT/eAczuMm5lhiNY3m8OznCC0BJ7/KfH2s</latexit>

large enough 
 to render  
matrix PSD
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are convexare convex
�gi

<latexit sha1_base64="bdjXnNp8kC4s9ryhif1oYhXlcAU=">AAABWHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEJ6abHZ8YLKBvoGYCBAibDEMpQdhD+eMToVPiKgHgB+5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjMvILSkuqCxOTsxPTUYrhAbmJyUT6QywW00RDdfExGmJGeobGeUSDQaksGCOBgkGZQYtBgMGQwZ3Bg8GAIYAhlSGbIYOhjmM4wg+EWIwMjOyMnRCkTI1SPMAMKYBQCALIGV04=</latexit>

are concave

Ps,↵ = P+
s,↵ � P�

s,↵ with P+
s,↵ = Ps,↵ + tI and P�

s,↵ = tI
<latexit sha1_base64="0dH4l+isBjv6kDfELr8Ngw9ZPgI=">AAABwXicZU3LTsJAFJ0BH4ivqks3jWxMENLCwrhoQsJGdjWRR2KxmQ4jjkzbyczFR5r+g4mf4dY/ceVvuHNnBQJBzuqcc889J5CCa7CsL5zLr61vbBa2its7u3v7xsFhR8djRVmbxiJWvYBoJnjE2sBBsJ5UjISBYN1g1Py7dx+Z0jyOruFFsn5IhhG/45RAZvlG6PqJPvMIhdR0TPe2vJCVTFbm0gP2DIn5xOHeTJeCzqKiDC1zFiTRYJJbNDjQ8o2SVbUmMFeJPSOlRunh7fv1/cP1DccbxHQcsgioIFrf2JaEfkIUcCpYWvR4JMeQSEJHZMj03AgJVbFOsz37f/sq6dSqdr1au8qGL9AUBXSMTtApstE5aqBL5KI2ougT/eAczuMm5lhiNY3m8OznCC0BJ7/KfH2s</latexit>

xTPs,↵x+ qTs,↵x
<latexit sha1_base64="W2xv4HMOroEmsdVYIXXXYOby3CQ=">AAABjnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtYxeQmlmQkpVVX1MZVh9QGxFcX68QkJpfUKiAktAvhonEhCOF4AWUDPQMwUMBkGEIZyg7KWZM/TVi9JSBewDYmJT+5NDc1ryQ5J7G4ONrQoKAktjqxqCQzOSe1lismM6+gtKS6IDE5OzE9tRgukJuYXJRfDLLPEN10TEaYkZ6hsZ5RINBiSwYI4GCQZlBi0GAwZDBncGDwYAhgCGVIZljAcIzhPMMFRgFGM0ZbRnuIUiZGqB5hBhTA6AEANhdulA==</latexit>

�
xTP+

s,↵x+ qTs,↵x
�
� xTP�

s,↵x
<latexit sha1_base64="tFrKpJ5Y+JkR4JrgdA3Ax7Rzkbg=">AAABxHicZY3NTsJAFIXvoCDiX9Wlm0Y2GIS0uDAuTEhMjEtM+EssNNNxgJFpO85Mjaapz2DiY7j1WUx8DdcuBCGgcFYn3zn3Hk9wprRlfaLUymo6s5Zdz21sbm3vGLt7TRVGktAGCXko2x5WlLOANjTTnLaFpNj3OG15w4tx3nqgUrEwqOsnQTs+7gesxwjWI+QawuG0pwuOj/XA68WPSTeuJ7Vu0Y3VsYOJTuZJ8X4Gu/U5diTrD/SRWTIXn5Rm/T+Ra+StsvUrc9nYU5Ov5u9ev17e3muuce7chiTyaaAJx0rd2JbQnRhLzQinSc5hgYh0LDAZ4j5VM+BjIkM13rMXvy+bZqVsn5Qr16PhM5goCwdwCAWw4RSqcAU1aACBD/hGaZRBl4gjhaJJNYWmN/vwT+j5B5L2gwU=</latexit>

 <latexit sha1_base64="d9vG8MlgCzI3Id4iLG5bBWTm+xA=">AAABZXicZY27TsMwFIaPy60ECikgFgYQWZgqpwyIAVGJhbFIpK1Eqsgxh2DViY3tUKGqj8IKr8Fr8AS8BqWtkKDf9Ok/lz/VUlhH6SepLC2vrK5V172NzdrWtl/f6VhVGo4RV1KZXsosSlFg5IST2NMGWZ5K7KaDq5959xmNFaq4dS8a+znLCvEgOHOTKPHrsRHZo7NPpciYMWroJX5AG3TK0aKEcwkuP2BKO/Ev4nvFyxwLxyWz9i6k2vVHzDjBJY69WBS6dCPN+IBlaH+DnHGj7HjSF/7/viidZiM8bTRvaNA6nxVDFQ7gGE4ghDNowTW0IQIOQ3iFN3iHL1Ije2R/tloh85td+AM5/AZhQFpZ</latexit>

large enough 
 to render  
matrix PSD
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Linearization
fi(x)� gi(x)

<latexit sha1_base64="HdnF5zvXaXjZmIzDbKtSHyHerEU=">AAABc3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvIp8VnasTkJpZkJKVVV9Rq6qaj8uMFlA30DMBAAZNhCGUoO0g2MIBAQLyAbUxKfnJpbmpeSXJOYnFxtKFBQUlsdWJRSWZyTmotV0xmXkFpSXVBYnJ2YnpqMVwgNzG5KL+4FmifIbrpmIwwIz1DYz2jQKDFlgwQwMEgzaDEoMFgyGDO4MDgwRDAEMqQzNDKsJphC8NWhq+M0oxKjCoQpUyMUD3CDCiAURcANuZfjw==</latexit>

DC function
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Linearization
fi(x)� gi(x)

<latexit sha1_base64="HdnF5zvXaXjZmIzDbKtSHyHerEU=">AAABc3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvIp8VnasTkJpZkJKVVV9Rq6qaj8uMFlA30DMBAAZNhCGUoO0g2MIBAQLyAbUxKfnJpbmpeSXJOYnFxtKFBQUlsdWJRSWZyTmotV0xmXkFpSXVBYnJ2YnpqMVwgNzG5KL+4FmifIbrpmIwwIz1DYz2jQKDFlgwQwMEgzaDEoMFgyGDO4MDgwRDAEMqQzNDKsJphC8NWhq+M0oxKjCoQpUyMUD3CDCiAURcANuZfjw==</latexit>

DC function

Linearization around 
initial point

ḡi(x) = gi(x̂) +rgi(x̂)
T (x� x̂)

<latexit sha1_base64="Df3kwRb3h3wKWUs6w4gRjg4wdzs=">AAABpHicZY1LT8JAFIXv4AvwQdWVcUMkMRgjaXFhXJCQuHHhAiMFEgvN7TiUCdNHZgajaZr4q/wvJm71d0gFDcq3Oufcx/FiwZU2zTeSW1ldW9/IF4qbW9s7JWN3r6OiiaTMppGIZM9DxQQPma25FqwXS4aBJ1jXG19l8+4jk4pHYVs/x6wfoB/yIaeop5FrtAqOhzLxU5dXnQD1yBsmT+lJw8/8CHVmTp0QPYHlxWyQtNOFg7OfvOgaFbNmflNeFtZcVJoHL5DRco2G8xDRScBCTQUqdW+Zse4nKDWngqVFh4fxRCcx0jH6TP0GAVIZqXTaZ/3/viw69Zp1XqvfTosvYUYeDuEIqmDBBTThGlpgA4VXeIcP+CTH5IbcEXu2miPzm334Axl8AeaIco8=</latexit>

x̂
<latexit sha1_base64="pvKIoslFY4XMMpzs38+dgc9Lkxc=">AAABWnicZY3LSsNAFIbP1FubeomXnRsxG1dhUhfiQiy4cVnBtAFTymQ81qGTzDAzESXkJdzqw/gagg9jbYug/VYf/7n8mZbCOko/SWNldW19o9ny2ptb2zv+7l7fqtJwjLmSyiQZsyhFgbETTmKiDbI8kzjIJlc/88ETGitUceteNA5zNi7Eg+DMTaMkfWSueq69kR/QkM44WpZoIcHlB8zojfyL9F7xMsfCccmsvYuodsOKGSe4xNpLRaFLV2nGJ2yM9jfIGTfK1tO+6P/3Zel3wug07NzQoHs+L4YmHMIxnEAEZ9CFa+hBDBwkvMIbvMMXaZAWac9XG2Rxsw9/IAffARlWCQ==</latexit>



Nils Jansen

Linearization
fi(x)� gi(x)

<latexit sha1_base64="HdnF5zvXaXjZmIzDbKtSHyHerEU=">AAABc3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvIp8VnasTkJpZkJKVVV9Rq6qaj8uMFlA30DMBAAZNhCGUoO0g2MIBAQLyAbUxKfnJpbmpeSXJOYnFxtKFBQUlsdWJRSWZyTmotV0xmXkFpSXVBYnJ2YnpqMVwgNzG5KL+4FmifIbrpmIwwIz1DYz2jQKDFlgwQwMEgzaDEoMFgyGDO4MDgwRDAEMqQzNDKsJphC8NWhq+M0oxKjCoQpUyMUD3CDCiAURcANuZfjw==</latexit>

DC function

fi(x)� ḡi(x)
<latexit sha1_base64="kyDfCaLjQYCh58yHU5jYn8Bd2dQ=">AAABeXicZY3LSsNAFIZP6q3WS6OuxI1ahCgYknYhLoSCG5cVTFswJcyMkzh0khlmJqKEgHufxq0+ic/ixtQWofZb/Xzn8mPJmTae92XVlpZXVtfq642Nza3tpr2z29ciV4QGRHChhhhpyllGA8MMp0OpKEoxpwM8vp7MB09UaSayO/Mi6ShFScZiRpCpVGSfxBFzwhSZRxwXz+XpeYiRKpJy3kZ2y3O9Xw4Xgz8Lre7+K0zoRfZV+CBIntLMEI60vvc9aUYFUoYRTstGyDKZm0IiMkYJ1X8iRUQJXVZ9/v/vi6Hfdv2O276tii9hSh0O4Bgc8OECunADPQiAwBu8wwd8wrd1ZDnW2XS1Zs1u9mAOq/MDwFdiVA==</latexit>

Convex over-approximation  
of the DC function

Linearization around 
initial point

ḡi(x) = gi(x̂) +rgi(x̂)
T (x� x̂)

<latexit sha1_base64="Df3kwRb3h3wKWUs6w4gRjg4wdzs=">AAABpHicZY1LT8JAFIXv4AvwQdWVcUMkMRgjaXFhXJCQuHHhAiMFEgvN7TiUCdNHZgajaZr4q/wvJm71d0gFDcq3Oufcx/FiwZU2zTeSW1ldW9/IF4qbW9s7JWN3r6OiiaTMppGIZM9DxQQPma25FqwXS4aBJ1jXG19l8+4jk4pHYVs/x6wfoB/yIaeop5FrtAqOhzLxU5dXnQD1yBsmT+lJw8/8CHVmTp0QPYHlxWyQtNOFg7OfvOgaFbNmflNeFtZcVJoHL5DRco2G8xDRScBCTQUqdW+Zse4nKDWngqVFh4fxRCcx0jH6TP0GAVIZqXTaZ/3/viw69Zp1XqvfTosvYUYeDuEIqmDBBTThGlpgA4VXeIcP+CTH5IbcEXu2miPzm334Axl8AeaIco8=</latexit>

x̂
<latexit sha1_base64="pvKIoslFY4XMMpzs38+dgc9Lkxc=">AAABWnicZY3LSsNAFIbP1FubeomXnRsxG1dhUhfiQiy4cVnBtAFTymQ81qGTzDAzESXkJdzqw/gagg9jbYug/VYf/7n8mZbCOko/SWNldW19o9ny2ptb2zv+7l7fqtJwjLmSyiQZsyhFgbETTmKiDbI8kzjIJlc/88ETGitUceteNA5zNi7Eg+DMTaMkfWSueq69kR/QkM44WpZoIcHlB8zojfyL9F7xMsfCccmsvYuodsOKGSe4xNpLRaFLV2nGJ2yM9jfIGTfK1tO+6P/3Zel3wug07NzQoHs+L4YmHMIxnEAEZ9CFa+hBDBwkvMIbvMMXaZAWac9XG2Rxsw9/IAffARlWCQ==</latexit>
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Convex-Concave Procedure (CCP)
minimize psI + ⌧

X

8s2S\T

X

8↵2Act

ks,↵

subject to

8s 2 T. ps = 1

8s, s0 2 S.8↵ 2 Act(s). P(s,↵, s0) � ✏

8s 2 S.8↵ 2 Act(s).
X

s02S

P(s,↵, s0) = 1

� � psI

8s 2 S \ T.8↵ 2 Act(s) ks,↵ + ps � xTP+
s,↵x+ qTs,↵x� x̂TP�

s,↵(2x� x̂)

8s 2 S \ T.8↵ 2 Act(s) ks,↵ � 0,
<latexit sha1_base64="qS0paC28kOcJ1CbdyihUpvMFqH8="></latexit>
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<latexit sha1_base64="qS0paC28kOcJ1CbdyihUpvMFqH8="></latexit>

penalty variable to  
account for over-

approximation

minimize violation

Solving the problem seeks to minimize the violation of the original DC constraints by 
minimizing the sum of the penalty variables.


If all penalty variables are assigned zero, the algorithm terminates as 
we have found a feasible solution.
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Specification
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CCP augmented with Model Checking
Specification

Parametric MDP 
restricted to 

affine functions

DC Problem

CCP

Model Checking

Instantiated  
MDP

uinstantiation

ℳ@u

violation

no violation

ℳ@u ⊧ φ? yes

φ

no

new point  
for linearization

u′�



Nils Jansen

Outline

1. Parameter Synthesis for Markov Chains 
2. Parameter Synthesis for MDPs 
3. Sequential Convex Programming 
4. The Convex-concave Procedure 
5. Numerical Examples
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Finite-memory Strategies for POMDPs

s1

s2

s3s4

s5
a1 0.6

0.4

a2

0.7

0.3

hn1i

hn2i

. . .

a1 a2 a1 a2

z0? z1?

hs1, n1i

hs2, n1i

hs2, n2i

hs3, n1i

hs3, n2i

hs5, n1i

hs5, n2i

hs4, n1i

hs4, n2i

0.15

0.15

0.1

0.1

0.075

0.075

0.175

0.175
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Solved by Parameter Synthesis

Induced Markov Chain with unknown probabilities

s0 s2

s1

s3

a1

a2

a3

a1

a2

a1

a2

1

0.5

0.5

1

1

0.5 0.5

1

1

s0 s2

s1

s3

p1 · 1

p2 · 0.5

p2 · 0.5 +
(1 � p1 � p2) · 1

q

1 � q

0.5 · q

1 � 0.5 · q

1
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Empirical Results

pMCs

POMDPs
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Empirical Results

pMDPs
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Conclusion

See also work by

• robust parameter instantiations 
• more performance in proving absence of solutions 
• support for multi-objective properties 
• more applications

• Benoit Delahaye, Laure Petrucci et al:  Parametric Interval Markov Chains 
• David Rosenblum et al: Applications 
• Radu Calinescu et al: Applications 
• Antonio Fillieri et al: Applications & Algorithms 
• Milan Ceska: Algorithms for parametric Continuous time Markov chains

Future

• efficient method to solve realistic parameter synthesis problems 
• new methods obtained by exploring the area of convex optimization


