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Abstract

In this thesis, we will discuss Freiling’s axiom of symmetry from an intuitionistic point of
view. Using Brouwer’s Continuity Principle and fan theorem, we will find that the natural
interpretation of this axiom holds in intuitionistic mathematics. The same is true for most
of the extensions formulated by Freiling, in so far as they have a natural interpretation in

Iintuitionism.



Chapter 1

The problem

1.1 The axiom of symmetry

In 1986, Freiling published an article entitled “Axioms of Symmetry: throwing darts at the real
number line” [2]. This article, about the axiom of symmetry previously explored by Sierpinski
aimed to give an intuitive argument to reject the continuum hypothesis.

What is the axiom of symmetry? It is a statement about functions that associate to each
real number a countable set of reals. The statement claims that, however you choose such a
function, there will always be a symmetric pair: a pair of points such that each is outside the
set associated with the other.

Formally, this gives us the following formulation of the axiom:
Vf ‘R — RN03x17fE2[w2 ¢ f(.%'1> N X1 ¢ f(.%'g)] (11)

Here, Ry, denotes the class of subsets of R with cardinality ¥y - so the class of countable
subsets of R.
In the future, I will refer to 1.1 as AS.

At first sight, most people would consider this statement to be quite plausible: choose any real
number at random (“throw a dart at the real number line”). Pick any other point at random
too. The chance that the latter lands in the set associated with the first is 0 (because there
are uncountably many reals). But since we chose our points at random and not dependent on
each other, the chance of the first hitting the set associated with the latter is 0 as well. It is
certainly difficult to believe that it would somehow always happen that one is in the other’s
imagel!

The above is essentially what Freiling’s argument comes down to. He brings it in a slightly
different way: pick any number. Then choose another at random - the chance of this number
being in the image of the other is so small we may assume that this does not happen. However,
the situation is symmetric: “the real line does not know what dart was thrown first”. So we
may equally assume that the first number is not in the image of the second.

As such, practically all choices of two points will lead to a valid combination. Since we have
no quantifiers for “nearly all”, and it wouldn’t give us too much extra anyway, we can suffice
by saying that there must be at least one such combination.



Note that if there is always at least one such combination, there must always be uncountably
many. To see this, suppose that, for some f : R — Ry, there are only countably many
symmetric pairs (z;,y;), that can be chosen in the quantifier of equation 1.1. Define the
function g : R — Ry, such that, for z € R: g(z) = f(z) U {x;]i € N} U {y;|i € N}.

g is also a function that maps R to Ry,, so there will be a symmetric pair (a,b). So a ¢
g(b) Ab ¢ g(a), and therefore also a ¢ f(b) Ab ¢ f(a). We can conclude that such a pair (a, b)
will coincide with some of the combinations (z;,v;), and therefore a € g(b) Ab € g(a). k

So we see that, if there is always at least one combination that satisfies the axiom, then there
always must be uncountably many. This makes the axiom at least closer to Freiling’s actual
statement, that “most” combinations will work (although an uncountable set may still have
measure 0).

In the next few sections, I will assume a bit of knowledge about set theory, and about mea-
surability. This part is useful to get an idea of the axiom of symmetry in its classical context,
but is not required to understand the rest of this essay. I will not explain the concepts used
here as they are not too important for this research, but they are relatively basic, and the
interested reader should be able to find an explanation of them without too much searching.

1.2 The continuum hypothesis

However likely the statement looks, Sierpinski showed, in his Hypothése du continu in 1934
[5], that under assumption of the axiom of choice, the axiom of symmetry is equivalent to the
negation of the continuum hypothesis.

It is easy to see why AS implies the negation of CH (continuum hypothesis). Under assumption
of the axiom of choice, the continuum hypothesis states that R is equipollent to R;. So
assuming CH, we can make a welordering <* of the reals such that for each z: {y|y € R|y <* =}
is countable. Taking f(z) = {yly € R|y <* 2} gives us a function that maps R to Ry, such
that for all pairs z,y: x € f(y) or y € f(x) (since always z <* y or y <* x).

So CH implies =AS, and thus AS implies -CH.

The converse (—~CH implies AS) is also true (under assumption of the axiom of choice) - but
since this is not too important for us, I will just refer the reader to the works of Freiling and
Sierpinski for the proof of this.

1.3 Objections and counterarguments

The axiom of symmetry itself, and Freiling’s reasoning to accept it, have been discussed in
various (classical) literature. To indicate some of the background of this statement, I will
sketch a few of the objections to AS and the ways they can be countered.

A first objection to Freiling’s argument is brought up by Freiling himself: exactly the same
reasoning can be applied to reject the axiom of choice. To see this, introduce a statement AS’:

Vf:R — Rogdr, 33‘2[$2 §é f(wl) N X1 §é f(l‘z)]

where R_.g denotes the collection of all sets of real numbers with cardinality smaller than R;
a subset X of R is said to be of cardinality smaller than Rif R can not be embedded in it.



Now, we can apply the same intuitive argument that Freiling used to defend AS - but AS’
contradicts the axiom of choice!!

This reasoning isn’t always used as an objection - Michiel van Lambalgen, for example, accepts
this extended version of the axiom in his article “Independence, Randommness and the Axiom
of Choice” [7] and uses it to reject the axiom of choice.

Freiling himself, however, chooses to defend the axiom of choice, and rejects AS’, on the basis
that it uses probability to reason about possibly non-measurable sets. For this reason, he
believes the axiom of symmetry may be extended in a different way: f can be any function
that maps R to the class of subsets of R with measure 0.

A second objection to the argument Freiling uses to defend AS is that non-intuitive results
often occur when using the axiom of choice: the most prominent example of this is the the
Banach-Tarski paradox, where Banach and Tarski managed to cut up the 3-dimensional ball
in a finite number of pieces, and, by only rotation and translation of these pieces, mapped it
onto two 3-dimensional balls of the same radius.

Therefore, you cannot really assume the axiom of choice and use an argument that appeals
to intuition. If our feeling wrongly suggests that the ball-doubling is wrong, then why should
we trust it in the case of the axiom of symmetry? As before, the question arises whether
the argument Freiling uses is not more an argument against the axiom of choice than the
continuum hypothesis!

A third objection that is sometimes brought up is that reasoning with probability does not
go too well with the axiom of choice - after all, invoking this theorem tends to bring up
non-measurable sets.

However, at first sight it looks like this argument doesn’t apply: all sets considered by Freiling’s
argument are measurable (being countable or co-countable).

Or are they? We are considering questions with two variables - “z € f(y)”, “y € f(z)” and
their conjunction. As such, we should not consider measurability of chosen sets in R, but
in R?. And there is no reason to assume that, for example, {(z,y)|(z,y) € R?|z € f(y)} is
measurable - when we are applying the axiom of choice, this may be rather bold!

If we do assume that both {(z,y) € R%|z € f(y)} and {(z,y) € R%|y € f(z)} are measurable
and null, then indeed P({(z,y) € R?|ly € f(z)Vz € f(v)}) < P({(z,y) € R%|ly € f(z)}) +
P({(x,y) € R?|z € f(y)}) = 0, so then AS holds.

However, this is not exactly what Freiling does, although the difference is philosophical: he
does not choose two points at random at the same time (which would make it a two-variable-
random choice, but he chooses the first number fixed, before even considering the second.
Then P(y € f(x)) is welldefined and 0, by our choice of f. Then he applies the symmetry
of the situation (we could just have chosen our second point first) to deduce that keeping
y fixed, the chance that x € f(y) is 0 too. This may, however, be abusing the methods of
probability theory substantially.

!To see this, find a minimal wellordering of R, and assign to each number  the set {y|ly € Rly <* z}.



1.4 Freiling’s extensions

In his article on the axiom of symmetry, Freiling also presented several extensions and varia-
tions of the axiom, and researched their plausibility. Some of the variations researched were:

e What happens if you let the function f in 1.1 map to subsets of R of any cardinality
smaller than R rather than just countable sets?
This is the question we have seen explored in the arguments. If you accept the statement
in this form, it leads to the rejection of the axiom of choice.

e Throwing more darts: given some cardinal k < card(R), and given a function that maps
the real numbers onto countable subsets of R (as in standard AS), can we find not just
x,y that are not in each other’s set, but z, for each a € k, with the property that if
a # (3, then x4 ¢ f(x)?

This statement (AS;’;), unfortunately, turns out to be equivalent to standard AS! So it
doesn’t give us anything new.

e A more interesting extension is to let our function f take several arguments, say n.
The axiom then becomes: for any function f : R,, — Ry, there are z,...,z, such that
Vk <nlzr ¢ f{zo,- -, Th—1, Tht1,-- -, Tn})]-

This variation, that we shall refer to as ASY , is more interesting. It is consistent with
the usual axioms of set theory and the axiom of choice, but for different ni, ns, ASQ;
and Asgg are not equivalent.

e However, the stronger statement ASﬁg (Vf : Ry, — Ry, 3X CR[X ~NAVz € X[z ¢
F(X\ {z})]]), contradicts the axiom of choice.

e What happens if we assign each real to a null set rather than a countable set?
We treated the need for this question in section 1.3. Freiling shows that this alternative
axiom is reasonable as well - it follows from —CH combined with certain assumptions
about null sets.

e What happens if we let our function f map onto other negligible subsets of R, for an
entirely different notion of “negligible”, like meagre?
Meagre sets are countable unions of nowhere dense sets - a set is nowhere dense if every
interval in R has a subinterval that is entirely outside the set. What makes this question
particularly interesting, is that, although a notion of “small”, meagre subsets of [0, 1]
might well have measure 1. 2
As such, Freiling does not have such a symmetry statement about meagre sets - although
he leaves the question open under what assumptions it can hold, if any (and particularly
whether it can hold together with AS).

2To see this, we can create, for any k, a nowhere dense set of measure at least 1 — 27%. Let ¢, define an

enumeration of the rationals. Let, for each n, A,, = [gn,—2~ "%+ ¢, 427" +H)] The set By, = [0, INU,en An)

is nowhere dense, and has at least the promised measure. For a meagre set with measure 1, just take the union
of By for all kK € N.



1.5 Research question

We have seen how Freiling defends the statement - but most mathematicians will not agree
with a (dubious) probabilistic reasoning when we assume the axiom of choice.

The question, however, is also interesting when considered from other points of view - even
more, perhaps, since we already know the conditions that allow the axiom of symmetry and
most of its extensions to hold in the axiom system ZFC.

In this essay, I will investigate the axiom from an intuitionistic viewpoint. This does not
just mean I will limit the arguments I use to constructive ones - indeed, this point of view
would do us little good here, as any constructive proof holds classically, and thus the results
would likely not be very exciting! More than this, I will use some of the special intuitionistic
principles Brouwer introduced: the continuity principle and the fan theorem. Both of these
will be treated in chapter 2

Even though I will use axioms that are false from a classical point of view, the results may
have some classical relevance when considered in the right light. I will also try to limit the
use of extra axioms where possible, to keep the results as general as they allow.

Apart from the axiom of symmetry, I will also examine some of the extensions Freiling pre-
sented, and add some extensions of my own.

1.6 Results

We will find that both the axiom of symmetry and many of its extensions can easily be
interpreted from an intuitionistic point of view. More than that, most of these natural inter-
pretations will turn out to be true!

Highlights will be the definition and proof of the standard axiom of symmetry (chapter 3),
the extension where each point of the real number line is mapped to a set with small measure
(6), and the proof that, despite Freiling’s intuition, the variation with meagre sets (7) holds
when interpreted in a natural, constructive way.
The other variations also give very nice results.



Chapter 2

Prerequisites and conventions

In the discussion of the original problem in the previous chapter, I have assumed some knowl-
edge of basic set theory: the notions of ordinals, cardinals, the axiom of choice, and of course
the continuum hypothesis. I have also used a bit of measure theory without a real explanation
- because as I mentioned, the classical discussion of the problem is not too important for the
rest of this essay. From an intuitionistic point of view, these notions are (still) meaningless.

In this chapter, I will state all the definitions, extra axioms and - without much proof -
theorems I will use in the rest of the essay. Most of these are not mine, but originate from
Brouwer or others who have studied his work.

I will also add some definitions of my own and note conventions in the use of variables.

2.1 Basics

2.1.1 Fundamental structures

We will assume the existence of two fundamental structures. The first, and most basic one, is
the set N, consisting of all the natural numbers. On this set, several operations and relations
are defined: for any pair of elements of N, we know what it means to multiply or add them,
or to subtract one from the other. Apart from this, in this set it is always decidable whether
a=bora<hb.

The second fundamental structure, A, is the set of countable sequences of natural numbers,
or functions that map N to N. We imagine that any sequence a in A is defined by some
infinite procedure; that is, a can be given by supplying, one by one, «(0), a(1), ®(2), ... This
could be done by some fixed procedure, for example taking the decimals of 7, but we could
also just choose every place randomly.

In N, equality is defined, but not decidable (o« = 8 < Vn € N]a(n) = 3(n)]). There are no
standard operations defined, although we will see some additional definitions later.

I will consider each of the members of N and N as a basic object.



2.1.2 Hereditarily countable sets

We can group these basic objects together in sets. I will be a bit careful here, to avoid
controversy on the subject of what a set really is - I have no intention to build up a full axiom
system for set theory. In practice, I will mainly use hereditarily countable sets, briefly hsets.
To create hsets, I want to allow the process of summing up an enumerable group of basic
objects (this may be countable or finite, we don’t have to decide beforehand) and taking
them together in a set. To be exact, if we have a sequence of elements A,,, where each A, is
either an already defined basic object, or (undefined ), then we can form the set consisting
of all the basic objects in this sequence (not including the (undefined ) elements). Any set
defined in this way is an hset.

Each hereditarily countable set is again a basic object. So we can iterate the procedure (as
often as we want), and make sets of sets. I will only consider natural numbers, countable
sequences of natural numbers and hsets basic objects.

Now, since each hset is given by a sequence, I will sometimes equate a hset with the sequence
used to define it; so for every hset A, I have the sequence (A,) at my disposal. If T say that
a € A, then this means that we can find some n such that A, = a. As usual, two sets are
considered equal to each other when they share all their elements. Note that for hsets A, B
indeed, if A = B, it doesn’t have to be true that for all n A,, = B,, (we only know that for
all n there is some m such that A,, = B,,, and the other way around). However, wherever I
interpret a hereditarily countable set as a sequence, the choice of the representation should
not make a difference.

On several places in this essay, I will use hsets as a replacement for the “countable sets” in
classical mathematics. As such, I will simply speak of “an hset of reals” to denote an hset A
where all elements A,, are real numbers.

2.1.3 Spreads

In order to define larger structuers than just the countable ones, let us consider spreads. Using
a spread, we can form the (often uncountable) set of all sequences in A/ created place by place
in a certain standard way.

To be exact, we first need to introduce finite sequences.

So let p(n) be the n'® prime for all n € N, and for any n and ag,...,a,_1 € N, define
(ag,...,an_1) as p(0)@F! . p(1)a+l...p(n — 1)%-1+1 also a natural number. We can enu-
merate all finite sequences, and therefore define the hset N* that contains all of them. Then
N* is a decidable subset of N, as for each number we can easily determine whether it encodes
a finite sequence or not.

Due to the unicity of the prime decomposition of natural numbers, no number will ever encode
more than one sequence. So we can define functions len and (n): len({ao,...,an—1)) = n, and
for k < n, (ag,...,an—1)(k) = a.

For any sequence oo € N and n € N, define @n as the finite sequence (a(0), a(1),...,a(n—1)).
For sequences a, b, let a *xb = (a(0),a(l),...a(len(a) —1),5(0),b(1),...,b(len(b) — 1)).

Now we are able to define the notion of a spread.

Definition 1. spread
Let A be a decidable set of finite sequences, such that:



e e A
e for each a € A there exists some n € N such that a * (n) € A

e for each a € A, the set of n such that a * (n) € A is decidable

Then we can form the set of infinite sequences o € A/ such that for all n, an € A. This set is
called a spread.

As such, a spread is nothing more than a set of sequences formed in some constructive,
inductively defined way; each step we have a simple procedure to define the next place, and
never have to think about the future.

The structures we will introduce will almost always be either an hset or a spread, usually
combined with one or more operations or relations.

2.1.4 Controversy?

Now, when I was introducing hereditarily countable sets, I suggested I was going to avoid
controversy on the definition of a set. But it seems I have allowed myself to go into rather
dangerous waters nevertheless - we could introduce quite impressive sets just using spreads.
And several people would already disagree on calling N a set.

It wouldn’t limit us at all if, instead of using the word “set”, we called these structures classes.
So N and NV would be classes, as well as the groups of sequences defined by some spread. This
isn’t a problem, as we will never need to group these classes together in another class (or set).
Hereditarily countable sets, however, would still be sets - they are basic objects that can be
contained in other sets.

All in all, while I believe the definitions given in this section are grounded and unproblematic
- we are staying within the bounds of normal analysis - the results in this essay should be
acceptable even to those who disagree.

2.2 More complex structures

From these basic objects, we can form all the structures we will need:

We have already seen the definition of N*; similarly, we can define for any n N™ as the set of
finite sequences of length n. We use the term ordered pairs for the sequences of length 2.
Additionally, for a given set A, write A* for the set of finite sequences a where all places
a(n) are in A. Write A" for those a € A* with length n. I will mainly use this for the binary
sequences {0, 1}*.

The main operations on finite sequences are *, len and (n), as we have defined in section 2.1.3.
Let Z = {{a,b)|a,b € Nja = 0V b = 0}. We will call the elements of this set the integers. N
can be embedded into this set; we will identify the integer (a,0) with the natural number a.
Write —a for the integer (0, a).

On Z we can define the standard mathematical operations as well as the usual relations:
multiplication, addition, substraction, ordering.



Q consists of the set of all ordered pairs of integers, and some relations defined on it: a
decidable equivalence relation = giving equality of rationals ({(a,b) = (c,d) if and only if
a-d="0-cin Z) and a decidable inequality < ({a,b) < (¢,d) if and only if a -d < b- c in Z).
Addition, subtraction and multiplication are defined as usual.

There are only countably many rationals.

S is the set of all rational intervals: a pair (p, q) is a rational interval if p and ¢ are rationals,
p < . Standard operations on these intervals are “taking one of the elements”: for some
(p,q) =s €S, s =p, s =q. We also have |s| =s" — s € Q.

Additionally, define, given two rational intervals s and ¢ s N t =
(max(s’, min(¢', ")), min(s”, max(s’,t”))), so the interval that covers the area covered
by both s and t. We say s C ¢ if |s|] =0 or ¢ < s’ As” < t’. Tt is clear that always s Nt C s
and sNt Ct.

There are only countably many rational intervals.

C is the subset of A/ whose elements only map to {0,1} (so for all n, a(n) € {0,1}) - this is
easily defined with a spread. Unfortunately, it is not decidable whether some sequence « in
N is a member of C.

By Cantor’s diagonal argument [1] , we can easily see that C is not countable.

Now, to define the real numbers, we will use a relatively standard definition: a real number
is a sequence of rational intervals that shrinks and shrivels.
That is, a real number is an element x € A such that:

o foreachn e N, z(n) € S
e for each n € N, x(n) < z(n+1) and x(n + 1)” < z(n)” - the sequence shrinks

e for each n € N, we can find some m € N such that |x(m)| < 27" - the sequence shrivels

We write x = y for Vn € N[z(n)' < y(n)” Ay(n) < z(n)"]. Write z # y for In € N[z(n)" <
y(n)' vy(n)” <a(n)].
Unfortunately, this definition does not make a spread. We can introduce several variations

that are spreads, but generally when I spreak of “the reals” I mean the class with those
elements of N that can be shown to be real numbers given the above definition.

As a standard form of the set of real numbers, consider the set of x € N such that:

e for cachn € N, z(n) € S
e foreachn € N, z(n) < z(n+1) and z(n+1)" < z(n)”

e foreach n €N, |z(n+1)[ < L |z(n)|

We will use R to denote this set; it is not hard to see that the set is a spread. On R, we will
also use the relations = and #. We could define the standard operations as well (addition,
subtraction, multiplication etcetera), but we won’t need these.

It is useful to note that any given real number « can be uniquely associated with some
=-equivalent element of R: choose a real x € R such that z(0) = «(0), and for each n,
z(n +1) = a(m) where m is the smallest number for which |a(m)| < 3 - |z(n)|. It is not too



hard to see that we can always find such m. We don’t need any kind of choice axiom for this
association. As such, for most applications using the reals will be equivalent to using R.

Further, for rationals p < ¢, we define [p, q] as the subset of R that contains only those real
numbers = for which z(0) = (p, q).

We can imagine several alternative definitions that define the reals just as well: subsets of R
with the nice property that each element is =-equivalent to some element of R. We could, for
example, demand strict shrinking of the sequence (z(n) < z(n+ 1) < z(n+1)" < z(n)"),
so x will be an interior point of each of the intervals that defines it. Or we could allow only
a limited number of choices for each x(n): say z(n)' € {z4=r|a € N, |z(n)| = 27"}.
Depending on the application, some definitions may be easier to use than others; however,
any class o we will consider as a form of the reals will have the property that ¢ C R and
Ve € Ry € oz =y).

I also want introduce a somewhat more restricted version of the reals, as this will often make
proofs easier.

To this end, let us define, for all n, a standardinterval of order n to be a rational interval of
the form (g%, “2—‘*;1) for some a € N. For each n there are only countably many such intervals,
so we can define the set S,, that contains all of them.

Now define R* to be the class of those x € R such that for all n, x(n) € S,, and call its
members “standard reals”. For a,b € N, write [a,b]* for those standard real numbers z with

x(0) = (a,b).

It is no longer true that each = € R is =-equal to some member of R*. As an example, consider
the floating number p:

<_2—n7 2—n> if kgg > n
p(n) =1 (=27F —27k) if kgg =k Ak <nAkisodd
(27F 27k) if kgg =k ANk <nAkiseven

Here, kg9 > n stands for “no sequence of 99 nines occurs in the first n + 98 places of the
decimal expansion of 7”. kg9 = k means “a sequence of 99 nines starts at the k' place of the
decimal expansion of 7”.

kgg is not actually a defined number - we use it only in the above forms, as an abbreviation.

Now, we can’t tell whether p <0, or p > 0 - it would be bold to claim either! But if we could
define some y € R* such that p = y, we would have to choose, at a certain point in time, y(0).
Then we could see that either y(0) = (—1,0) or y(0) = (0, 1).

Therefore, while p is a perfectly welldefined real number, it is bold to say there is some y € R*
that is equivalent to it.

Despite this, we will often use R* in existence proofs, as any standard real is also a real, and
they are relatively easy to handle.

2.3 Definitions

To work with the structures we just defined, I will introduce some standard functions and
relations that will help us write down constructions that we will need a few times.

To start, we define, for any n € N, n as the sequence with n at every place (Ym € Nn(m) = n]).
This allows us to create standard members of N (and C) easily.
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We have already defined * to concatenate two finite sequences. Further, it will prove useful
to define concatenation of finite and infinite sequences.

So let a € N* and 8 € N. Then a * 8 is the sequence v with v(k) = a; for k < len(a),
v(len(a) + n) = B(n) for any n € N.

For a finite sequence a and n < len(a), let an be the sequence consisting of the first n elements
of a ((a(0),...,a(n —1))). This is similar to the definition of @n for infinite sequences a.

If a is some rational interval in S and = € R, say that = € a if there is some n such that
a < z(n) < xz(n)’ < o’ (z is an interior point of a). We call x an exterior point of a if
z(n)" < a' Vva" < x(n). To indicate that z is an exterior point of a, write = ¢ a.

Note that not always x € a or x ¢ a, even from a non-constructive point of view - reals that
are =-equal to a’ or a” fall in neither category.

Given two basic objects a, b, write (a,b) for the hset {a, {a,b}} (this is just a simple method
to pair any two objects). Define the (Cartesian) product of two sets A and B as the set A x B
that contains pairs (a,b) where a € A and b € B. Note that if A and B are hsets, then so is
A x B.

With a little ambiguity to the ordered pairs of natural numbers defined in section 2.2, I will
also refer to the elements of a product as pairs. It should be clear from context which kind of
pair is intended.

Define a function that maps A to B to be a subset F' of A x B, such that for each a € A we
can find a unique b € B with (a,b) € F. If F maps A to B, we write F': A — B. For a € A,
write F'(a) for the unique b € B such that (a,b) € F.

Note that I have also used the term function to define standard and less standard operations on
some of the structures created in the previous section. However, I believe that this ambiguity
again will not lead to problems, as both can be thought of as the same thing - each of the
functions used earlier could also be a function of this kind!

Sometimes I will abuse the function notation to denote a mapping from one class of basic
objects to another.

We have defined ordered pairs of natural numbers using finite sequences, but sometimes it
can be useful to have a special kind of pairing. More specifically, we want to define a pairing
function ( -,- ): N? — N which is bijective (in a strong way): for each n € N we can find
unique a,b € N such that n =(a,b).

As a standard example, we can take {a,b)= (a+b)(a+b+1)+a. We can easily calculate this
function, and it isn’t too hard to find a, b back from the function result - I will not formally
prove this here, but I invite the reader to have a look at the picture below to get an indication
of why this works.
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We could use other functions for pairing, and will even do so later in this essay; any bijective
map from N2 to N will suffice.
Having a pairing function, we define the functions (-); and (-)2 to give each part of a pair.

Using pairing functions, we can write down a countable sequence of sequences (members of
N) as a single sequence: define, for any o € N, for any n,m € N: o™(m) = o((n, m )). This
easily shows that any countable list of members of N is itself a member of N.

2.4 Conventions

For brevity, I will use certain conventions on the use of variables in quantifiers. Unless explicitly
stated otherwise:

e i, 7, k,n,m will always be elements of N.

e if not mentioned otherwise, «, 3,7y will be members of C. They will never be used for
anything other than infinite sequences (members of A/).

e z,y will always be elements of [0, 1]. Usually, they will also be taken in [0, 1]*, but where
this is important it will be explicitly mentioned.

2.5 Axioms of Countable Choice

While the classical axiom of choice is very disputable and, from a constructive point of view,
meaningless, the axiom of countable choice - where we only have to make an arbitrary choice
countably many times - seems fairly plausible.

As we defined NV, any enumerable sequence of natural numbers constructed over the course
of time is a basic object. We do not have to specify beforehand what algorithm we’re going
to use to define the sequence - in fact, we do not need to have an algorithm at all!

Formalising our intuition, we get the following axiom:

Axiom 1. First Aziom of Countable Choice
Suppose we have some relation P C N x N such that, for each natural number n, we can find

at least one m with P(n,m).
Then there is some o € N such that Vn[P(n,a(n))].

Unfortunately, this will not always be enough. The first axiom of countable choice only allows
us to make arbitrary choices of integers - and we will need a bit more than that occasionally.
Mainly, the need will arise to map N to sequences of numbers:

Axiom 2. Second Axiom of Countable Choice

Suppose we have some relation Q@ € N x N such that, for each natural number n, we can find
at least one a € N with P(n, m).

Then there is some 3 € N such that Vn[P(n, ™)].
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Unlike the first axiom of countable choice, this principle does not follow directly from the way
we have set up our system; it is, however, a consequence of the way we think about things.
For each n we can, over the course of time, define some «,, with the property that P(n, ).
So we can define a 3 € N place by place as follows: at place (n,0), start creating «,,. Choose
B({(n,0)) = a,(0). Now postpone the rest of the creation process and go on with the next
place of 3. At place (n, m+ 1), continue the procedure to build a,,, until we know the m 4+ 1th
place, and then postpone the procedure again. In this way, we can build 8 completely.

These axioms, as well as the principles treated in the next section, are presented and explained
in slightly more depth in Wim Veldman’s work [9].

2.6 The Continuity Principle

In this essay, I will repeatedly use Brouwer’s Continuity Principle. This principle, while con-
troversial, is a natural consequence of the way we think about things, and it will be interesting
to see what results follow from it.

I accept that many intuitionists would prefer to avoid the special axioms Brouwer introduced,
but in this case, there seems little need - the problem we intend to study, unless interpreted in
a wildly different way than normal, has no solution without additional axioms. That is, if we
restrict ourselves to the standard principles of set theory (in so far as these are constructively
meaningful and valid), but with constructive reasoning, neither the axiom or its negation
would hold!

The continuity principle states that, if we can assign some natural number to any sequence
of numbers, we have to base this decision on only a finite part of the sequence. To be precise,
for any class P C N x N:

if Vo € N3n[P(a, n)] then Vo € NIm, nVB € Nam = fm — P(8,n)]

The quantifiers in this formula should be read in a constructive way; so 3In|...| means that
we can find some natural for which the given property holds.

Why would we accept such a bold statement? Well, as we stated earlier in this chapter (section
2.1), any a € N can be defined as the result of an infinite procedure. The value at every place
must be known at a certain point in time (as « is a function that maps to N, and therefore
must give a fixed result for any fixed input), but we may never have access to the full list.
Now, suppose someone has promised to assign some integer to any list that we give her. Being
nasty, we take a second to decide on each place, so a(n) is only defined after n seconds, and
we never give any indication of our plans on how to continue - in fact, we may not have them!
However, sticking to her promise, she will have to choose some integer n such that P(a,n),
at some point. At that point we will only have decided on the first part of the sequence, say
the first m places, and can continue it in whichever way we like! As such, any sequence that
agrees with « on the first m places can have the same n assigned to it.

There is no reason why this principle should work only on o € N: the same argument applies
to any spread. So let us consider the following, general statement of the continuity principle:

Axiom 3. Brouwer’s Generalised Continuity Principle (CP)
Let C be any spread, P C C x N such that for all « € C' we have some n € N with (a,n) € P.
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Then we can find certain natural numbers m and n such that for all 3 € C: @am = fm —
(B,n) € P.

Many people, even some of those who are inclined to accept some additional axioms, will
consider this a very strong statement. However, for most of the theorems in this essay, we
can weaken it. To this end, we make the assumption to the axiom stronger, by adding a
uniqueness condition: let P be such that there is always exactly one n that fits any given «.
So P defines a function from N, C, R or any other spread to N.

This will give us the following statement:

Axiom 4. The Weak Continuity Principle (WCP)

Let C' be any spread, and P o function that maps C to N.

Then, for all a € C, there exists some m € N such that for all 5 € C':
am = fm — P(a) = P(B).

There are various similar statements we could consider. However, the two treated here are
the most important ones we will be using. The only other variation I will treat is the first
axiom of continuous choice, which I will use in section 2.7 to derive a very common version
of the fan theorem.

Wherever possible, I will stick to the weak version of the continuity principle; presumably
some readers will feel more comfortable with it. The stronger principle shall sometimes be
necessary, but only to prove that a statement does not hold. Since this version of the principle
can be proved to be consistent with the other things we assume in intuitionistic mathematics,
this still shows, even to those who will not accept the (strong) principle, that the contradicted
theorem is unprovable.

Even in its weak form, the principle is still rather powerful: it allows us to show, for example,
that all functions that map the reals to the reals are continuous - as long as they respect =
(for the proof of this, see Brouwer’s or Veldman’s work [8]).

2.7 The Fan Theorem

However, just using the continuity principle will not always be enough. We will see some of the
most exciting results when we study the variation of AS where each real number is mapped
to an arbitrary nullset. These results are a consequence of the fan theorem. This beautiful
theorem, while obvious in classical mathematics, is much contested. But before judging it, let
us consider the theorem.

2.7.1 Fans

To discuss the Fan Theorem, we must define the notion of a fan. We have seen the definition
of a spread: it is the class resulting from taking all sequences o« € N for which each initial
segment an is in some fixed set A with properties:

e (ca

e for each a € A there exists some n € N such that a x (n) € 4
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e for each a € A, the set of n such that a x (n) € A is decidable
A fan is a spread with the additional property that:

e for each a € A there are only finitely many n € N such that a x (n) € A - “finitely” in
this is strong, meaning that we know the exact number of suitable n

So a fan is basically a spread with elements « such that there are only finitely many choices
for each place a(n). It is easy to see that C is a fan, as is [0, 1]*, but R and Nare not.

2.7.2 The Basic Fan Theorem

The fan theorem states that for each fan F', if we have some decidable set B C w such
that each @ € F' has an initial segment an in B, then there is some integer N such that
Va € F3n < N[an € B].

Why “theorem”? This result can not be found as the direct consequence of some set of
axioms. But to Brouwer, that isn’t necessary - axioms are a formalist’s tools. He proves the
fan theorem using a construction that appeals to intuition of what should be possible. I will
not explain this proof here, as it is beyond the scope of this essay - for a full explanation I
refer the reader either to Brouwer’s work or Veldman’s treatment of the theorem [8].

To get a better understanding of what the fan theorem really claims, note that, classically, it
holds: the theorem is classically equivalent to the statement:
FEvery infinite finitely-branching tree will have an infinite path.

To see this, it helps to realise that every fan can be viewed as an infinite, finitely-branching
tree: let the nodes be the elements of A (where A is the subset of N* associated with the fan)
and for a,b € A, a is a child of b if and only if, for some n, a = b (n). The fan consists of all
infinite paths over the nodes, starting at ().

The fan theorem now states that if we cut each path at some point, we can find a certain
depth () where all branches have been cut down. If, like classic mathematicians do, we take
p = q as equivalent to =g = —p, we come to the equivalent statement that if at any depth
N there are uncut branches (=(Va € F3n < N[an € B])), then not all paths can be finite
(=(Va € F3n[an € B])).

The classical proof of this can be found in Konig’s work [3]. The main idea of the proof is
to create an «, place by place, by always choosing «(n) such that the part of the tree that
starts with @(n+ 1) is still infinite. Since this involves taking a decision about infinitely many
objects, infinitely often, and reasoning from contradiction as well, it should not come as a
surprise that, intuitionistically, this result fails. The fan theorem gives us something similar -
but has to be derived in a very different way!

However, Brouwer’s formulation and proof of his fan theorem is not widely accepted either.

As such, I will not use the fan theorem in this essay except for chapter 6. In that chapter, we
will use it to derive some of the most interesting results. In other places, the (weak) continuity
principle will usually be enough.
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2.7.3 the Extended Fan Theorem

We will generally use the fan theorem in combination with the following version of the con-
tinuity principle that looks a lot like an extension of the axiom of choice:

Axiom 5. First Aziom of Continuous Choice

Let C be a spread and A C C x N a property such that Vo € C3In[A(a, n)].

Then there exists some v € N such that for each o € C': there is a unique n with y(an) # 0,
and A(a,y(an) — 1).

This axiom can be defended in a way very similar to the way we defended the continuity
principle: we just build v, place by place, and at each place that represents a finite sequence
a we decide whether we now know enough of the sequence « that starts with a to find some
n with A(a,n); if so, and we haven’t found any such n for shorter initial segments of o (and
a), we choose y(a) =n + 1.

This was just a sketch of the reasoning though, with hopefully enough argumentation that
the reader himself may conclude that the axiom is not unreasonable. For a more complete
explanation, I refer once more to [9].

Note that the generalised axiom of choice really gives us a choice axiom for (uncountable)
spreads: to define a choice function F' such that always A(«, F'(«)), simply write F'(«) = y(an)
for the unique n with vy(an) # 0.

Combining the fan theorem with the first axiom of continuous choice, we arrive at a statement
that claims that if, for any element of a fan, we can find a natural number with a given
property, then we can choose all these numbers below some upper bound.

Theorem 1. FExtended Fan Theorem

Suppose, for a given fan F, we have some class A C F x N with the property that for each
a € F there exists some n such that (a,n) € A.

Then we can find some N € N such that Yoo € Fann < N A (a,n) € AJ.

Proof. Let F be a fan, A as in the theorem.

Using the generalised axiom of choice, determine v € A with the property that for each o € F
exists a unique n such that y(an) # 0, and A(a,y(an) — 1).

Define B as the set of finite sequences a with v(a) # 0; B can be enumerated (and therefore
is a set) and is decidable. It is also given that Va € F'3an[an € B].

Using the normal fan theorem, we can now find some M such that Va € F3In < M[an € B|.
And because F' is a fan, there are only finitely many initial segments of length at most N.
Enumerate all these finite sequences a, and take N to be the maximum of all vy(a). It is easy
to see that N fits the condition in the theorem. O

The fan theorem is a powerful addition to constructive mathematics. It allows us to prove, for
example, that every function defined on a closed interval is not only continuous (as follows
from the continuity principle), but even uniformly continuous [8]. In measure theory, it’s a
fairly standard assumption, because it is needed to derive that every covering of the unit
interval has the same measure.
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Chapter 3

Solution to the basic problem

Now, we have all the tools available to research the validity of an intuitionistic interpretation
of Freiling’s axiom. In this chapter, I will discuss the solution to the basic problem. Later
chapters will treat the natural extensions.

3.1 Original formulation and reformulation

The axiom of symmetry, as stated by Freiling, claims the following:
ViR — Ry 3z, ylz ¢ fy) Ay ¢ f(z)]. (3.1)

However, in our setup, it is not really clear what this statement means. For what, for example,
do we mean by a function that maps R to Rx,? We know what a function is, and can define
Ry, as the class of all countable sets (hsets) of reals. But should such a function respect the
=-relation defined on the real numbers?

Another question is how we should interpret the ¢ constructively. To show that y ¢ f(x), do
we only need to prove that it can’t hold that y equals some f(x),? Or do we have to see that,
for each n, there is some place where y differs from f(x),?

So let us reformulate the axiom. To any of the questions above, I will choose the constructively
strongest answer. That is, the function f does not have to respect =. It must only be a
statement that associates, to each « € R, some unique countable sequence of other real
numbers (where each element in this sequence may be ( undefined )) - as any hset of real
numbers is defined by such a sequence. Having such f, we must then define x,y such that,
for all n, either f(z), is undefined, or y(m) is strictly separated from f(x),(m) (y(m)”" <
f(@)n(m) V f(z)n(m)” < y(m)’) for some m. Note that this implies that always y # f(z),.
We take the same strong interpretation for = ¢ f(y).

Even in this highly constructive form, the axiom turns out to be true! We will only have to
accept the continuity principle to come to this conclusion.

A last question could be: what definition of the real numbers do we want to consider? We
could use the general definition where a real is any sequence of rational intervals that shrinks
and shrivels (or the variation that is a spread, R). But we can avoid problems by choosing a
more restricted version, without really limiting ourselves.
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To start, let us consider a slightly different statement from 3.1: the statement obtained by
replacing the set R of the real numbers by Cantor space C. Cantor space (C) is easier to reason
with and to show the basic idea of the proof, as it avoids all considerations of =. It has the
additional nice property that any hset A of elements of C, where at least one element « of A is
known, can be written as another member (3 of Cantor space (for any n, if A, = (undefined),
make 3 such that " = «, otherwise take " = A,,).

This leads us to the following statement of the “axiom”:

Theorem 2. A,
Let F be a function that maps C to C.
Then there exist o, 8 such that VnIm[a(m) # F(B)"(m)] A¥nIm[B(m) # F(a)™(m)].

3.2 Idea of the proof

Having the continuity principle, we can imagine a proof along the following lines:

Suppose we have such a function F. We construct a step by step, choosing the next place 0
every second. After some time, we should know enough of « to determine F(«)?(0). o has
then only been defined on a finite number of places, say Ny.

Now take a break from « and continue working with (. First of all, take ((0) different from
F(a)?(0), so at least we can be sure: 8 # F(a)? (in a strong way). For the rest, keep choosing
each place of 3 equal to 0, until we know enough to decide on F(3)°(Ng). B has then been
defined on, say, My places.

We stop working on 3 for a bit, and continue with «. Of course we take a(Ny) unequal to
F(B)°(Np), so we already have the safe knowledge that o # F(3)°. Then we just continue to
add zeroes to «, until we know F(a)'(Mp). a has then only been defined on, say N; places.

The reader will easily see how this procedure is supposed to continue. We just keep interleaving
working on « and [, each step disabling either a« = F(3)" or f = F(a)™.

However, this was merely a sketch to give the idea of what we’re going to do. I did not mention
the continuity principle, even though I used it - or at least, I used the idea with which I also
defended the continuity principle. To make it clear what exactly happened, I will give a formal
proof of the theorem of symmetry in the next section.

3.3 Formal proof

3.3.1 Observations

F is a function, so we know that VnVa3k[F(a)(n) = k.
With the (Weak) Continuity Principle we can conclude: VnVadm, kV(3 [am = pfm —
F(B)(n) = k], or: YnVaamVp[am = fm — F(a)(n) = F(5)(n)].

Now it would be convenient for the proof if we had VnImVa, Blam = Bm — F(a)(n) =
F(B)(n)] instead, so we could always find a place where we “know enough” of a to continue
B (or the other way around). However, this would be a rather big step (it is possible to take
this step with the fan theorem, but let us not assume such bold statements as long as we can
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avoid them). Fortunately, it will prove to be enough that something similar holds for all a of
a certain form - as we saw in the idea of the proof, we only have to consider « that have some
fixed start, but then just ends in an infinite sequence of zeroes.

So let n € N. _
Now for a € {0,1}* we still know: ImVS3[a * 0Om = fm — F(a *0)(n) = F(8)(n)]. Using the
Axiom of Countable Choice we can now define a function A : N x {0,1}* — N such that

VnVa € {0,1}*V8[a * 0A(n,a) = BA(n,a) — F(ax*0)(n) = F(B8)(n)] (3.2)

We may choose A in such a way that it is increasing in both parameters; that is, Vn, mVa, b €
N*[n <m Alen(a) <len(b) A Jc € N*[b=a ] — A(n,a) < A(m,a) A A(n,a) < A(n,b)].

3.3.2 Construction

We will define recursively, in each step n, natural numbers X,, Y,y; and a(X,—1 +

1),...,a(Xy), B(Yn), ..., 8(Yns1 —1).
To make this work for all n, first choose X_1 = —1 and Yy = 0.

Now in each step n, define the values we need to choose as follows:
X, = A1, Yy ), (a(0), ... a(Xp_1)))
a(Xno1+1)=...=a(X, —1) =0
B(Yn) =1 F(@X,x0)((n,Y,))

Vo1 = A((n, Xn ), (B(0), ..., B(Yn)))
BYn+1)=...=B(Ypi1 —1) =0
a(Xy,) =1 - F(BYu11 % 0)((n, X, )

It is easy to see that this defines o and 3 completely and unambiguously.

3.3.3 Correctness proof

To prove the theorem, we must see:

Vndmla(m) # F(8)" (m)] and Yn3m[B(m) # F(a)" (m)]

So let n € N.

Then, due to our construction, a(X,,) # F(BYni1 * 0)"(X,).

But let b = (5(0),...,3(Ys)). Checking our definitions, we trivially see that 3Y,, 41 *0 = b*0
and that b * 0A(( n, X, ),b) = BA({(n, X, ),b). Thus, using the definition of A (3.2), we can
conclude that F(3)((n, X, )) = F(BYns1 *0)((n, X, ) and therefore a(X,,) # F(B)"(Xy),
which gives the first of the two things we had to prove.

Similarly, for n € N, 5(Y,) # F(aX, *0)({ n,Y, )). We can apply 3.2 again with a =

(a(0),...a(Xp—1)) and a, to conclude that F(aX, x0)(n,Y,)) = F(a){(n,Y,)) and thus
B(Y,) # F(a)"(Y,,), which completes our proof. O]
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3.4 Adaptation for the real numbers

In a very similar way, we can prove:

Theorem 3. A, for real numbers

Let F be a function that maps R to N, such that for each x,n: F(z)" € R. F does not have
to respect =.

Then there exist x,y € R such that, for each n, x # F(y)" and y # F(x)".

The construction is slightly trickier than in the previous theorem, but in a very similar way
as before we can create a symmetric pair z,y € R* (for all n, x # F(y)", y # F(z)"). So first
pick z(0) = (0,1) = y(0). Now start making = by choosing x(n + 1) as the left half interval of
z(n) in each step n.

Since each F(z)" is in R, we can find some m with |F(z)%(m)| < 4! - using the continuity
principle, we can find this m at some point in time, even though we will not completely have
defined x. And then, some time later, or perhaps immediately, we will know enough of x to
determine F(z)°(m). Let’s say we have defined z up to (and including) place Ny by the time
this happens.

Now stop working on z for a bit. Choose a standardinterval s of order 2 such that s” <
F(x)%(m) or F(x)?(m)” < s'. Such s always exists, because |F(z)°(m)| <471, so it excludes
at most 3 standardintervals with the same length (out of the 4 elements of S2). This choice
secures that y # F(z)°. Let y(1) € Sy be the standardinterval of order 1 that contains s and
take y(2) = s.

Now continue working on ¥y, by choosing the left half interval each step. We let m = Ny + 2
(so |F(y)°(m)| < 471.27No) and at some point in time, when we have chosen, say, My + 1
places of y (so we just know y(Mp)), we can determine F(y)%(m).

We stop working on ¢ and return our attention to x. To start, let s be the first standardinterval
of order m that is inside x(Np) but strictly separated from F(y)°(m). Take x(No+1) € Sn,+1
such that it contains s, (N + 2) = s. Then we can be sure that = # F(y)°.

Now let m = My + 2, and continue the process of creating x by choosing the left half interval
each step, until we know enough to find F(x)*(m). This happens after we have defined, say,
N7 + 1 places of z.

And thus we can go on. Of course, this was merely the idea of how the proof should go (as
done in section 3.2). The formal proof would take a bit more effort. However, I will not treat
that here - I believe the idea, and the previous formal construction give enough information
to make the proof straightforward, and in section 3.5 we will treat a stronger version of this
theorem formally.

3.5 Classical relevance

Classical mathematicians would, of course, reject the proofs presented here: we are using the
continuity principle which does not hold in classic mathematics!

However, this does not make the proof (classically) meaningless - it merely puts a restriction
on the functions we consider. If we choose the right interpretation of continuous, the above
can be read as a constructive proof that any continuous function will have a symmetric pair.
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So how would we define continuity of the functions involved, when we are discussing functions
that map the real number line to countable sets of real numbers? The straightforward way is
to introduce a topology on Ry, and derive continuity from this. However, since searching for
the right topology in this situation is beyond the scope of this essay, I will not do that here;
instead, I simply view a function to a set as a set of functions. That is, I define a continuous
function to Ry, to be a countable sequence Fy, F, Fs, . .. of continuous functions that map R
to itself.

Now, with this definition we can use a proof very similar to what we did in theorem 2 and 3
to come to the conclusion:
For any continuous F': R — Ry,, there are some z,y € R such that « ¢ F(y) and y ¢ F(x).

To get this conclusion, it would be nice to just use theorem 3. So define, given F': R — Ry,,
a function G : R — N such that Yn,m: G({n,m)) = F,(z)(m). We have a slightly different
“continuity principle”: instead of

VnVmVx3kVy[zk = yk — G(x)"(m) = G(y)"(m)]

we have
VnYmVa3kVy[zk = gk — |G(z)" — G(y)"| < 27™]

What we would like to do now is apply theorem 3, replacing the assumption of the continuity
principle with this alternative. Of course, this alternative is slightly different from the real
continuity principle, and I have skipped the full details of the proof of theorem 3 in the first
place. As such, I can imagine the cautious reader getting upset with me if I were to skip this
proof as well.

Therefore I will now supply the classical theorem and its formal proof separately. The idea of
the proof will be the same as in section 3.4. As a nice bonus, theorem 3 will follow as a result
from this theorem (we only reason constructively).

Theorem 4. Classical theorem of symmetry

Let Fy, F1,Fy,... be a sequence of continuous functions from R to R, that is,
VnVmVz3kVy[z(k) = y(k) — |Fu(x) — Fu(y)| < 27™].

Then there exist x,y € R such that, for each n, x # F,,(y) and y # F,(z).

For easier reasoning, I will only consider x,y in R*. However, to keep this proof somewhat
more general, I will not assume the F,, map to R*. Even though classically every real has a
standard form, not using this will allow us to keep the proof correct from an intuitionistic
point of view as well!

To start, define, for any standard interval a, @ as the standardreal that gives the left bound of
this interval. That is, if a is a standardinterval of order n and k > n, then a(n) = a, a(k + 1)
is the left half interval of a(k).

Using the requirement on the F),, the axiom of countable choice and the way we build the
standard intervals, we can define a function A : N2 x S — N such that Vn, m, kVa € SpVy €
R*[a(A(n,m,a)) = y(A(n,m,a)) — |F.(z) — Fo(y)| < 27™]. We may assume that A is
strictly increasing in the first two arguments and that whenever a is a subinterval of b,

A(n,m,a) < A(n,m,b).

We will define recursively, in each step n, natural numbers X, Y, 11, and standardintervals
r(Xp-1+1),...,2(Xy) and y(Y, — 1),...,y(Ynt1 — 2).
To make this work, first choose X_1 =0, Yy = 2.
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In each step n, we can assume that we already know z(X,,_1) and y(Y;,—2) (and trivially earlier
places of x and y). Now define X,,, Y11, 2(X,—1+1), ..., 2(Xy) and y(Y,—1),...,y(Yair1—2)
as follows:

Choose X,, = A(n, Y, + 1, 2(X,—-1)).

Let a = (X,—1), and choose z(X,,—1 +1) =a(X,—1 + 1), ..., (X, —2) =a(X,, —2) - so
for x(Xp—1+1),...,2(X, — 2) we just choose the left interval every time.

Now consider F,(a). Since this is a real number, there is some v € N such that |F,(a)(v)| <
2~(»+1) Find some standard interval b of order Y;, which is contained in y(Y; — 2) and has
at least 2-(Y»*+1) distance from F,(@)(v). This is always possible: at most F},(a)(v) forces us
to exclude an area of size 3 -2~ (Ynt1) <« 2.9-Yn Qo of the 4 standardintervals of order Y.,
that are inside y(Y,, — 2), at least 1 of them must be strictly separated from F,(a)(v).
Choose y(Y;, — 1) such that it contains b, y(Y;,) = b.

Given the definition of X,, and A, we can be sure that, however we continue z, |F,(z) —
F,(a)] < 2~ (Yn+1) This will grant us that, whatever y will finally turn out to be, certainly

y# Fu(x).
Define Y, 41 = A(n, X, + 1, y(Ys)).

Recall that b = y(V;,) and choose y(Yy, +1) = b(Yy + 1), ..., y(Yna1 —2) = b(Yny1 — 2) - s0
for y(Y, +1),...,y(Yo+1 — 2) we again just choose the left interval every time.

Then consider F,(b). This is a real number, so we can find a number w € N with |F,,(b)(w)| <
2~ (Xnt1)  Like before, we can easily find some standard interval ¢ of order X, which is
covered by z(X,, — 2) and has a distance of at least 2=(X»*1) from F,(b)(w). Let z(X,,) = ¢
and z(X, — 1) the standard interval of order X,, —1 that covers it. This choice will guarantee
us that, however we go on, = # F,(y).

To see that really y # F,(x) for every n, we must be able to find some m where y(m) is
separated from F),(z)(m). We have seen, in step n, that y(Y,) has distance greater than
2~ (Xnt1) from F,(@)(v) (for the a and v used in that step). Let e be this distance minus
2~ (Xn+1): then € > 0. Therefore, we can find some m’ € N with |F,,(z)(m/)| < € (as F,(x) is
a real).

We have also seen that |F,(z) — Fy(a)| < 2-(»+1. So, using the triangle inequality (for
p,q,r the most relevant borders of F,(a)(v), y(Y,) and F,(x)(m’) respectively: |¢ — r| >
lp—q|—p—r| > (2~ VntD 4¢) — (2=+D 1 ¢)), we find that F,(x)(m’) has positive distance
from y(Ys,).

If we then take for m the maximum of m’ and Y,,, we are done.

We can apply the same reasoning to see that x # F),(y). O

Restricting the functions under consideration is not unique: the same is done, for example,
by Galen Weitkamp in [10] , where he discusses what kind of functions will always have a
symmetric pair.

In fact, Weitkamp proves that such a pair exists for every Borel function (and therefore every
continuous function). However, I believe the constructive proof here is easier to understand.
Additionally, it is meaningful from an intuitionistic point of view as well.
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3.6 Discussion

Okay. That was easy! In this section, we have proved that the axiom of symmetry, which we
set out to research, is true. What more could we possibly want?

The answer is obvious - let us consider some of the extensions Freiling introduced. In its basic
form, the axiom of symmetry holds - but this is also one of the weakest versions, as most
related questions imply this standard form.

We have yet to find out whether the theorem still holds if we throw multiple darts, associate
bigger sets to each point (for example arbitrary nullsets, or meagre ones), or consider orderable
sets rather than the real numbers.

In the following chapters, I will sometimes use C rather than R. As in this chapter, the proofs
can be adapted for R. The reason to use Cantor space rather than the real numbers is just
that it allows us to worry slightly less about the details, and thus gives more understandable
proofs.

Some of this will have classically relevant interpretations, other things not very much so. I
will not go into this often - this is a separate subject for research.
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Chapter 4

Countable Ordinals

In the classical proof that the axiom of symmetry is equivalent to the negation of the contin-
uum hypothesis, one has to use the fact that the real numbers are wellorderable, a consequence
of the axiom of choice. In a constructive environment, the reals can certainly not be assumed
to be wellorderable. We can, however, try to construct a similar result if we start out with
some wellorderable set.

Classically, even without the axiom of choice, we have the theorem:

Theorem 5. Theorem of Non-Symmetry for countable ordinals in classical mathematics
There exists a function F' that assigns to each element of Xy a countable subset of Ry, such
that for every o, § € Ny, either o € F((3) or f € F(a).

In this, N; is the set of countable ordinals.

Under assumption of the axiom of choice, the continuum hypothesis implies that R is equipol-
lent to Ny, and thus that the axiom of symmetry is in contradiction with theorem 5. Con-
structively, we can’t take this step - but it may still be interesting to research whether some
form of theorem 5 holds.

However, to reason about this, we must first be able to define the concept of an ordinal.
This proves trickier than one might immediately expect. In her master’s thesis, Anne-Marie
van Berkel has researched various ways of defining the countable ordinals, but the resulting
orderings generally failed to be total [6].

To demonstrate the problems and find whatever results we can, I will give a relatively natural
definition of the countable ordinals.

4.1 Definition

We define the countable ordinals inductively.

Definition 2. Countable Ordinals

Suppose that we have a sequence 79, 71, T2, . . . of hsets and the (undefined) element, such that
each 7; that is not (undefined) is an already defined countable ordinal. Additionally, suppose
that for each 7; in the list that is not (undefined), all its elements are also in the list.
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Then the hset 7 that is made up of all the sets in this list is also a countable ordinal.
All countable ordinals can be obtained through this construction.

Since we are only considering these countable ordinals, I will just write ordinal for such a set.

We write O for the class of all such ordinals, and will write o € O to denote that some hset
is an ordinal. It would be quite bold to speak of O as a set; but it doesn’t have to be one for
Our purposes.

We will, however, need to speak of some form of functions that work on O. So think of a
function that maps O to some class B as a “process” that assigns to each ordinal a unique
object in B. We can find, given any ordinal «, its value F'(a) € B.

Because of the inductive definition, we can define a principle of induction on this class:
Let P be some property of ordinals. Suppose that for all ordinals a we know: V3 € a[P(53)] —
P(«). Then for all ordinals a: P(«).

Using this principle of induction, we trivially find that the ordinals are wellfounded: each
descending chain of ordinals (a sequence o; such that always 0,41 € 0;) is finite. To get this
result, consider a fixed ordinal «, and assume that for each 3 € a every descending chain
starting with (3 is finite. Let («, 01, 09, . ..) be a descending chain starting with «. Then 01 € «
and (01,09, ...) is a decending chain, and therefore finite. Thus the original chain must have
been finite as well!

From this we can trivially conclude that no ordinal is an element of itself. We will occasionally
need this result.

4.2 The Classical Result

We will now see that the classical result - the axiom of symmetry does not hold for functions
that map the ordinals to countable sets of ordinals - is false when interpreted constructively,
in a direct way.

Theorem 6. The statement “there is some F' that assigns each ordinal to a countable set of
ordinals such that for all o, 7 € O, either o € F(7) or 7 € F(0)” does not hold constructively.

Proof. Define inductively, for n € N, n as the hset that contains all k for k < n. It is easy to

see that n is an ordinal.

With this, define, for a« € C, the hset o, such that for all n: o,, =
n if an = 0n

{ (undefined) otherwise

Now suppose F' is a function that assigns to each ordinal an hset of ordinals and suppose the

statement holds for this F. For brevity, write ¢(a, 3,n) for the statement o, = (F(0g))n.

Then the statement would imply that for any o, € C there is some n € N such that

d(a, B,n) V ¢(B,a,n) - this is the way we defined € for hsets as discussed in chapter 2.

I can take the V in there as a constructive disjunction too, and apply the continuity principle
not only to the choice of n, but also to the side of the disjunction that will be chosen.
However, even if we do not interpret the disjunction constructively, the statement will fail to
hold (although, admittedly, we will have to argue in a slightly more subtle way).
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Suppose that Yadn[é(a, al,n) vV ¢(at, a® n)].

The (strong) continuity principle then gives us: Vadn,mVB[am = fm — (¢(8° B',n) v
B(6, 8% )]

So choose a@ = 0 and determine n,m.

Then for any v,0 € C (choosing these as replacements for 4 and 3'): if ym = dm = Om,
then certainly ¢(v,d,n) V ¢(d,v,n).

Choosing v = § = 0, and writing out the definition of ¢, we find that (F(oyg)), = 0o.
Choosing v = Om * 1 and ¢ = 0, it would give a contradiction with the previous if ¢(v,d,n)
holds (as oy,,,; =™ € 0g). So we may conclude: (F(ogm«1))n = 0o.

To conclude, choose v = § = Om * 1. This gives us that (F(0g,,.1))n = Ogms1, Which is in
direct contradiction with the previous. k o S

Thus, we must conclude that the statement does not hold. ]

4.3 The Less Constructive Classical Result

So we have seen that the straightforward constructive interpretation of the classical refutation
of the symmetry axiom is untrue. However, this does not have to be a complete killer to all
our ambitions to find a parallel to the classical theorem that contradicts the “axiom”.

In the theorem above, I took a very constructive interpretation of the statement. I did not
use the strong interpretation of the disjunction in that, but I did interpret “is an element of”
(€) very strongly. What would happen, we could ask ourselves, if we merely required that
there exists no symmetric pair? Then we would not have to explicitly indicate a point in the
definition of F(7) where o is included (or the other way around), but merely state that the
assumption that there is no such point leads to a contradiction.

Well, it turns out that the answer to the resulting question is not straightforward. In fact, if we
follow the idea of the classic proof, we arrive at a question equivalent to a famous non-result:
Kuroda’s conjecture of double negation shift. That is the following axiom sheme:

Vn € N[-=¢(n)] — —==Vn € N[¢(n)]

This principle, in its general form (Vz[-—A(z)] — —=Vz[A(z)]) is independant from the
standard axioms of logic [4]. When quantifying over the reals other than the natural numbers,
the principle contradicts the Brouwer-Kripke axiom. The countable version is often accepted.

So let us consider this bold conjecture:

Conjecture 1. There exists a function F that maps the ordinals to the class of countable
sets of ordinals such that for any o,7 € O it can not hold that neither is an element of the
other’s F'-image.

In formula: 3F : O — O,Vo, 7 € O[-—In[a = (F(B))n V B = (F(a))]]

Suppose we follow the classical reasoning, and define, for any ordinal o, F(0) =0 U{c}.
Then the conjecture comes down to: Vo,7 € O[-=(c € TVo =7V T € 0)].
How would we prove such a statement? The answer seems obvious: by induction.

So take some ordinal o. By induction hypothesis, assume:

Vre OVa e o[-—(aeTVa=7VTE€ a) (4.1)
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We must see that this implies that V7 € O[-—(c € TVo =7V T € 0)].

So fix any 7 € O. We need to show that =—(c € 7V o =7V 1 € o), and will do this by a
further induction, over 7. By induction hypothesis, assume:

VB er[-—(cefVo=0VGEo) (4.2)

Towards a contradiction, further assume that

~(ceTVo=TVTEO) (4.3)

Suppose we can find some « € o such that 7 € a. Then, since ordinals are transitive by
definition, 7 € o, which gives a contradiction with assumption 4.3.

Now suppose there is some o € ¢ with 7 = . We directly have that 7 € o.

From these two remarks and induction hypothesis 4.1, we find that for any o € o: =—=(«v € 7).

Similarly, if we can find some 3 € 7 with the property that either ¢ € 8 or 8 = o, we have
another contradiction. Thus we can conclude from 4.2 that for all g € 7: =—(f € o).

We have now seen that both Va € o[-=(a € 7)] and Vf € 7[-=(8 € 0)]. Since o and 7 are
both countable, the DNS-principle would give us that ~—Va € ola € 7] A ==V € 7|8 € o],
which implies that =—(o = 7) and thus gives another contradiction. O

What exactly is the extra principle we need? Surely, we wouldn’t really have to assume the
principle (Yn[-—=Q(n)] — —=Vn[Q(n)]) for every property @ just to make this proof work?
And indeed, if we investigate the proof a little, we see that we only have to assume the
statement for Q(n) of the form o, = (undefined) V o,, € 7, for arbitrary ordinals o and 7.

If we want to see that always - —(0c € TV o = 7V 71T € 0), it is impossible to avoid the
assumption in this form. We can see this because it follows from this statement!

Theorem 7. Suppose: for all ordinals o and 7: =—(0c € TV o =TV T E 0).
Then: for all ordinals o, 7: if Va € o|=—(a € 7)], then -—Va € oa € T7].

Proof. To prove this, suppose we are given some ordinals ¢ and 7, satisfying the following
conditions:

l. - ~(c€TVo=7TVTEO)
2. Ya € o] (a € 7)]

3. Va € ola €]

If we can obtain a contradiction from these assumptions, it is clear that the theorem holds.

So suppose that ¢ € 7. Since 7 is transitive, we see that all elements of ¢ are also elements of
7, which contradicts assumption 3. The same problem occurs if o = 7.

Using assumption 1, we can thus conclude that —=—(7 € o). But from section 4.1 we know
that =(7 € 1), which, combined with assumption 2, shows that —=(7 € o). This gives us the
required contradiction. k O
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Thus, it is clear that we have to make a rather strong assumption to get relative com-
parability of ordinals. Note that, even though we restricted the DNS-principle to some
very specific statements, there are many statements that can be converted to this form;
that is, for statements Q(n) of a given form, we can find ordinals o,7 such that always
Q(n) is equivalent to o, € 7. Then “Yn[-—Q(n)] — —=Yn[Q(n)]” becomes equivalent to
“Ya € o[~(a € T)] = =—Va € o[a € 7]”. Examples of such statements Q are all II} and £}
formulas (Q(n) = Vm[P(n,m)] or Q(n) = Im[P(n,m)] with P(n,m) a decidable property).

Of course, it might be that we don’t actually need comparability of the ordinals to prove the
conjecture - we only need it to apply the proof that works in classical mathematics. Choosing
a different function F', there may well be another possibility to confirm conjecture 1.
However, I haven’t yet been able to find such a proof, or a way to see that it can not exist.
So I will leave this question open for further research!

4.4 An Axiom of Symmetry?

So far we have asked ourselves what results we could obtain when we try to imitate, in some
sense, the classical proof. Alternatively, one may wonder if the axiom of symmetry, interpreted
over ordinals rather than reals, might become true in our constructive setup.

This question is very related to what we have done so far. The axiom of symmetry on the
ordinals,

VF3o,7 € Olo ¢ F(T) AT ¢ F(0)]

is in direct contradiction with conjecture 1. Of course, that doesn’t mean it can not be true,
but it becomes less plausible.

Unfortunately, I have not (yet) found another way to refute this version of the axiom, so this
will also stay an open question for the moment.

4.5 Discussion

In this chapter we have considered a constructive form of ordinals, and the axiom of symmetry
in this setting. We have seen that, to all likeliness, the axiom itself does not hold in the
intuitionistic ordinal setting - although the proof I presented for this needs the additional
assumption of double negation shift. However, the constructive form of the refutation of the
axiom doesn’t work either. In fact, even the not-really-constructive version of the converse of
the axiom can’t easily be proven!

The questions in this chapter are not all completely answered. Further research could reveal
whether it is really possible to refute the axiom of symmetry in an ordinal setting, or, even
stronger, whether we can find any F' that does not have a symmetric pair.

Alternatively, more research could be spent on defining the ordinals in a constructive way,
which is mostly skipped over here. Such research has been done before, but might still lead
to more results.
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Chapter 5

Throwing more darts

In chapter 3 we have seen how to prove the basic version of the theorem of symmetry. We can
extend this method to show that the more complicated looking extensions - throwing multiple
darts, or basing the functions on multiple points - hold as well!

5.1 Throwing many darts

To start, let us consider what happens if, in the setup of the standard axiom of symmetry
(every point is mapped to a countable set), we want to choose not just two, but any finite
number of points. Can we choose them in such a way that none of them is in the set associated
with any of the others?

In the thought experiments Freiling conducted, we would consider throwing a dart at the real
number line (where each number is mapped to a countable set of reals). First throw a dart,
to fix some number. Throw the next one - the chance it will land in the set associated with
the first one is 0, and, by the symmetry of the situation, the first one is not likely to be in
the set from the second one either.

Now throw a third dart. The chance that it lands in the sets that belong to either the first
or the second is, again, 0. And, by symmetry, so is the chance that any of the others is in the
set associated with the third.

And thus we can go on. Throwing any finite number of darts, we see that we could expect
that none of the darts will belong to one of the sets associated with the others. Even if we
throw countably many darts, the probability that one of them belongs to a set associated
with one of the others is still 0 (by the usual symmetric argument!). So, if we allow ourselves
to be led by this intuition, we would expect that we can even find countably many points
such that none of them belongs to the set associated with any of the others.

This reasoning is essentially equal to the way the standard axiom of symmetry was defended
- we just continue on the same principle. For those who (classically) want to accept the
statement it leads to (“we can find a countable set X of points, so that for each pair (z,y)
of points in X, x is not in the set associated to y and y not in the set associated to z”), it is
therefore quite nice that this seemingly stronger statement turns out to be equivalent to the
symmetry axiom itself. Freiling even shows that, if one accepts the negation of the continuum
hypothesis, they may extend the symmetry axiom even further: for any cardinal number x
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less than the cardinality of R, there is a set X C R of cardinality s such that for each pair of
elements z,y € X, neither is in the set associated with the other.

Of course, in an intuitionistic setup, we can not copy his proof (which assumes wellorderability
of the reals and other such dangerous clauses). But if we assume the weak continuity principle
again, both the finite and countable versions of the statement hold - we can prove this in what
is basically exactly the same way as theorem 2 - we just have to work on finitely or countably
many points at the same time.

As before replacing the set R of the real numbers by Cantor space C, we obtain the following
two extensions of the standard axiom of symmetry:

Theorem 8. (A*F)
Let F be a function that maps C to C.
Then there exist o, ...,y such that Vn,m € {1,... k}[n # m — Vidjla,(j) # F(am)'(5)]]-

Theorem 9. (A*)
Let F be a function that maps C to C.
Then there exists a such that Vn,m € N[n # m — Vidjla"(j) # F(a™)'(5)]].

I will only prove the second one of these two theorems - theorem 8 follows trivially from 9
and isn’t that much easier, so a separate proof would not add anything.

Construction:

Since F' is still a function that maps C to C, we can use the same observations as in section
3.3.1. So we may assume that we again have a function A : N x {0,1}* — N such that it is
strictly increasing in its parameters, and the properties named in equation 3.2 hold:

VnVa € {0,1}*V8[a * 0A(n,a) = BA(n,a) — F(ax*0)(n) = F(B8)(n)]

We will define recursively, in each step ¢ =( m, k), a natural number X, and o({ n, X, )
)y a((n, Xqp1 — 1) for every n € N.
To make this work for all g, first choose Xy = 0.

Now, in step ¢ =(m, k ), we may assume that each a” has been defined in the first X, places.
Now define:
Xgt1 = A((k, Xg ), (a™(0),...,a™(Xs — 1))

a(m,Xg)=...=a(m, X1 —1)) =0
for each n € N, n # m: a((n, X)) =1— F(a™X, *0)(( k, Xy ))
for each n € N, n #m: a((n, Xq+1)) =...=a((n, Xgr1 —1)) =0

It is easy to see that this process defines o completely and unambiguously.
Correctness proof:

To prove the theorem, we must see: Vn, m[n # m — Vidjla"(j) # F(a™)"(j)]].
So let n #m, i € N. Take j = Xy, 5 and define a = a™j.

Then X, 941 = A{(4,7),a) and a * 0X, iy41 = @™ Xy, 941- So we can apply 3.2 to obtain:

F(ax0)((4,7)) = F(a™) (1,7 ))-
Thus, a((n,j7)) =1— F(a™)({,7)), which gives us what we had to prove. O
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5.2 Multi-dart based functions

So far, we have considered functions that associate to each point in Ror C a countable subset
of R or C respectively. But there is little reason why we should only limit ourselves to functions
in one variable - with similar probabilistic reasonings as before, we can defend extensions of
AS with multi-variable functions.

Suppose, for example, that we have a function F' that maps (unordered) pairs of reals to
countable sets of reals. Pick any two points on the real line. Pick a third. Using the same
probabilistic reasoning as done in chapter 1, note that the chance that the third point falls
into the image of the first two points is 0. By symmetry, it is equally implausible that the first
falls into the image of the latter two, or that the second falls into the set that comes with the
others.

So, surely, there will exist 3 points such that each of them falls outside the set associated to
the pair consisting of the other two?

The same argument applies for functions in n variables, for any natural number n. If we want
the infinite extension, we will have to be a bit more careful.

So suppose we have a function that maps countable sets of reals to countable sets of reals.
Choose, at random, a countable set X C R (we can do countably many random throws, as
we have the (countable) axiom of choice!). Since we have chosen at random, the chance that
an element of X belongs to the set ' maps the rest to is still 0.

But this argument is different from the previous ones. The symmetry reasoning is dropped,
and replaced by simply fixing the other points in the set - countably many times. Could it be
that we are crossing a bound?

And indeed, classically this last, infinitary statement fails. That is, by the axiom of choice,
we have wellorderability of the class of countable subsets of R. Using this, Freiling shows that
there exists a function F' : R — R, such that there is no infinite set X with the property:
Vo € X[o ¢ F(X \{2})] [2].

However, this only applies to the infinite case. With some extra assumptions about the car-
dinality of the reals, the classical mathematician can show that for any function F' there are
such sets X of arbitrary, but finite size. However, unlike theorem 8, the resulting statements
are not equivalent to the standard axiom of symmetry: extra assumptions are really necessary
for their proof.

I will not go into the classical proof here; the interested reader may look it up in Freiling’s
article.

To study these extensions from an intuitionistic viewpoint, we must be careful. For what,
exactly, is a function on countable sets of reals? Can we assume that the function “knows”
the enumeration of such a set?

Sticking to the method of associating an hset directly with its enumeration, I will allow
functions that depend on the enumeration of a given countable set. Doing this, both the finite
and infinite extension will hold. Again, we only need the weak continuity principle to see this.
Formally, the two extensions become:

Theorem 10. A"
Let F be a function that assigns to each subset of C with n elements an hset of sequences in
C. Then there are ay, . .., € C such that for each k < n: ay ¢ F({a;li € {0,...,n}|i # k}).
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Theorem 11. A%
Let F be a function that maps the class of hsets of sequences in C to itself. Then there is an

hset X C C such that for each a € X: a ¢ F(X \ {a}).

To make the proof both easier and stronger, let us think of hsets purely as infinite sequences.
So we think of F' as a function that maps sequences of @ € C U {(undefined)} to other
sequences, with some restrictions that guarantee equivalent results on equivalent sets.

Since the statement only becomes stronger if we make the sets mapped to by F bigger, we may
replace every occurence of (undefined) by 0. We can also choose not to enforce the restrictions
on F; this, too, only makes the statement stronger.!

To formalise the theorems in this way, define for any sequence «, any n: o\ a™ is the sequence
such that for all m,k: if m <n, a\a"((m,k)) = a((m,k)); if m>n, a\a™((m,k)) = a(
m+1,k)).

If we also define C,, as the class of those elements « of C for which each af = 0 if k > n, we
can summarise the two theorems above as follows:

A': VF:C — C3a € CiVn < iVm3k[a™(k) # F(a\ o)™ (k)] (5.1)

A¥: VF:C — CIaVn¥mIk[a" (k) # F(a\ o)™ (k)] (5.2)

It is easy to see that 5.2 implies 5.1. As such, I will only give the proof for the latter of the
two here; this will give us both theorem 10 and theorem 11.

Construction:

So let F' be a function that maps C to itself. The goal is to construct some « such that
VEVidm[aF (m) # F(a\ of)i(m)].

As before, we may assume that we have A : N x {0, 1}* — N such that it is strictly increasing
in both parameters, and 3.2 holds:

vnVa € {0,1}"Vf[a x 0A(n,a) = BA(n,a) — F(ax0)(n) = F(3)(n)]

To use a construction similar to the one before, we will choose, in each step ¢ =( n,m )

a natural number X,i; and for each n binary values a(( n,Xq )),...,a({ n,Xg41 — 1)).
The choices in step ¢ =( n,m ) will be made in such a way as to secure that a"(X,) #
Fla\ a")™(Xy).

First let Xy = 0.

Now, in each step ¢ =( n,m ) we can inductively assume that we have X, and for each k
akX,. Define X411 and the next parts of « as follows:

Xg+1 = A m, Xq ) (a0, - .., aq x,-1)), where a; = (a '\ o™)(i) if this number is already
defined, 0 otherwise.

For each k # m, let a((k, X;)) =... = a((k, Xq41 — 1)) =0.

To conclude, choose a({ n, Xy ) = 1 — F({ao, -, aqx)-1) * 0)(( m, Xy ) and o”(X, +
1),....,a" (X441 — 1) =0.

!The statement becomes significantly stronger if we drop this requirement - with an eye on the continuity
principle, one might imagine this requirement would be very limiting when trying to construct interesting
functions.
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Correctness proof:

To see that « suffices, we must show that VnvVm3k[a™ (k) # F(a\ ™)™ (k)].

So let n,m € N, define ¢ =(n, m ) and choose k = X,. Also say a = (ao, - . ., a4, x,)—1), Where
the a; are the ones defined in step q.

From the construction it trivially follows that a({ n,k )) # F(a % 0)({ m,k )). We also have
that Xq11 = A(m, k), a).

So if only we had that a * 0X,11 = o\ X441, we could apply 3.2 to see that F'(a * 0)({
m, kY) = F(a\ a™)™(k), which gives us the needed result.

To prove that indeed a*0X441 = o\ a"Xgq1, let 1 :=( 4,5 )< Xg+1. We must see that
a+0(l) = (\ am)(1).

Consider the possibilities: either [ <{ ¢, X ) or (¢, Xq )< L.

In the first case, if j < X, then a; = (a\a™)(l). Otherwise X, < j < X441 and (a\a")(l) =0,
as is aj.

In the second case, we only have to prove that (a\ a")(l) = 0.

So suppose that ( ¢, X4 )<(4,j ). Then either i > g or j > X,. In the latter case, X, < j <
Xg+1, (a\ a™)(1) is set to 0 in step q.
In the first case, (a\ a™)(l) = a'T1(j). With a short induction, we can see that a't1X, = 0X,:

Vs € NVt € N[t > s — ol X, = 0X,], bij induction on s.

Base step: For s = 0, this is trivial as Xg = 0.

Induction hypothesis: V¢ € N[t > s’ — ol Xy = 0X].

Induction step: Let s = s’ +1 and let ¢ > s. By the induction hypothesis: afXy = 0Xy. Since
t# s, in step s’ af(Xy), ..., (Xs — 1) are all set to 0, so at X, = 0X,. O

So if (g, X4 )< I, then always (a\ a™)(l) = 0, which completes our proof! O

5.3 Ordered multi-dart functions

When translating from countable sets to infinite sequences in the previous section, we allowed
all kinds of functions, dropping the requirement that the function, when presented with two
sequences that correspond to equal sets, will give equivalent results. If anything, this makes
the result stronger than what we originally asked for.

But we can make it yet stronger! In the sequence-translations of the theorems, if the function
we use does respect equality, the corresponding set will be such that each member is unequal
to the image of the rest - no matter how we translate the rest. More precisely, if, in 5.2, F'
respects set equality, then we will find some « such that for any k, o is constructively different
from any F'(5)", where (3 is any element of C such that {3™|m € N} = {a"|m € N|m # k}.
To get a new result, we could ask ourselves: can we always find such an «, even if F' does not
always respect set equality (or when we don’t know)?

To elaborate on this question, define the notion of a permutation:
Definition 3. Permutation
An element « of N is called a permutation of n if for each m < n there is some k < n such

that a(k) = m. So the first n places of o contain the number 0...n — 1 in some arbitrary
order.
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An element 3 of C is called a permutation of N if for each m there is a unique k such that
a(k) = m. So f would have all the elements of N, in some arbitrary order.

For any permutation = and « € N, define o™ as the sequence with (a™)" = a™™) for all n.
Now we can find, with very little difficulty, that the extension of theorem 10 holds:

Theorem 12. A" extended
For oll F : C, — C there exists some a such that for all permutations m of n: Vk <
n¥idmla*(m) # F((a\ o®)7) (m)].

I will not prove the theorem here, but it is easy - we simply enumerate all possible permutations
(there are only finitely many!), and continue, in step { k,m ) (if k¥ < n, otherwise we skip the
step) a in such a way that o will be unequal to F(3)™ for every permutation § of '\ oF.

We can not apply the same principle to the infinite case: the permutations of any given
countable sequence are not finite - not even countable, which would also lead to a solution.

I have not yet been able to prove or reject this extension of the theorem. Formally, it becomes:

Conjecture 2. A% extended
For all F : C — C there exists some a such that for all permutations w of the natural numbers:

VEVidm[a* (m) # F((a\ o®)™)i(m))].

I will leave this question open for now - it might be an interesting assignment, or more trivial
than it seems at first.
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Chapter 6

The axiom of symmetry and
measurability

6.1 Introduction

When defending his axiom of symmetry, Freiling formulated a stronger version of the axiom
where a null set is associated to every point, rather than just a countable set. This variation
implies the standard axiom, as every countable set of reals is a null set.

In this chapter, I will investigate this question, and the standard multi-dart extensions. I will
use the fan theorem, in the strong form, as explained in chapter 2.

6.2 Definitions

First we will need to know what a measurable subset of R is; or, at least, what a null set is.

So define the notion of a finite areal: this is a finite sequence of rational intervals, say an
element of S*.

For any finite areal a € S*, define u(a) as “the total size of the area covered by a”. That is,
define p with a recursion on the length of a: for s € S, a a finite areal, pu(()) =0, u(ax*(s)) =
pla) +Is| — n({a(0)Ns,a(l)Ns,...,a(len(a) — 1) N s)).

A measurable areal, then, is a sequence a € N with the property that Vn[a(n) € S| and that
the sequence p(a0), p(al), p(a2), ... converges.

Define p(a) = limy, o0 p(an).

A measurable areal can be thought of as a constructive form of an open set.

For a finite or measurable areal, write * € « to denote: Im,nfa(n) < z(m) <
z(m)” < «a(n)’]. Then x ¢ o = —(x € «). For a stronger version of non-inclusion,
say ¢ o :=Vm3n[z(n)” < a(m)’' VvV a(m)” < x(n)'], so x is really outside (and not even on
an edge) of every interval in a.
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Now we could define measurability on subsets of the real line R as “a set is measurable if it
can be approached by closed subsets and open supersets” . From such a definition, we can
derive that all measurable areals are, indeed, measurable.

However, we don’t particularly need this. For the results in this chapter, I will only need
null sets, and measurable areals themselves. As such, we can leave the exact definition of a
measurable set in the middle - it would only complicate things needlessly.

We do need to define a null set: this is a subset of R with the property that for each k, it is
covered by a measurable areal  such that pu(a) < 27

For ease of writing, I also define the following abbreviations: let a,b € S, «, § measurable or
finite areals:

aUb: the finite areal (a, b)
a C b: Ym[a(m) C ]

a N B: the finite or measurable areal that covers exactly those intervals that are covered both
by a and 3. If a and § are both measurable areals, for example, this will be the v such
that y({n,m)) = a(n) N G(m). If, for example, the first one is finite, use a variation of
(,) that induces a bijection {0,...,n — 1} x N to N instead.

a U B: the finite or measurable areal that contains all the intervals either in « or (.

Write A for the class of measurable areals.

We define A to be the class of those elements « of N such that Vn[a" € A A p(a™) < 277].
Using this definition, we can almost identify N with the class of null-sets: for each A C R we
know that A has measure 0 if and only if, for some a € N, every x € A is contained in every
a” (or, brief, A C (), cy ™).

For A € N we define: z € A :=Vn[z € A"], z ¢ A:=3In[z ¢ A"].

6.3 Ponderings

How would you constructively prove a theorem like A, that states that for each function
that maps the reals to the nullsets, there are two points not belonging to each other’s image?
When a nullset, to us, is nothing more than a shrinking sequence of measurable areals, should
we point out an element of this sequence that does not cover a given point x to see that x is
outside the nullset? It sounds reasonable - but if we want to interpret “not belonging to each
other’s image” in a strong way like that, doesn’t the axiom suddenly become a lot stronger?

I would say it does. Note that every nullset can be represented by a shrinking sequence of
measurable areals with the additional property that each of these areals can be chosen strictly
inside the previous one. So if we do this, and if we can then find some x, y, n and m such that
¢ F(y)" and y ¢ F(x)™, then taking k = max(n,m) we have that = ¢ F(y)* Ay ¢ F(z)*.
So, for any F' that maps the reals to the nullsets, we can find some function G that maps to
measurable areals, such that each F(z) is covered by G(x), and G has a symmetric pair.

'For example, a subset X of [0, 1] is measurable with measure v if, for each € > 0, we can find measurable
areals «, 3 such that 1 — u(a) > v —¢, u(B) <v+eand {zjz € Rlz ¢ a} C X C {z|z € R|z € §}.
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From this, one may wonder whether there is some k such that any function G that maps to
the finite areals of size 2% has a symmetric pair.

We will find that this very constructive interpretation of A, holds: we can find a number k
such that each function that maps the reals to measurable areals of measure less than 27% has
a symmetric pair. In fact, we will see that it holds for k£ = 1. It is easy to see that a smaller
k is not possible!

6.4 Finite version

In order to make the reader familiar with the idea of the proof, I will first show a version for
finite areals:

Theorem 13. Let F' be a function that maps [0,1] to N* such that Vz[F(x) is a finite areal
with p(F(x)) < 3]. F does not have to respect = 2.
Then there are x,y € [0, 1] such that x ¢ F(y) and y ¢ F(z).

Proof. First of all, since S* C N, we can apply the continuity principle to obtain that Va €
[0,1]3nVy € [0,1][zn = yn — F(z) = F(y)]. Limiting our function to [0, 1]*, we can apply
the (extended) fan theorem to this formula and conclude that there exists some N € N such
that Va,y € [0,1]*[ZN = gN — F(x) = F(y)].

Now look at all standardintervals a of order N and define, for all s € S*, Fa = s iff for some
x € a, F(x) = s. By the choice of N, we can test this by taking any z € a.

Each Fa has measure at most %, and thus covers at most 2V ! intervals b € Sy completely.
With a simple counting argument we see that there must be an interval b € Sy such that
#{ala € Sx|b C Fa} <2V~ (we can just enumerate all the elements b of Sy and determine
whether they fulfill the condition). Fb will also cover at most half the standard order N
intervals.

Let A = {ala € Sy|b C Fa} and B = {a|a € Sy|a C Fb}. Then either b € B or b ¢ B.

Suppose b € B. Then, trivially, b € A. So #(AU B) < 1+ #(A\ {b}) + #(B \ {b}) <
T+ 2Vt —1)+ (2V1 - 1) = 2V — 1, so there is some ¢ € Sy with ¢ ¢ AU B. ¢ is not
completely covered by Fb, so there is some y € ¢ such that y ¢ F'b. b is not completely covered
by Fe, so there is some x € b with « ¢ F'c. These x and y satisfy the theorem.

Now suppose b ¢ B. Then there is a subinterval ¢ C b such that ¢ is completely uncovered
by F'b. Take x inside c¢. Then = ¢ F(x) and we’re done. O

Note that, unlike in the solution to the standard axiom (and extensions), we do not use a
symmetric argument to build up = and y here. We just fix a special interval that is covered
only by the images of “few” of the other intervals and take x there. For y, we then only
have to pick it in some interval that both isn’t covered by the image of z (there are few of
those) and whose image doesn’t cover z (also few, as that’s how we chose x). The case split
1

be BVb¢ B is only necessary for the situation that always u(F(z)) = 3.

2This clause is necessary to make the problem in any way interesting: if F' does respect =, it is constant by
the continuity principle!
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As a bonus, this is a sharp theorem; if we allow F' to map to larger sets, even by any € > 0,
it is possible to construct such functions that do not have a symmetric pair.

Proof of this claim:

Give me any e. Determine N € N such that 2=V < ¢. I will create a function F such that for
any two standardintervals a,b € Sy, either Vz € [d/,d"][x € F(b)] or Vx € [V/,V]|[z € F(a)].

Idea of the proof:

The image of each standardinterval of order N may cover 2V =1 + 1 standard intervals of the
same order completely. We always make the image of such an interval cover the interval itself;
for the rest we just choose the images of the intervals in such a way that for every pair of
standard intervals a, b, either a € F(b) or b € F'(a) (but never both).

Construction:
First create a finite areal a of size 27 such that all points ov (@ €{0,... ,2N1) are covered
_ -N -~ -N

by «a; say a(n) = (n-2 N—;THJ N+22T+1>.

Now define, for n € {0,...,2" — 1}, a finite areal An as follows:
(X(0),...,X(n)) *(X(2NN),...,x(2Y —n —1)) if n < 2N-1

An = N N N-1 ; N—-1

(X(n),...,.X2" = 1)) « X2V —n),..., X(2 —1)) ifn>2

Here, X (a) is the standardinterval (a * 2=V, (a + 1) * 27V},

Now define a function F' : R — A as follows: given & € R, determine the first n such that
either xz(n) falls strictly inside one of the intervals in «, or z(n) falls strictly inside some
standardinterval of order N. Then define F'(z) to be « if z(n) proved that z falls inside a,
otherwise F'(z) = aU An.

Correctness proof:

Some observations about the definition of An:

e For all n: X(n) is one of the intervals in An.
o If n <m < 2V~ X(n) is one of the intervals in Am.
o If 2V=1 < < m: X(m) is one of the intervals in An.

o If n < 2V~ < m: if m < 2¥ —n, then X(m) is one of the intervals in An, otherwise
m—2N > —n,son > 2N —m and X (n) is one of the intervals in Am.

e For n < 2N An covers 2V~! + 1 standardintervals of order N completely. For n >
2N=1: An covers 2V~ of these intervals.

Also note that F is defined without any free choice. For all z, u(F(z)) < pu(a) + (2N¥1 +1) -
27N =27 N o7l 4o N =N+l 4 o7l o7l 4 ¢

Give me any z,y € [0,1]. If we first find that z € « then we know that x € F(y) and
are done. So assume x is inside some standardinterval a. Similarly, assume y is inside some
standardinterval b.

Now we have seen that always either a is covered by F(y) or b is covered by F(x). O
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6.5 The axiom of symmetry for sets with small measure

The infinite case is a lot more difficult, because we can’t point out intervals whose members

all have exactly the same image. Fortunately, we can still apply a similar reasoning, where

we find a single real that isn’t covered “too much” by the images of the rest. To keep a bit of

space in the choice of intervals, the function in this theorem will only map to sets of measure
1

strictly smaller than 3.

We intend to prove the following:

Theorem 14. A<;
2

Let F be a function that maps [0,1] to A such that Vz[u(F(z)) < 3].
Then there exist x,y € [0,1] such that x ¢ F(y) and y ¢ F(z).

Having this theorem A, naturally becomes trivial.

The theorem itself is not easy to prove. We will do it in two steps:

e Find some real number x and a measurable areal « such that x is only covered by the
images of points in . We should choose x in such a way that « has small measure, say
no more than %

e Find a real number y that is both outside o and F'(x). This should be possible because
their joint measure is smaller than 1.

We will need the (extended) fan theorem again. To make the proof easier to follow, I will use
separate lemmas for both steps.

First we need the well-known fact that if a measurable subclass of [0, 1] has measure less than
1, there will be some real in [0, 1] outside of it. We will need this lemma for the second step,
which is the easier of the two - although the method used in this proof is very similar to what
we will use for the first step.

Lemma 1.
Let 3 € A be such that u(f8) < 1.
Then there exists x € [0,1] such that x ¢ 3.

This lemma will follow without any additional principles.
Idea of the proof:

As a very rough guide to what we are going to do, essentially the idea is as follows: let § € A
be such that (8N [0,1]) < 1. Then we can show that u(8N1[0,3]) < 2 vu(Bn[3,1]) < 3.
Suppose 1(8N0,3]) < 5. Then p(BN[0,3]) < 2 vu(Bn[},1]) < 1. And so on. By choosing
a smaller interval every time, eventually we fix a value x that suffices!

Now in more detail.

We will build x inductively, while learning more about 3. In each step n, we start by deter-
mining the first M places of 3, where M is chosen so large that the remainder of [ is relatively
small (u(8) — u(BM) < 27! for some cleverly chosen t,,). Assuming we have already defined
x(n), we can then define x(n + 1) to be the half of z(n) that is least covered by 3N.
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Of course, for this construction to be useful, we would always have to be able to choose a
half that is not completely covered by the start of 3. We will also have to take precautions
to avoid that the resulting x lies on the edge of any of the intervals in 3, as we wanted strict
separation (¢) of x from f.

So we will create, in step n, a set A, of standardintervals that are strictly separated from
BM and inside z(n + 1). Using the clever definition of t,,, we will be able to see that A,, will
always cover a reasonable part of [0, 1] - more than what the remainder of 5 can spoil. By the
construction,  will end up in each of the A,,, securing it is strictly outside .

Observations:

To avoid making exceptions, it would be nice if none of the intervals in [ overlapped (so there
would never be n,m such that n #m A 3(m)" < 8(n)" A B(n) < B(m)").

But we can modify 3 to force this. Simply cut each interval 3(n) up in subintervals, so that
each subinterval has either been completely covered by the intervals 5(0), ..., 3(n—1), or not
at all. Then make a new areal 3 by enumerating all the parts that have not been covered
before. There are some points 2 with € 3 and not « € 3’ (endpoints of intervals), but = ¢ 8
if and only if = ¢ (.

To conclude, in the proof of this theorem we can safely assume that 3 does not have any
overlaps.

Construction:

u(B) < 1, so there must be ¢ such that u(8) < 1 — 2. Now define to := ¢ and for all n > 0:
tn i =t+2(n+1).

I will define, recursively, for all n: M,,, R,, € N as well as a set A, C Sg, and z(n+1) € Sp41,
z(n+1) C z(n) (so x will be an element of [0, 1]*). The following conditions will hold for each
n:

1. #A, > 28 .97t . 4=(nt])

2. Va € Apla Cz(n+1)]

3. Vae€ Api13be Apfa C b

4. w(B) — u(BMy,) < 27t if n. >0

d. Rn+1 > Rn

To this end, we first define My = 0. 3 is a measurable areal, so u(3k) converges to u(3) and
we can find, for all n > 0, M, such that |u(BM,) — u(B)| < 27t. Since u(Bk) is increasing
for k increasing this gives us point 4 for all n.

We also define z(0) =( 0,1 ) and, for writing ease, A_; = ({ 0,1 )), R_; = 0. Note that
A1 C Sk ,and z(—1+1) € S_141.

Now we define, inductively, for all n, A,,, R, and x(n + 1) as follows:

Determine R, such that either M, 1 -2 -27fn < 2701 if n = 0, or Myyq -2 2710 <
27t if n > 0. Choose R,, large enough, such that R, > R,_1, to secure point 5 for the
inductionhypothesis. We automatically have that R, > t 4+ n + 1, so 2 . 2=(tn+1) wi]]
always be an integer.
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Let B be the set of all standardintervals a € Spg, such that a is not strictly outside

B(My),...,B(M,+1 — 1) (so a has some overlap, at least an endpoint, with these parts of

B). Since we assumed ( wouldn’t overlap itself, u({(3(M,), ..., 3(My4+1 —1))) will at most be

w(8) — p(BMy).

So #B = (number of intervals of order R, that are covered by ) -+

(number of other intervals of order R, that share points with 3) < 2f~ .

H(B(My), .o B(Myiy — 1)) + (Mosy — My) -2 < 280 - (u(B) — p(BMy)) + Moy - 2 <
2ftn . (1 —27t0) 4 2Rn . (27t0=1) = 2Fn . (1 — 2=t0—1) {f p =0

{ 28n .27t 4 9Rng=tn = 2ftn . g=tntl if n>0

Now let C be the set consisting of all standardintervals of order R,, that are not in B, but
are covered by some element of A,,_1 (so C contains all standardintervals of order R,, that we
would like z to be in). Since R,, > R,,—1 we know that an interval a € Sg, is either covered
completely by an interval b € Sg, , or not at all.

If n = 0, then C contains exactly the a € Sk, that are not in B, so #C > 2% . 2~ (to+1) —
oRn . 27(t+2n+1).

If n > 0, then by the inductionhypothesis #A4,,_; > 2f-1.27t. 47" 50 since A,_; contains
standardintervals of order R,_1, at least 9Bn . 9=(t+2n) gtandardintervals of order R, are
covered by some element of A,,_1. At most 28 .27 tn+1 — 9Bn . 9=(t42n41) f thege are covered
by B. So #C > 2ftn . o= (t42n+1)

Now look at the rational intervals a :=( z(n)’, M ) and b :=( M, x(n)" ). Since
all the intervals in C' are covered by elements of A,,_1, and those again are covered by z(n), and
because R, > n+1, at least one of the halves a, b of x(n) will contain at least half the elements
of C. Take x(n+ 1) to be this half of z(n). Take A,, to be the subset of C' that contains only
those intervals that are covered by #(n+1). Then #A,, > 28n.2=(+2n41). 1 = 9fn o=t g=(n+1),
This secures point 1 for the inductionstep. From the rest of the construction we see directly
that the other conditions are filled as well.

Correctness proof:

First, we note that Vn[z(R,) € A,].

After all, for any b € Ap,, both b C x(R,) (by 2) and for some a € A,: b C a (by 3 and a
trivial induction).

We can determine whether z(R,) and a are the same or not; but if they are not, they would
at most have a single point in common (both being standard intervals of order R,,), and b
couldn’t be covered by both. So a = z(R,,), and thus z(R,,) € A,.

Now, to conclude that z ¢ 3, we must see that Vm3n[z(n)"” < S(m)" Vv B(m)" < z(n)].

So let m € N and find k such that M < m < Myyq. In step k& we choose Ay in
such a way that Va € Ai[z is strictly outside S(My),...,8(Mgi1 — 1)], so we see that
Va € Agla” < B(m) v B(m)" < d].

So we can choose n = Ry, to get the wanted conclusion. O

To prove theorem 14, we also need to work on the first of the two steps we discussed before:
finding a number x that is only covered by the images of points in a relatively small areal.
Here, too, I will use counting arguments and reasoning with formulas to get the idea of the
proof exact.

In this lemma, I will use the fan theorem.
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Lemma 2.

Let F be a function that maps [0,1] to A such that Vz € [0,1][u(F(z)) < 5] (F does not have
to respect =).

Then there exist x € [0,1] and 3 € A with the properties that p(B) < 3 and Vy € [0,1]*[y ¢

B—azd Fly)l

Idea of the proof:

We will build z recursively, while slowly learning more about F(y) for all standard reals y
(simultaneously).

During the procedure, we will keep a list of standard intervals that are still “okay” for x to
be in. In each step n, the list will only consists of subintervals of the okay intervals of the
previous step.

First of all, note that we can determine most of F'(y) (for any given y) while only a beginning
of y is known (by the continuity principle). Using the fan theorem, we can find an N such
that any standard real y inside the same standardinterval of order N will have the same
value for F'(y)M. Here we can choose M however we want - we choose it in such a way that
w(F(y)M) > u(F(y)) — 27! for a clever choice of t,.

So in step n we can consider all standardintervals of the corresponding order NV and determine
the parts of our okay intervals that are covered only by relatively few of these. We will then
choose some standard subintervals of the previous okay intervals that aren’t covered “too
much” (where too much is given by some cleverly chosen equation), and call these good.
Pick the half of z(n) that covers most of these intervals; call the good intervals inside z(n)
okay.

This way, x will end up inside one of the chosen okay intervals in each step. For each step IV,
take the standardintervals whose image covers x in the areal 3; 6 will not be larger than %

Observations:

Since Vz € [0, 1][u(F(z)) < 3], we can see that Vz3t € N[u(F(z)) < 5 —27']. Applying the
fan theorem to that statement (choosing a fan-representation of [0, 1]), we find a T € N such
that Va3t < T[u(F(z)) < & — 271, so Va[u(F(z)) < 3 —27T].

Since F' maps to A and by the definition of measurable areal, we also know that
VmVxIn[u(F(x)n) > p(F(z)) — 27™]. Applying the fan theorem to this, too, we find:
VmaN € NVz[u(F(x)N) > p(F(x)) —27™].

We can not draw these conclusions without the fan theorem.

As before, we will also assume that F' maps to measurable areals without overlap. Since we
suggested a well-defined procedure to get an areal without overlaps from a general measurable
areal, we can assume this without needing additional choice axioms.

Construction:

First we determine 7' such that Va[u(F(z)) < & —2771].

Define, for n > 1: t, := 2T + 3n + 4.

For each n > 0 we can determine M,, such that Vz € [0,1][S>n, p(F(z)(m)) < 27].
Choose also My := 0. Applying the fan theorem again for every n, we can find V,, such that
Vx,y S [07 1][E(Nn + 1) = y(Nn + 1) - F(x)Mn-‘rl = F(y)Mn-‘rl]'

42



I will now define, recursively, = € [0,1]* and § € A. Like in lemma 1, step 0 is slightly different
from the other steps, but here I will handle it separately as it is too different from the other
steps; it might, however, demonstrate the global idea for the rest of the proof.

Step 0:
Determine Ry such that M -2 -2 Fo < o= (T+1)

Let, for x € [0, 1]* (we will mainly concern ourselves with standard x, because this is the easiest
form of reals to work with and it’s enough), B, be the set of all standardintervals a € Sg, that
are not strictly outside F'(x)(0),..., F(x)(M; —1) (so these a have some overlap, or share an
endpoint with F(z)M;). Then #B, < 280 y(F(z)My)+2-M; < 280 (1 — 27T 4 o= (T+D) =
9Ro . (% — 2= (T+1),

Now let X be the set of pairs (a,b) € Sn, x Sg, such that Yz € a[b € B;| - by definition of
Ny, F(x)M; and therefore B, only depend on Z(NNy + 1), and thus on the standardinterval of
order Ny that it’s part of. So X is decidable.

For each a € Sy, there can be at most 250 - (3 — 2=(T*+D) b € S for which (a,b) € X. So
#X < 2No . oRo . (% — 2~ (T+1)y,

Define Y as the set of those b € Sg, for which #{ala € Sn,|(a,b) € X} <2No. (1 — 2~ (T+2)),
We can determine the number of elements of Y.

Now, suppose #Y < 2fo . o=(T+1),

Then 280 . (1 — 2—(T+1)) .9oNo . (% — 2—(T+2)) < #X < 2No y 2R . (% — 2—(T+1))

So (1 —27 Ty (3 —2=(T+2)) < 1 _o=(T+D)

So (1 —2=T+h)y. (1 —2-(T+)y <1 —2°T

So1—2T49-0@T+2) 1 _ 9T apd 2-@T+2) <, &

So we may conclude: #Y > 280 . o=(T+1),

We want to create x € [0, 1]*, so first define z(0) = (0, 1). All the elements of Y are contained
in z(0), so either (0,3) or (3,1) contains at least half the elements of Y (we had taken
Ry > 0). Take x(1) this half. Choose A9 = {bjb € Y|b C x(1)}. Then #Ag > 3 - #Y >
oRo . 9—(T+1) . 9—1 _ 9Ro , 9T , y—1

Define, for z € [0,1]*: Cy o = {ala € Sn,|(a,x(Rp)) € X}. If z(Ro) € Ao, then z(Rp) € Y,
s0 #Cq0 < 2M0 - (3 — 2= (T+2)) 1f, for y € [0,1]*, y(No) & Ci.0, then (y(No),z(Ro)) ¢ X, so
x(Ry) ¢ By and therefore z(Ry) is strictly outside F'(y)(0),..., F(y)(M; —1).

In the rest of the recursion I will define, in each step n: R, € N, A,, C Sg,, z(n+ 1) and, for
all y € [0,1]*, Cy,n C Sn,, that satisfy the following conditions:

o Va € Ayla C x(n+1)]
e Va€ A,y13b e Ayla C b

o #A, >20n. 2T y-(ntl)

0 Va,y € (0,1 [y(No) ¢ Can — ¥t € (M., Myes — 1}(Ra)' < F(u)(0) VE(5)(0)" <
z(Rn)']]

o for n > 0: Vo € [0,1]*[x(R,) € Ay — #Cyp < 2Nn . 2= (THn42)]

L Rn S Rn+1

43



For n = 0, all the conditions have been satisfied by step 0. Using the above condition as
induction hypothesis, we will define the rest.

Step n=k+ 1:
Determine some R,, such that M, ;-2 - 2~ Fn < 2=t Choose R,, > Rj.

Let, for z € [0,1]*, B, be the set of all standardintervals a € Sg, such that a is not strictly
outside F(z)(M,),..., F(z)(M, —1).

Then #B, < 27 - p((F(2)(M), .-, F(@)(Mys1 — 1)) + 2+ (Myes — My) < 270 - (u(F()) —
p(F(x)My)) + 2 Myyq < 2fn (2700 4 27tn) = 2Fn 5 9= tatl

Now let X be the set of pairs (a,b) € Sy, x Sg, such that Vz € a[b € B;]. By definition of
Ny, F(x)M,,+1 and therefore B, only depend on Z(N,, + 1), and thus on the standardinterval
of order N,, that it’s part of. For each a € Sy, there can be at most 27 . 27t +1 b € Sy for

which (a,b) € X. So #X < 2Nn . 2Fn . g=tatl

Define Y as the set of those b € Sy, for which #{ala € Sy, |(a,b) € X} < 2N . 2= (T+n+2),
We can determine the number of elements of Y.

Now suppose #Y < 2fn . (1 — 2=(TH+1D) . 4=n),

Then 28 . 2=(T+D . g=n . N 9= (THnt2) < e < 2Nn . 9fn . 9=t t1,

So 9~ (T+142n4+T+n+2) - o—tn+1.

So 9—(2T+3n+3) < 9~ tatl — 9—(2T+3n+3) ;
So we may conclude: #Y > 2Ffn . (1 — 2= T+ . 4=n),

Define Z := {b|b € Y|3a € Ai[b C a]}. Since an element a of Ay is a standardinterval of order
Ry < R, it will always either cover a given element b of Y completely or have no overlap with
it (although they may touch in a single point). Therefore, using the induction hypothesis on
the size of Ay, A will cover at least 2%» . 27T . 4=" standardintervals of order R,,. At most
2ftn . 9=(T+1) . 4= of these do not occur in Y. So #2 > 2fin . 2=T . 4=n _ 9Fn . 9=(T+1) 4= —
9Rn . 9=(T+1) , y—n

As A, C z(n) by induction hypothesis, Vb € Z[b C z(n)], and from the construction of
R,, we see that R, > n + 1. Now let s := z(n) + I(")//Q_m(n)/. Then either (x(n)’,s) covers
half the intervals in Z, or (s,z(n)”) does. Choose for z(n + 1) this half (or the first, if both
halves satisfy the condition). Choose A, = {blb € Z|b C z(n + 1)}. Then #A, > % - #Z >
9Rn . 9=(T+1) . g—n . 9-1 —_ 9Rn , 9-T  y—(n+l)

To conclude, define for z € [0,1]*, Cy,, = {ala € Sn,|(a,z(R,)) € X}. If 2(R),) € A,, then
2(Ry) €Y, 80 #Cy,, < 2Nn.2=(T4n4) 1f for y € [0, 1]%, y(Ny) & Con, then (y(Ny), 2(Ry)) ¢
X, so z(R,) ¢ By and therefore z(R,,) is strictly outside F'(y)(My), ..., F(y)(Mp+1 — 1).

It is easy to see that the variables created in this construction satisfy all the conditions of the
induction hypothesis.

Correctness proof:

First, note that for all n, z(R,) € A,: we can see this in the same way as in the proof of lemma
1: (Ry,) is either in A,, or has no overlap with its elements, but the elements of Ag, are both
covered by x(Ry) and by some element of A,; so x(R,) must be an element of A,,. O

The inductive construction above gives us x € [0, 1]*. Using x, we can define 3 as follows:
B(0),...,B8(#Cyo — 1) are the intervals in Cy o, B(#Cr0), .-, B(#Cro + #Cyz1 — 1) are the

intervals in Cy 1 and so on.
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B is a measurable areal: for each n > 0, #C, , < oNn . 9=(T+n+2) and consists of intervals of
length 27Vn; as such, pu((B(Zo<ken?#Cok)s-- - B(Zo<kcn#Cok — 1)) < 2~ (T+n+2)) We can
easily define, step by step, a real number y such that y = limy_ u(8k) < (% — 2~ (T+2)) 4
En>027(T+n+2) — (% _ 27(T+2)) + 27(T+2) _ %

To prove the lemma, we must see that for all y € [0,1]* such that y ¢ 3: = ¢ F(y).

So let y ¢ 3 and let n € N. We must see that there exists some m such that x(m) is strictly
outside F(y)(n). To this end, determine k such that My <n < M. Since y ¢ (3, y(Ni) can
not be contained in Cj .

But Cy ), contains (among others) all the intervals a such that for z € [0,1]* with z(Ny) = a,
x(Ry) is not strictly outside F'(z)(n). Thus, we can choose m = Rj. Then z(m) is strictly
outside F'(y)(n), which is what we had to prove. O

Proof of theorem 1}

With these two lemmas, the theorem has become trivial:

Let F be a function that maps [0,1] to A such that Va[u(F(z)) < 3]. Using lemma 2 we
find x € [0,1]* and 8 € A such that for y € [0,1]*: y & 3 — x ¢ F(y). Choose a € N such
that for all n: a(2n) = B(n), a(2n+1) = F(x)(n). It is easy to see that a € A, and that
pla) < p(F(x)) + p(f) < 1.

Now we can apply lemma 1 to find y € [0,1]* withy # a. Soy & F(x),and y & 3, so x ¢ F(y).
Since [0, 1]* C [0, 1] we have found x and y that satisfy the theorem. O

6.6 Extensions of A,

6.6.1 A,

The standard axiom of symmetry for null sets follows trivially from A_:
2

Theorem 15. A, B
Let F be a function that maps R to N
Then there exist x,y such that v ¢ F(y) Ny ¢ F(x).

Proof. Apply theorem 14 to the function x — F(z)!. This gives us z,y such that = ¢ F(y)*
and y ¢ F(x)! and thus, in a very strong way, what we have to prove. O

But now we could ask ourselves: do we still have the multidart-extensions as we saw in chapter
57

The answer is: we do. This time, I will only go into the infinite dart extensions of A,y itself;
as the statements hold, there is no real need to consider the finite alternatives as well. There
are other interesting extensions we could think about, particularly for extending not A, but
A, (where each point is mapped to a measurable areal of at most measure €), but I will not
treat those in detail here.

The extensions here will be a bit trickier than in chapter 5, because the basic theorem A,
was not derived in a symmetric way. So we can’t just extend the proof method by working a
bit on each of the x; in turns - at least, not without taking some extra precautions.
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6.6.2 A

null

First, let us consider simply the throwing of infinitely many darts.

Theorem 16. A%,

Let F be a function that maps [0,1] to N
Then there exist xg,x1,x2,... € [0,1] such that Vn,m[n #m — x, & F(zn)].

Idea of the proof:

The construction in the proof of lemma 2 is not specific to functions that map points to areals
with measure % We could replace % in this lemma by 27" and use almost the same proof to
derive this result.

So find, say, some g that isn’t covered too much by the F37-image of other reals, and a
measurable areal o of measure at most 2737 such that whenever y ¢ ag, zo ¢ F(y)*". It
shouldn’t be hard for the points made in the rest of the construction to avoid landing in
F(20)37 or g, as their joined measure is no more than 2736, If we avoid this, then for all
n > 0 we will know that x,, & F(z¢) and zo & F(zy,).

Then find another real, 1, and a measurable areal a; of measure at most 2742, such that
whenever y ¢ a1, 1 ¢ F(y)*?. Choose 7 in a clever way, that ensures it will both be outside
F(20)? and ag.

Continue like this. Every step n, find some real x,, and a measurable areal «, such that
whenever y is outside ay,, x, will be outside F' (y)”*something. Pick z,, outside all the previous
ay, and outside the image of the previous zys.

Of course, 37, 42 and something in this reasoning are arbitrary; we just have to choose these
values in such a way that we always have space to find suitable x,,.

Unfortunately, it doesn’t follow from our previous lemmas (or even directly from their proof)
that we can choose the x, that aren’t covered “too much” outside a given areal ay. So before
we can see the full proof of the theorem, we need another lemma.

Lemma 3.

Let T e N, T > 4.

Let o € A have the property that p(a) < %
Let F be a function that maps [0,1] to A such that ¥z € [0, 1][u(F(z)) < 271].

Then there exist x € [0,1]* and 8 € A such that x ¢ o, u(3) < 271 and Yy € [0,1]*[y ¢

B—azd F(Y)].

I have deliberately formulated this lemma in a relatively weak way; it would be quite possible
to allow for larger areals, and create smaller 3. However, we don’t need this for theorem 16 -
F' can map to measurable areals as small as we want! So in this case, we might as well go for
an easy proof - the larger choice of T" allows a bit more space to avoid exceptions.

Construction:
The proof of this lemma will be rather similar to that of lemma 2, but cater for a.

Like in lemma 2, we first define for n > 0: t,, = 27+ 3n + 4. As before, I will define = € [0, 1]*
and 8 € A recursively.

Step 0:
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First of all, determine M; such that Vz € [0, 1][u(F(z)M1) > p(F(x)) — 27171 and, using
the fan theorem, Ny such that Vz,y € [0, 1][Z(No + 1) = 5(No + 1) — F(x)M; = F(y)M].
We can also find U € N such that u(alU) > p(a) — 27171,

Knowing these values, determine Ry such that M; -2-27%0 < 27T and U - 2.27fo < 27T,

Let, for « € [0,1]*, B; be the set of all standardintervals a € Sg, such that a is not strictly

outside F(z)(0),..., F(x)(M; — 1). Then #B, < 280 y(F(x)My) +2- My < 2o y(F(2)) +
2R0 . 2—T < 2R0 . 2—T+1.

Now let X be the set of pairs (a,b) € Sy, X Sg, such that Vz € a[b € B;] - by definition of
No, F(x)M; and therefore B, only depend on Z(Np + 1), and thus on the standardinterval
of order Ny that it’s part of. For each a € Sy, there can be at most 27 . 27T+ p ¢ S for
which (a,b) € X. So #X < 2No. 2R . o=T+1

Define Y as the set of those b € Sg, for which #{ala € Sn,|(a,b) € X} < 2N0.23=T We can
determine the number of elements of Y.

Now, suppose #Y < (1 +277+1). 2f0,

Then 2f0 . (L —2=T+1). 9No . 93=T ~ 9No . oFo . 9=T+1,

So (271 _ 27T+1) X 237T < 27T+1_

So (272 —20).23-T < 1,

So 2 —23"T <1, and 23~ > 1, which suggests T < 3. &

So we may conclude: #Y > (3 +271+1) . 2fto,

We have chosen Ry large enough that there are at most 270 . y(aU) +2%0.2=T < 2Fo. (y(a) +
271y < 2f0 . (1 +277) standardintervals of order Ry that are not strictly outside aU. If we
remove these intervals from Y and call the remaining set Z, that leaves #2 > 2f0 . 2T

We want to create x € [0, 1]*, so first define z(0) = (0, 1). All the elements of Z are contained
in 2(0), so either (0,2) or (3,1) contains at least half the elements of Z (it is easy to see
that we have taken Ry > 0). Take z(1) this half. Choose Ag = {b|b € Z|b C z(1)}. Then
#Ag > 5 #2Z>271. 2R . 27T > R0 . o=T 41,

Define, for = € [0,1]*: Cy o = {ala € Sn,|(a,z(Rp)) € X}. If 2(Ry) € Ao, then z(Rp) € Y, so
#Cy0 < 2M0 5 23711, for y € [0, 1], y(No) ¢ Cu, then (y(No), z(Ro)) ¢ X, so 2(Ro) ¢ By
and therefore x(Ry) is strictly outside F'(y)(0),..., F(y)(M; —1).

It is also easy to see that Ay has the property that if z(Ry) € Ay, then z ¢ aU.

Now define a function G' that maps [0, 1] to A as follows: VaVnVm[(n < M; — G(z)(n) =
F(z)(n)) AN(n =M +2m — G(x) = F(z)(Mi+m))AN(n =M +2m+1 — G(z)(n) =
a(U + m))]. So G maps each y to the union of F(y) and the part of a we hadn’t excluded
yet. Then Vz € [0, 1][S>ar, u(G(z) (k) < 271].

For n > 0, we can also choose M4 such that Va[Sr>ar,,,|G(x) (k)] < 27!+, and matching

N, such that Vz,y € [0,1][Z(N, + 1) =y(N, + 1) — G(x)Mp+1 = G(y) Mp41].

Now G, Ao, Ry and for all z, B, o satisfy the induction conditions from the proof of lemma 2,
and the definitions of t,, M, and N,, correspond too. Using the induction step given there,
we have, for all n,z: A,, R, and Cy .

Using this construction we define x, and can take 3 as the measurable areal that consists
of all intervals in U, for some n. We can see that 3 is indeed a measurable areal, and
:u(ﬁ) S En#cx,n . 2_Nn = #Cx,O * 2_NO + En>07é’écac,n : 2_Nn § 23_T + 2_T_1 ' En>02_n =
27T 4 o7l — o1 (28 271 < 27T,
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If we have some y € [0, 1]* such that y ¢ (3, then « ¢ G(y). Thus, for all n > U, z is strictly
outside a(n). Since xz(Rp) must be an element of Ay, we know that for n < U, z is also strictly
outside a(n), and we may conclude that x ¢ a. From = ¢ G(y) we also see that = ¢ F(y),
which completes the proof for the lemma.

Proof of theorem 16

I will define the z,, inductively; in step n, x,, will be defined, along with a measurable areal
a, such that p(ay,) < 2742 and Vy € [0,1]* [y ¢ an — (zn ¢ F(y)"t" Ay ¢ F(x,)"7)]. For
writing ease, say 1T, =n + 7.

Step 0:

Let G be the function z — F(z)70, so u(G(x)) < 2770 for all z € [0, 1].

Apply lemma 3 to G (take for o an areal consisting of empty intervals). This gives us zg €
[0,1]* and By € A such that u(3y) < 2770+ and for y € [0,1]*: y & Bo — w0 & F(y)™0.

Let ap = Bo U F(z0)™. Then p(ag) < 27Tt 4 2710 < 27105 = 272 and Vy € [0,1]*:
y# oo — (zod F(y)™ Ny ¢ F(x)™).

Step n > 0:

Let @« = agU g U...Uay,_1. Since each a,, has p(ay,) < 272 we see that u(a) <
Smen2”(MD < B,27m+2) = 1

Let G be the function x — F(z)™. We can apply lemma 3 to G and « to get x,, € [0,1]* and
By, € A such that Vm < nlx, ¢ a,,] and pu(3) < 27T+,

Define a,, = B, U G(,). Then p(ay,) < 27Tt 4 2710 < 27Tn45 = 972 and vy € [0,1]*:
y# on— (wn g F(y)™ Ny ¢ Flan)™).

This shows all we need to prove: for let n,m be given, n # m. One of the two must be the

smaller, say n < m. Then z,, & an, 50 2, @ F(2,)™ and x,, ¢ F(xn)™m. O
6.6.3 Av.,

The other extension I will consider is using a function in countably many variables, instead
of just one.

Original statement and reformulation

Theorem 17. AY .. (naively phrased)

Let F be a sequence that maps hsets of elements of [0, 1] to N.
Then there exists a set of reals X = {x,|n € N} such that Vnlz, # F(X \ {z,}].

To make it easier to reason about this statement, it will help to replace the “hsets of reals” by
sequences in C. This will make the statement somewhat stronger, but since it will still prove
to be true, this won’t be a problem!

To get this adaptation of the theorem formulated properly, I will first need a few definitions.

I will use a very specific pairing function, with some nice properties that will make the
calculations a bit easier. Take (,): N> < N as ( a, b )= 2%(1+2b) — 1. This function is bijective,
because all positive numbers can be uniquely written as the product of a power of 2 and an
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odd number. The function is also increasing in both parameters.

As we will see, this pairing function has the nice property that, if the start of an infinite
sequence « is known up to 2" — 1 places, there are exactly n subsequences o for which a
number of places are known.

Since finite initial segments of elements of C will be used repeatedly in the proof, I would like
to index subsequences of finite sequences as well. This can be done in a similar way as we
have defined o™ for o € C.

So for a € {0,1}*,n € N, write a,, for the finite sequence in {0, 1}* such that Vk[k < len(a,) —
an(k) = a((n,k))) A (k <len(ap) «{n, k)< len(a))].

Using the definition of our pairing function (,), we see that for b € {0,1}2"~! we have finite
sequences by, by, ..., b,—1 with by € {0, 1}2n_(k+1) (for £ < n), but no b, or higher (these are
all empty sequences).

These lengths can easily be verified with some easy calculations: { k, on—(k+1) _q )= 2k (1 +
vk —2) —1=2" -2 1 <27 — 1 = len(a) and ( k, 2"~ ++D )= 2k(1 y 27F) — 1 =
2" +2F — 1> 2" > len(a).

It is easy to see that if a finite sequence a is the initial segment of some « € C, then each a,,
is that initial segment of o™.

Recall from chapter 5, the definition of a \ o™ (for a € C, n € N): this is the element of C
ner e on e g) ifi<n

such that o\ a”((3,)) = { a(i+1,5)) otherwise

This will be used as a replacement for taking an element out of a set.

For a finite variation, define for given n, k < n, a € {0,1}*"~!, a \ a; as the element
b € {0, 1}271_1*1 such that, for s < k, bs is an initial segment of as, and for k < s < n — 1,
bs = asy1-

With a minor bit of numberfiddling we can see that always o\ ak(2771 — 1) = @(2" — 1) \
(@(2" = 1))k.

Looking at the definition closely, it is clear that we throw away quite a lot of information
from a by taking a \ a,: some subsequences of a will only partly be taken into a \ a,.
To see exactly how much we lose, suppose that, for some n, k, we are given b € {0,1}
and z € {0, 1}2%(“1), and we must find a such that ax = z and a \ ax = b. Then a; and
ak+1,--.,an—1 are fixed by z and b, but for s € {0,...,k — 1}, only the first len(bs) =
2(n=1)=(s+1) places of a; are fixed, so 252 places of a, can be chosen randomly. This leaves

in total 20§8<k2"_s_2 =on-1. Yi<s<k2™® = 27~ . (1 — 27%) unfixed places in a. Each place
“h(1-27F)

2n71_1

can be filled with two different digits, so this gives us 22" choices for a.

It is possible to interpret some a € {0,1}* as a standardinterval of order len(a): start at (0, 1),
and interpret a 0 as taking the left subinterval, 1 as going to the right; the sequence 001, for
example, would encode the interval [%, %] Write Ia for the standardinterval that corresponds
toa € {0,1}*.

Extending this to infinite sequences, we can interpret any o € C as an element x of [0, 1]*;
just let x(n) = I(an). Write I« for the real associated with a.

As done before in chapters 3 and 5, we can interpret a set as a countable sequence, while
only making the theorem stronger. Limiting the reals I want to consider for the solution to
standardreals will not hurt the generality of the problem either. Therefore, we can interpret
F as a function that assigns a nullset (element of N ) to each element of CN.
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Since there is a one-on-one correspondence between C and C (using (,)), this leads to the
following reformulation of theorem 17:

Theorem 18. AY .. (reformulation)

Let F be a function that maps C to N.
Then there exists x € C such that the real associated with each x™ is strictly outside F'(z\ ™).
In formula: Yn3mVi3j[I(x"5)" < F(xz\ ™)™ ()" V F(x \ ™))" < I(z™5)'].

proof of the theorem

Idea of the proof:

In the following, we will construct a sequence z € C inductively. During the proof, we will
keep track of sets Ay of finite sequences: we only consider choices for x that start with an
element of Ag. These A will have the nice property that for any y € C that starts with an
element of Ay, Iy" is strictly outside most of F'(y \ y™)™ for certain fixed choices of n, m and
“most”. Then we will see that for each x and n, there will be some m such that Iz™ is outside

To get this right, we must, of course, choose x and the sets Ax in a very specific way.

So in each step k =( n,m ), we first decide how much of o € C must be known to ensure
that all but a “small” remainder of, say, F(a)"*3" is known (exact figures are given in the
construction phase).

Suppose a must be known up to N places. We then consider all finite sequences in {0, 1}V
and the part of their F"*37 image we know (and haven’t treated in a previous step). Cutting
up [0, 1] into sufficiently small standardintervals b € Sgr, we select the intervals b that are not
covered “too much” by elements of {0, 1},

Representing standardintervals of order R as finite 0/1-sequences of length R, we can make
a reasonably large set C {0,1}" x {0,1}* of pairs, where (a,b) is in the set if Ib is strictly
outside F(a)"37.

We can then combine such a and b into a single sequence: if N and R are chosen cleverly, we
can find a sequence ¢ such that ¢ = b and ¢\ ¢" = a. Call the set that consists of all such ¢,
where b is one of the sequences that isn’t covered “too much”, B.

The idea now is to choose A as a subset of B. We already know that for o € C that
start with an element of B, o™ is outside some part of F(a \ o™)"*37: say it is outside
Fa\a™)"37(X),...,F(a\ a™)"37(Y), where F(a\ a™®)"37(0),..., F(a\ a®)"37(X —1)
have been discussed in a previous step.

Now, it would be really nice if we would just know that such o™ would be outside F'(« \
a™)"37(3) for all i <Y. For then we could, inductively, conclude that z™ is outside F(z \
2™)" 37 completely (since  would have initial segments in each A,,).

We can get this conclusion if we trim down B: take only those elements of B that extend
some sequence in Ap_1. Inductively, this will do the trick. Some numberfiddling will show
that there will always be some elements left. For writing ease, group these elements together
in a set D.

To finish the step, we should also extend the known part of . We do this in a way that
ensures that all the elements of Ay start with the known part of = (we need this to ensure
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that Ay will always contain an initial segment of x).

Just adding a single place, we can either add a 0 or a 1. Choose the extension such that the
number of elements of D that starts with the known part of z is maximal. Let A; be this
part of D.

This was just a sketch, although admittedly rather detailed. In the construction, I will use
several calculations to show correctness of the reasoning layed out above.

n + 37 was just a simple example function to indicate “a small areal”. In fact, we will use
a function in { n,0 ), which is exponentially bigger! However, for the idea of the proof this
doesn’t make a difference.

Construction:
The construction will be somewhat similar to the one in lemma 2.

I will define, in each step k, some T € N and A; C {0, 1}2Tk*1 such that #A4; > 92"k -1
4=(k+1) This A, will contain the initial segments of all choices of 2 we might consider.

The Ay will be such that if i < j, then for a € A; there is some b € A; such that b is the
initial segment of a. So the set of sequences that start with some element of Ay, will always
be a subset of the sequences that start with an element of Ay.

In step k I will also choose z(k), such that if &k =(a, b)), then for ¢ € Ay, ¢, extends x*(b+ 1)
(so Icg € I(z%(b+1))). This will guarantee that x always extends some element of each A;.

To start, we define for all n, m: t,, ,,, = 4- (n, m ) +6. Further, we choose M, ,,, to be such that
Vo € Clu(F (x)t0 My m) > p(F(z)in0) — 27nm] and My mi1 > Mym. For M, o we always
take 0; since u(F(z)?) <277 for all v (by definition of N), this can be done.

To avoid having to make exceptions, we will also need 7_; =0, A_; = {()}.
Step k :=(n,m):

Using the fan theorem, we can determine N’ such that Va,y € C[zN' = yN' —
F(x)m0 My mi1 = F(y)n0 M, mi1]. Also determine R’ such that My, ;41 -2 - 2R < 9~tnm,
It will prove easier to work with values of a standardform, so choose T} such that T} >
Ti_1, 2%~ — 1 > N’ and 20— (1) > R’ Then define N = 27—t — 1, R = 2Tk~ (n+1),

Let X C {0,1}" x {0,1}# be the set of pairs (a,b) for which I, is not strictly outside
(F(ax0)'0(Mpum),- -, F(ax0)0(M, mt1—1)). Since this finite areal can only cover intervals
with united measure of less then 27 tnm  #X < 2N-(2R'2_t”vm+2R/-2_t"’m) = oN.gR.9=tnm+1

Let Y be the set of those b € {0,1}7 such that #{ala € {0,1}|(a,b) € X} < 2N . 2-(k+2),
Suppose #Y < 2. (1 — 2-(2k+2)),

Then 27 . 27(2k+2) (9N 4 9=(2k+2) L x < 2R . 9N . 9=tnm+1

Thus 2~ #+4) < 2= tnm+1 and it follows that tnm < 4k +5. Contradiction with the definition
of tym. k

So we may conclude that #Y > 27 . (1 — 2-(2k+2)),

Now define for y € YV: Z, = {ala € {0,1}|(a,y) ¢ X}. By definition of ¥ we know that
#7, > 2N . (1 —2-(@k+2),

Let B = {fala € {0,1}*"Ya, € Y Aa\ay, € Z,}. Since, for a € {0,1}2" 7,
an has length 2T+t = R and a \ a, has length 27*=1 — 1 = N, we see that
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#B = Yyey#Zy- 92Tkt (1-27")
Z EyEY22Tk—171 . (1 _ 27(2]{4»2)) . 22Tk_1.(1727n)
= %oy 22E 22N (g 9 (2h42))
> 22:zr<n+1> (1 =27 (k42)). 92Tk —2Te=(n+1 1 (1 9-@k+2)
92Tk =1 (1 — 9-(2k+2)y2
22Tk—1 . (1 _ 2—(2k+1) + 2_(4]€+4))

Further, let C = {ala € {0,132 1a@@2T-1 — 1) € Ay_}. Then #C = #A,_ -
22Tk_1_(2Tk-—1—1) > 22Tk—1—1 o4k 92Tk—1 2—(2Tk—1—1) —92Tk—1 4k

Now choose D to be B N C. There are at most 22~ . 2=(2k+1) glements of C that aren’t in
B, so #D > 22"+ =1 . 0= (2k+1)

By induction, Zk has already been defined. If m > 0, then for ¢ € Ay, 1), ¢n is a direct
extension of £™m. Since for all [ < k, the elements of A; extend some element of A;_1, in each
element ¢ € A,_1 ¢, will also be an extension of z™m - this of course still holds when m = 0.
So for all ¢ € D, too, ¢, will always be an extension of x"m.

Now consider zm - (0) and z™m - (1). For each ¢ € D ¢, will extend either of these (as D
contains longer elements than A;_1, so by induction the elements of D will at least have length
k). Since D is a finite set, we can determine one i € {0, 1} such that z™m % (i) is the initial
segment of the n'" subsequence of at least half the elements of D. Let (k) = z({n,m)) = i.
Choose Ay = {c|c € D|ez(m+1) = 27(m+1)}. Then #A4; > L-#D > 92"k —1.9=(2k+1) .9-1 —
92Tk =1 g—(k+1)

Now it is easy to see that all induction conditions are satisfied.

Correctness proof:

First, we will see that for all k: 7(27x — 1) € A;.
To prove this, I will first show that every c € A«T

k
So let [ < Tj. Consider ¢ € Ay om,_g. By the construction, ¢ will extend o!(2T — 1), so

also ((27 —1)); (which is an initial segment of z!(27k — 1)). Since always ( [,27 — 2 )<(
1+1,2T —2), we have that for 0 < s < T} for every c € Aer, | 2Tk _oys Cs extends (@(2Tk —1))s.

Thus we can conclude: every ¢ € A((Tk—1,2Tk_1>> extends j(QTk —-1).

~1,2Tk—1) extends f(sz —1).

But ( Ty — 1,27k — 1 )> k, so for ¢ € Agr,—1,97 1y there must be some b € Ay such that
z(27k — 1) = ¢(27 — 1) = b. And thus we may conclude that 7(27x — 1) € A. O
To prove the theorem, we must see that Vn3mVi3j[lzw; is strictly outside F'(z \ 2™)™(i)]. So

let n € N and take m = t, . Let ¢ € N. Determine z € N for which M,,, <1i < M, .4+1. By
the definition of the Ms it is clear that there must always be such a z. For writing ease, say
kE=(n,z).

As we just saw, T(27% — 1) € Ay, so in step k, the set X does not contain a pair
(@(2T — 1)\ ((2T* —1)),,, (T(27% —1)),,). This means that IT(QTWZ»f(nH)) is strictly outside

xX
Uil Bz \ ™) (s), so certainly outside F(x \ )0 (i).

I—Z(n,z))_(n'i'l)

If we choose j = 2 , we are done. O
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6.7 Further research

In this chapter, we saw that, accepting the fan theorem, we can derive a much stronger
statement than the axiom of symmetry: A_1, which claims that any function that associates
2

each point in [0, 1] to a measurable areal with measure smaller than i will have a symmetric

: 2
pair.
One could wonder whether classically, without an assumption of continuity, we have a similar
statement, or perhaps a slightly weaker statement where each point is associated to a set of
some measure €.
Of course, if we accept the continuum hypothesis and axiom of choice, such a statement
would not be true, as it trivially implies the standard axiom of symmetry. But could it hold
in combination with the axiom of choice? Or, if not, with the normal axioms of set theory?
I haven’t given this question too much thought myself - but it might, perhaps, be an interesting
question for classical research.

Staying in an intuitionistic setup, a question I haven’t found the time to research properly
is the validity of a statement A_1: what if each point is associated to a measurable areal of
2

exactly measure %? The method used to prove theorem 14 doesn’t work anymore, since it made
a measurable areal § of slightly larger size than the areals mapped to by the function used -
but we don’t have that space now. In the finite variation (theorem 13) we could circumvent
this problem to get a sharp result, but the infinite version is trickier.

Another point of research could be extending the theorems A,-» (where each point is asso-
ciated to a measurable areal of measure at most 27") to multiple darts. Several extensions
come to mind - for example: if the areals all have measure 27", how many points can you
choose such that each of them is (strictly or not strictly) outside the areal associated with

any of the others? What variation of AJ™, is the best we can get?

Additionally, for those who reject the fan theorem the question whether A, can be derived
without the fan theorem would be very interesting. We used the fan theorem for the proof of
A 1 (and even there we could question whether it could, perhaps, be avoided), but A,y is a
lot weaker than that!

I haven’t looked (much) into these questions myself, or even defined most of them properly.
Some of these might be interesting, others are probably trivial.
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Chapter 7

Other small sets

In the previous chapters, we have discussed the validity of various versions of the axiom of
symmetry. In each case, the sets associated to the points were, in some clear way, small -
countable sets of ordinals are negligible compared to the class of all ordinals, the “chance” of
a point being in a null set is 0, and so on.

A last question Freiling considered was whether the axiom leads to a true statement if you
use a very different kind of smallness, like the notion of a meagre set. However, since meagre
subsets of [0, 1] might well have measure 1, the corresponding statements can not be “justified”
in the same probabilistic way as the other ones! But even though Freiling couldn’t defend it,
he did not have a proof that this Aeagre axiom was false, even when additionally assuming
Anull-

We shall see that under our constructive interpretation, this “axiom” becomes true. To see
this, we must first give a constructively precise notion of “meagre set”.

7.1 Definitions

Classically, a meagre set is the countable union of nowhere dense sets. A set A is nowhere
dense if, given any interval a, there is some subinterval b C a such that b has no overlap with
A (so there is no interval where A is dense).

In a constructive setup, there is no reason not to take exactly the same approach! However, to
avoid having to make ambiguous choices uncountably many times, I will define these “sets”
as spreads.

Definition 4. nowhere dense sets

S is countable, so we may define an enumeration x of all the rational intervals in [0, 1].
Using this, let D be the spread such that for all « € N: a € D « Vn[a(n) € SAX, < a(n) <
a(n)” < xq)-

Classically, a subset of [0, 1] is nowhere dense if, and only if, its complement covers the union
of the intervals of some a € D. As such, we can identify the nowhere dense sets with the
elements of D. Note that this is different from the way spreads are normally treated: when
speaking about the set given by some « € D, this is not the set {z|In[z € a(n)]}.

For some o € D and some real z, we say that z is covered by « if, for each n, z # a(n).
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Definition 5. meagre sets

Let M be the spread such that for each « € N: a € M < Vn,m[a((n,m)) € S A x,, < a((
nm)) < al{n,m)) < 4.

So o € M « Vn[a" € DJ.

Sticking with the classical idea of meagreness, every meagre set should be the countable
union of nowhere dense sets; so we can represent these as a sequence of elements of D, which
is exactly what the elements of M are.

For 8 € M, x is covered by 3 if there is some n such that x is covered by [".

7.2 Anowhere dense

To give an idea of the reasoning of the proof, I will first show that the straightforward
interpretation of the axiom holds for functions to nowhere dense sets rather than meagre
ones. I will only use the weak continuity principle.

Theorem 19. A, gwhere dense
Let F be a function that maps [0,1] to D.
Then there ezist x,y € [0,1] such that In[z € F(y)(n)] A Inly € F(x)(n)].

Since the union of the intervals in an « € D gives the complement of what we think of as a
nowhere dense set, this theorem is similar to the other symmetry axioms we have seen so far.

Proof. Since x — F(x)(0) is a function that maps [0,1] to a subset of N, we can apply the
weak continuity principle. This gives us:

Vz € [0,1]3nVy € [0, 1][zn = yn — F(x)(0) = F(y)(0)]

Determine such n for z the standard real representing 0 (z(m) = (0,27)). Also find s =
Then for all y € [0, 1]* with y(n) = (0,27"), F(y)(0) = s.

s is some interval. Determine any y € s. Also determine m such that x,,, = (0,27"). Let t € S
be F(y)(m). Then ¢t C [0,27"] by definition of D.

Choose any standard x € t with z(n) = (0,27"). Then z € F(y)(m) and y € F(x)(0). O

7.3 Ameagre

With this proof in our pocket, we can turn our attention to the main problem of this section.

Theorem 20. Ajeagre

Let F be a function that maps [0,1] to M.

Then there exist x,y € [0,1] such that Vn[Im[z € F(y)"(m)] A Imly € F(z)"(m)]].
Idea of the proof:

The idea of the proof is to first find intervals that x and y must be in to assume that z € F(y)°
and y € F(z)° (loose notation - I mean to say that there is some m such that = € F(y)%(m),
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and similar for F(z)?). Finding these intervals is done in the same way as the previous proof.
Then, inside these intervals, we find subintervals, such that for  and y in these intervals, also
r € F(y)! and y € F(x)'. We continue doing this infinitely long, which ultimately defines z
and y completely.

Construction:

Applying the weak continuity principle once more, we have that we can find, for all z € [0, 1]
and n € N, some m € N such that every real w that corresponds on m places with z will have
F(2)(m) = F(w)(m).

We will use this in an inductive definition of x and y. To make things easy, I will limit my
choices of z and y to standard reals.

For the formal construction, first define 2(0) = y(0) = (0,1). Take ng = mg = 0. In each step
k, we will define ngi1, mgy1, ik, jk and T(ngr1 + 1), y(nger +1).

Step k:

Let u € R, equal to z(ng)'. Find ¢ € N such that x; = y(my). For reasoning in the correctness
proof later, call this 7 .

Determine p such that for any ¢ in [0, 1]* that agrees with u on the first p+1 places, F(u)*(i) =
F(c)*(4)] (such p exists due to the weak continuity principle). We can safely assume that
P = ng.

Choose, for n; < q < p: x(q) = (x(nk)’, x(nk)’ + 27%). Then we can be sure that T(p + 1) =
(p + 1), so whatever the further choices for x, F(z)(i) = F(u)*(i).

F(u)¥(i) is an interval, so there must be some r € N and a standardinterval a of order 7 such
that a is strictly inside F'(u)*(i). Let v be any standard real with v(r) = a.

Now find j € N such that x; = z(p). We will later refer to this j as ji.

Using WCP, determine s € N such that Vd € [0, 1]*[0(s+1) = d(s+1) — F(v)k(j) = F(d)*(5)].
We can always choose s > r. Define my1 = s.

Since v is contained in F(u)* (i) which is covered by x; = y(my) (since F' maps to M), we can
choose y(mg + 1) = v(mg + 1), ..., y(s) = v(s). Now we can be sure that F(y)*(j) will be
equal to F(v)*(j).

There must be I € N and a standardinterval b of order [ such that b is strictly inside F(v)¥(5).
Let w € [0,1]* be some standard real with w(l) = b.

By our choice of j, b is strictly inside z(p), so we may define, for p < ¢ < I: z(q) = w(q). Let
g1 = 1.

Correctness proof:

Since we take a and b strictly inside the previous intervals in the procedure, we will have, for

each k, that ng.q1 > ny and my1 > ng. Therefore, this procedure defines z and y completely
(over time). We have already seen that they are welldefined (always x(n+1) C z(n), y(n+1) C

y(n)).
To prove the theorem, it will suffice to show that for each k, z € F(y)*(ji) and y € F(x)*(iz).
But this follows immediately from the construction! O
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Chapter 8

Conclusion

In this essay, we have discussed the axiom of symmetry and its natural extensions from an
intuitionistic point of view.

We have seen a straightforward way to interpret the axiom of symmetry constructively, by
simply reading the quantifiers in a strong way. If we also assume that the function used in the
basic theorem is given in a constructive way such that the strong continuity principle applies
to it, we have found that the “axiom” holds.

Most of the extensions and variations Freiling discusses turn out to be true as well under this
interpretation, usually by the mere assumption of the weak continuity principle:

e the various natural extensions with multiple darts (as long as we stick to countably
many) follow in a similar way to the standard theorem of symmetry;

e the variation that assigns to each real a null set rather than necessarily a countable set
turns out to be okay as well - but the method used to prove this requires that we accept
the fan theorem in addition to the continuity principle;

e by the same means, we have extended the variation with null sets to multiple darts (in
different forms);

e again, by the same means, we have gone beyond Freiling’s claims, and have derived a
variation of the symmetrytheorem where real numbers are mapped not just to null sets,
but to sets with any measure smaller than %;

e even the variation where the reals are mapped to meagre sets becomes a true statement
- which is quite a surprising result, since it seems impossible to defend this statement
from Freiling’s philosophical point of view.

Apart from these results, we have examined what happens if we use countable ordinals and
sets of countable ordinals instead of reals and sets of reals in the axiom of symmetry. In
classical mathematics, this variation of the symmetry axiom fails; in an intuitionistic setup,
it seems to fail only if we assume Kuroda’s conjecture of double negation shift.

It does not, however, fail in a very constructive way (as discussed in the chapter dealing with
this question).
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To conclude, from an intuitionistic point of view axioms of symmetry seem to be acceptable;
if we assume some of Brouwer’s principles, we can prove these “axioms” to be true.

However, intuitionistic research of the symmetry axiom doesn’t have to end here. In the
previous sections, I have outlined several problems that I haven’t been able or haven’t found
the time to solve - mostly going on on the main extensions of the symmetry axiom, and some
of those a full research subject in themselves. But we could go further! In this essay I mostly
answered the questions Freiling asked - but there is no reason to limit ourselves to those. We
could try to map the reals to subsets of reals that are in some other way small. And maybe
there are interesting variations with multiple functions instead of, or combined with, multiple
darts?

Additionally, one might be interested in the classical consequences of the theorems derived in
this essay. To classical mathematicians, these theorems are meaningful in a straightforward
way (“if we assume that the continuity principle holds for this particular function, then ...”),
but we might make the statements more useful by adapting the proofs a little. In chapter 3
we have seen how this works out for the standard axiom of symmetry.

Other than the classical consequences of the theorems seen here, one might consider the
classical question by itself: would it hold if we assume the negation of the axiom of choice?
Are there other conditions a function could fulfill to be guaranteed a symmetric pair? Many
of these questions have already been treated in other work.

As a closing remark, I believe we may be content. The axiom of symmetry has revealed itself
to be interesting in intuitionistic as well as classical mathematics. And while many questions
relating to it have been answered, there is still plenty of opportunity for additional research.
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