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| have (almost) no experience in functional programming.

Question: What is a functional programming language?
m " A language that takes functions seriously”
m A language that emphasises what needs to be calculated,

instead of how this needs to be done, i.e. what does it
mean to calculate something?

Important: It supports passing functions as arguments,
returning them as value etc.
Basically, you can do everything with them.
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Take a \-calculus, so:
m Terms: M, N = x| Ax.M | M N;
m Define S-reduction as the smallest congruence relation
st. (AX.M)N —g M[x := NJ;
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Choose your reduction strategy (topic of today);

Add some stuff like primitive data-types and operations;
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Take a \-calculus, so:
m Terms: M, N = x| Ax.M | M N;
m Define S-reduction as the smallest congruence relation
st. (AX.M)N —g M[x := NJ;
Choose your reduction strategy (topic of today);

Add some stuff like primitive data-types and operations;

Make an execution model.
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First: Choose evaluation strategy.
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First: Choose evaluation strategy.

Difference evaluation and reduction strategies
An evaluation strategy tells you when you need to evaluate an
expression.
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First: Choose evaluation strategy.

Difference evaluation and reduction strategies

An evaluation strategy tells you when you need to evaluate an

expression.
A reduction strategy tells you how to reduce a complex

expression.
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Idea:
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Idea:

m Add integer value n to terms:
M,N:=n|x| xM|MN
m Values (results of evaluations): v ::=n | Ax.M
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m Add integer value n to terms:
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m Values (results of evaluations): v ::=n | Ax.M

Call-by-value (CBV)

The argument expression is evaluated, and the resulting value
is bound to the corresponding variable in the function.
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Idea:

m Add integer value n to terms:
M,N:=n|x| xM|MN
m Values (results of evaluations): v ::=n | Ax.M

Call-by-value (CBV)

The argument expression is evaluated, and the resulting value
is bound to the corresponding variable in the function.

Call-by-name (CBN)

The arguments to a function are not evaluated before the
function is called.
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Structural operation style (SOS)

One-step reductions:
(M.-M)v — M[x:=v] (b))

M- M N — N

S 0y o .
NS @) Sy (eee)
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

(Ax.Ay.y x) ((Ax.x) 1) (Ax.x)
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Recution steps
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

(Ax.Ay.y x) [((Ax.x) 1) (Ax.x)]
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Recution steps

(Ax.M)v = M[x:=v] (B,)
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

(AxAy.y x) [((Ax.x) 1) (Ax.x)] = (Ax.Ay.y x) [1(Ax.x)]
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

(A Ay.y x) [(Ax.x) 1) (Ax.x) ] = (AxAy.y x) [1(Ax.x)]

Bas Broere — Reduction strategies for CBN and CBV 8/22



Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

((Axx) 1) (Ax.x) = 1(Ax.x)
(A Ay.y x) [(Ax.x) 1) (Ax.x) ] = (AxAy.y x) [1(Ax.x)]
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

((Axx) 1) (Ax.x) — 1(Ax.x)
(A Ay.y x) [(Ax.x) 1) (Ax.x) ] = (AxAy.y x) [1(Ax.x)]
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Recution steps

(Ax.M)v = M[x:=v] (B,)

M — M N — N

e B W A .
N o @) oy (aper)

(Axx)1 —1
((Axx) 1) (Ax.x) — 1(Ax.x)
(A Ay.y x) [(Ax.x) 1) (Ax.x) ] = (AxAy.y x) [1(Ax.x)]
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m We cannot reduce under \-abstractions (weak reduction).

So this is NOT a thing:
M — M

Ax.M — Ax.M’
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m We cannot reduce under \-abstractions (weak reduction).
So this is NOT a thing:

M — M
Ax.M — Ax.M’

m We need to reduce N to a value if we want to evaluate

(Ax.M)N (call-by-value). So also this is NOT a thing:
(Ax.M)(N P) — M[x := N P]

m In the application M N, we need to reduce M to a value

first (left-to-right), because:
N — N

VN PP
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m We cannot reduce under \-abstractions (weak reduction).

So this is NOT a thing:
M — M

Ax.M — Ax.M’

m We need to reduce N to a value if we want to evaluate

(Ax.M)N (call-by-value). So also this is NOT a thing:
(Ax.M)(N P) — M[x := N P]

m In the application M N, we need to reduce M to a value

first (left-to-right), because:
N — N

VN PP

m It is deterministic, i.e. for every M there is at most one
M st. M — M.
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When making a reduction sequence we have 3 possibilities:

Bas Broere — Reduction strategies for CBN and CBV 10/22



When making a reduction sequence we have 3 possibilities:

The reductions end in a value (termination):
M— M —M,—...—v.
Example: (Ax.Ay.y x) ((Ax.x)1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)
(Ay.y 1) (Ax.x)
(

%
= (Ax.x)1
—1
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When making a reduction sequence we have 3 possibilities:

The reductions end in a value (termination):
M— M —M,—...—v.
Example: (Ax.Ay.y x) ((Ax.x)1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)
— (Ay.y 1) (Ax.x)
= (Ax.x)1
—1
The reduction never ends (divergence):
M—-M —-M,— ... M,— ...

Example:
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When making a reduction sequence we have 3 possibilities:

The reductions end in a value (termination):
M— M —M,—...—v.
Example: (Ax.Ay.y x) ((Ax.x)1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)
— (Ay.y 1) (Ax.x)
= (Ax.x)1
—1
The reduction never ends (divergence):
M—-M —-M,— ... M,— ...

Example: ww, where w = Ax.x x.
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When making a reduction sequence we have 3 possibilities:

The reductions end in a value (termination):
M— M —M,—...—v.
Example: (Ax.Ay.y x) ((Ax.x)1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)
— (Ay.y 1) (Ax.x)
= (Ax.x)1
—1
The reduction never ends (divergence):
M—-M —-M,— ... M,— ...

Example: ww, where w = Ax.x x.
Errorr M — My — M, — ... — M, 4, where M, is not
a value, but also does not reduce.

Example:
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When making a reduction sequence we have 3 possibilities:

The reductions end in a value (termination):
M— M —M,—...—v.
Example: (Ax.Ay.y x) ((Ax.x)1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)
— (Ay.y 1) (Ax.x)
= (Ax.x)1
—1
The reduction never ends (divergence):
M—-M —-M,— ... M,— ...

Example: ww, where w = Ax.x x.
Errorr M — My — M, — ... — M, 4, where M, is not

a value, but also does not reduce.
Example: w2 — 22 4.
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Reduction contexts (felleisen style)

Head reductions:
(AMx.M)v —. M[x = v] (B,)
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Reduction contexts (felleisen style)

Head reductions:
(AMx.M)v —. M[x = v] (B,)

M—. M
E[M] — E[M']
with E =[] | E b| v E terms with a hole [] in it.

(context),
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:
(Ax.Ay.y x) ((Ax.x) 1) (Ax.x)
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:
(A Ay.y x) (Ax.x) 1) (Ax.x)  E = (AxAy.xy)[] (Ax.x)
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Reduction contexts (Felleisen style)
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:
(A Ay.y x) (Ax.x) 1) (Ax.x)  E = (AxAy.xy)[] (Ax.x)

— (AxAy.y x) 1 (Ax.x) E =[] (Ax.x)
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:
(Ax.Ay.y x) ((Ax.x) 1) (Ax.x)

E=(
— (AxAy.y x) 1 (Ax.x) E=]
— (Ay.y 1) (Ax.x) E=]
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:

(A Ay.y x) (Ax.x) 1) (Ax.x)  E = (AxAy.xy)[] (Ax.x)
— (AxAy.y x) 1 (Ax.x) E =[] (Ax.x)

— (Ay.y 1) (Ax.x) E=1]]

— (Ax.x)1
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:

(A Ay.y x) (Ax.x) 1) (Ax.x)  E = (AxAy.xy)[] (Ax.x)
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Reduction contexts (Felleisen style)

(Ax.M) v =, M[x := v] (8,)

M —. M

E[M] = E[MT] (context), E :=[]|Eb|VvE

Same example as before:

(A Ay.y x) (Ax.x) 1) (Ax.x)  E = (AxAy.xy)[] (Ax.x)
— (AxAy.y x) 1 (Ax.x) E =[] (Ax.x)
= (Ay.y 1) (Axx) E=]
= (Axx)1 E=]
—1
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Remember the earlier example:
(Axx)1 —1

(AxAy.y x) (Ax.x)1) = (AxAy.yx)1
(AxAy.y x) (Ax.x) 1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)

This corresponds to the context:
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Remember the earlier example:
(Axx)1 —1

(AxAy.y x) (Ax.x)1) = (AxAy.yx)1
(AxAy.y x) (Ax.x) 1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)

This corresponds to the context:
E —

Bas Broere — Reduction strategies for CBN and CBV 13/22



Remember the earlier example:
(Axx)1 —1

(AxAy.y x) (Ax.x)1) = (AxAy.yx)1
(AxAy.y x) (Ax.x) 1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)

This corresponds to the context:
E = ((Ax.Ay.y x) []) (Ax.x) with head reduction
(Axx)1 —, 1.
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Remember the earlier example:
(Axx)1 —1

(AxAy.y x) (Ax.x)1) = (AxAy.yx)1
(AxAy.y x) (Ax.x) 1) (Ax.x) = (Ax.Ay.y x) 1 (Ax.x)

This corresponds to the context:
E = ((Ax.Ay.y x) []) (Ax.x) with head reduction
(Axx)1 —, 1.

Equivalence

SOS and Felleisen approach are one-to-one!
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From this equivalence, it follow that Felleisen style also has
the previously discussed properties: Left-to-right,
Call-by-value, Weak reduction, Deterministic*.
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From this equivalence, it follow that Felleisen style also has
the previously discussed properties: Left-to-right,
Call-by-value, Weak reduction, Deterministic*.

*. The determinism is also a consequence of the following
theorem:

Unique decomposition theorem

For all terms M, there exists at most one reduction context E
and one term N, s.t. M = E[N] and N can reduce by
head-reduction.
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From this equivalence, it follow that Felleisen style also has
the previously discussed properties: Left-to-right,
Call-by-value, Weak reduction, Deterministic*.

*. The determinism is also a consequence of the following
theorem:

Unique decomposition theorem

For all terms M, there exists at most one reduction context E
and one term N, s.t. M = E[N] and N can reduce by
head-reduction.

Proof: Induction on the terms.
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Call-by-name

The arguments to a function are not evaluated before the
function is called (perform [3-reduction asap).
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Call-by-name

The arguments to a function are not evaluated before the
function is called (perform (3-reduction asap).

Structural operation style (SOS)

M — M

(AM.-M)N — M[x := N] (5,) m(app-l)
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Call-by-name

The arguments to a function are not evaluated before the
function is called (perform (3-reduction asap).

Structural operation style (SOS)

M — M
MNP

(A.M)N — M[x == N] (B,)

Felleisen style

M— M

(M MN > M= N (8n)  Ear = B

with E =[] |EM

(context),
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Call-by-name

The arguments to a function are not evaluated before the
function is called (perform (3-reduction asap).

Structural operation style (SOS)

M — M
MNP

(A.M)N — M[x == N] (B,)

Felleisen style

(A.M)N — M[x := N] (3, E[,\I,\,ﬂ] : Z[IM/]

with E :=[]|EM, so E =[] M;... M,.

(context),
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Structural operation style (SOS)

M — M

(MN = Mix:= N (Bn) o

app-1)

The same example once again, in SOS-style:
(AxAy.y x) ((Ax.x) 1) (Az.2)
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Structural operation style (SOS)

M — M

(MN = Mix:= N (Bn) o

app-1)

The same example once again, in SOS-style:
(A Ay.y x) ((Ax.x) 1) (A\z.z)
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Structural operation style (SOS)
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Structural operation style (SOS)

M — M

(MN = Mix:= N (Bn) o

app-1)

The same example once again, in SOS-style:
(A Ay.y x) (Ax.x)1) (Az.z)  — (Ay.y ((Ax.x) 1)) (A\z.2)
— (Az.z) ((Ax.x) 1)
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Structural operation style (SOS)

M — M

(X -MN = Mpx:= Nl (Bn)  prpr— i (@Pp)

The same example once again, in SOS-style:
(A Ay.y x) (Ax.x)1) (Az.z)  — (Ay.y ((Ax.x) 1)) (A\z.2)
— (Az.z) ((Ax.x) 1)
— (Ax.x) 1
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Structural operation style (SOS)

M — M

(X -MN = Mpx:= Nl (Bn)  prpr— i (@Pp)

The same example once again, in SOS-style:
(A Ay.y x) (Ax.x)1) (Az.z)  — (Ay.y ((Ax.x) 1)) (A\z.2)
— (Az.z) ((Ax.x) 1)
— (Ax.x) 1
— 1.
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Felleisen style

M — M’

(Ax.M)N — M[x = N] (8,) E[M] = E[M]

(context),

E:=][]|EM.

And in Felleisen style:
(A Ay.y x) ((Ax.x) 1) (Az.2)
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Felleisen style

M — M’

(Ax.M)N — M[x = N] (8,) E[M] = E[M]

(context),

E:=][]|EM.
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And in Felleisen style:
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Felleisen style

M — M’

(AX-M)N — M[x = N] (8n) m(context),
E:=][]|EM.
And in Felleisen style:
(A Ay.y x) ((Ax.x) 1) (Az.z) E=[](\z.2)

Sy (x) D)) (zz)  E=]]
— (Az.z) ((Ax.x) 1) E =]
— (Axx)1 E=1]
— 1.
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Some examples:
Termination:
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Some examples:
Termination:

m CBN: (Ax.1) (ww) — 1,
m CBV: (Ax.1) (ww) = (Ax.1) (ww) — ...
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Some examples:
Termination:

m CBN: (Ax.1) (ww) — 1;
m CBV: (Ax.1) (ww) = (Ax.1) (ww) — ...

m In general: Termination in CBV implies termination in
CBN, but not the other way around.
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Some examples:
Termination:

m CBN: (Ax.1) (ww) — 1;
m CBV: (Ax.1) (ww) = (Ax.1) (ww) — ...

m In general: Termination in CBV implies termination in
CBN, but not the other way around.

Efficiency:
B (Ax.x+x)M:
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Some examples:
Termination:

m CBN: (Ax.1) (ww) — 1;
m CBV: (Ax.1) (ww) = (Ax.1) (ww) — ...

m In general: Termination in CBV implies termination in
CBN, but not the other way around.

Efficiency:
m (Ax.x + x) M: CBV evaluates M once, CBN twice;

Bas Broere — Reduction strategies for CBN and CBV 18/22



Some examples:
Termination:
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m In general: Termination in CBV implies termination in
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Efficiency:
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Some examples:
Termination:

m CBN: (Ax.1) (ww) — 1;
m CBV: (Ax.1) (ww) = (Ax.1) (ww) — ...

m In general: Termination in CBV implies termination in
CBN, but not the other way around.

Efficiency:
m (Ax.x + x) M: CBV evaluates M once, CBN twice;
m (Ax.1) M: CBV evaluates M once, CBN not at all.
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Introduce functions Ax.M to delay computation of M
(thunks).
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[x] = x () (application);
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Introduce functions Ax.M to delay computation of M
(thunks).

[x] = x () (application);
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Introduce functions Ax.M to delay computation of M
(thunks).

[x] = x () (application);
[Ax.M] = Ax.[M];
[MN] = [M(AIN]),
where () is a constant of type unit and x € FV(N).
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IIEx0,  [M]EAM]  [MN] 2 [M]OxIN])

[(Ax.x + x) M]
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IIEx0,  [M]EAM]  [MN] 2 [M]OxIN])
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IIEx0,  [M]EAM]  [MN] 2 [M]OxIN])

[(Ox.x + x) M] 2 [Ax.x + x] (Ay.[M])
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IIE2x0,  [PxM]ZX[M]  [MN] 2 [M](Ox.[N])

[Ox.x + x) M] 2 [Ax.x + x] (A\y.[M])
=[x + x]) (Ay-[M])
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IIE2x0, DPxM]ZX[M]  [MN] 2 [M](Ox.[N])

[(Ax.x + x) M] 2 [Ax.x + x] (Ay.[M])
2 (e [+ x]) O [M])
E(ex () +x ) Q- [M])
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IIE2x0, DPxM]ZX[M]  [MN] 2 [M](Ox.[N])

[(Ox.x + x) M] 2 [Ax.x + x] (\y.[M])
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é(/\x.x 0 +x0) (\y-[M])
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IIE2x0, DPxM]ZX[M]  [MN] 2 [M](Ox.[N])

[(Ax.x + x) M] 2 [Ax.x + x] (Ay.[M])
=[x + x]) (. [M])
é(/\x.x 0 +x0) (\y-[M])

=5y IMD) O + Cw-[M])()
—s[M] + [M]
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IEx0,  [PxM]EAM]  [MN] 2 [M]OxIN])

[(\x.x + x) M] ES [Ax.x 4+ x]| (Ay.[M])
2 (. [x + x]) (Ay.[M])
=(Axx () +x () (- [M])

=3y IMD) O + Cw-[M])()
—s[M] + [M]

EMO+M() =5 M+ M
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IEx0,  [PxM]EAM]  [MN] 2 [M]OxIN])

[(Ax.x + x) M] 2 [Ax.x 4+ x]| (Ay.[M])
Z(Ax.[x + x]) (Ay.[M])
=(xx () +x () (Ay-[M])

=3y IMD) O + Cw-[M])()
—[M] + [M]

M) +M() =5 M+M
So we need to evaluate M twice now, just as in CBN.

Bas

B
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IIE2x0, [DPxM]ZX[M]  [MN] 2 [M](Ox.[N])

Effect on types:
M : A, then [M] : [A];
M : A — B, then [M] : (unit — [A]) — [B];
[basetype| = basetype.
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This is hard!
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This is hard!
We will read about it
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