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More on data types

A data type D is a set with some operations (functions) on it.
An k-ary operation is a function f : DX — D.

Thereby a O-ary operation ¢ : D® — D is identified with a ¢ € D.
A datatype is determined by its operations on D:

Cl,..,C : D= D =D
fl,....fa + D'—=D
f2,...,f2 « D*=D

Nat has z : Nat, s : Nat — Nat.
Tree has 1: Tree,p : Tree? — Tree
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Defining functions on data types in the lambda-calculus

F \-defines the function f : N — N if 'f(n)' = F'n' for all n:
N f N

Can we enode the A-calculus in itself?

F \-defines the function f : A — A if "f(M)' = F'M" for all
M e A.

- F A Is " ! just the identity?
Why is this useful?
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Defining functions on codes of lambda-terms

Some functions f : A — A can only be defined on codes of terms,
not on terms. So we will need to talk about codes.

A A

A A

F
ExAMPLE. There is no A-term F such that

F(MN) = M for all M, N

e There is a A\-term F such that FF'M N' ="M for all M, N.
(With a suitable encoding "—'.)
e We also have an evaluator E:
E'M'=M
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Packing and unpacking \-terms

Given My, ..., My, define
<M1,...,Mk> = AZ.ZMl...Mk
Define U%, with 1 < i < k by

ux

Fi= XL XX

Then

UM .. M, = M,
(My,...,M)UX = UMy ... My = M;

Note that K = U?
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Second encoding of data types (Bohm-Piperno-Guerini)

Consider the data type D with
c:D,f:D—D, g:D*>*=D
The Bohm-Piperno-Guerini coding (also denoted by "t') is

¢l = deeUle
F(t)! = XeeeUi't'e
rg(tl, 1.'2)T = Jde.e Ug rZ‘lT r1.'2T [

PROPOSITION. The constructors (¢, f, g) can be A-defined:
There are lambda terms F, G such that

F'th = Tf(t)
Gty = Tg(ti,t)
PROOF. Take
F = MxeeU3xe
G = MyeeU3xye ()
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Recursion

THEOREM. Given Az, Az, A3z € A there is an H € A such that
H'¢' = AH
H("f(t)") = A)'t'H

H(rg(tl, tQ)T) = A3rt17rt27H

PRrROOF. Try H = ((Bi, Bz, Bs)).
H'c' = {((By,B,,B3)) c!

= 'c'(By, B, Bs)

= (B, By, B3)U3(By, By, Bs)

= Bi(Bi1, B>, Bs)

= Ai1{(B1, By, Bs3)) if By := A\z.A1(z)

= AH
H'f(t)! = (Bi, By, B3)U3't(By, By, Bs)
= By't'(Bi, By, Bs)
= AMt'H if By := Axz.Axx(z)
H'g(ti, ) = As'ti'"t'H if By := Axy z.A3xy(z).®

H. Geuvers Version: fall 2015 Huygens College 7/15



Data type for coding lambda terms

To encode A-terms we consider the data type D with

var: D — D
app: D—-D—D
abs: D— D

e This data types is a bit strange: there is no base case.

e It is a priori unclear how to encode the A-terms in this data
type. How to encode the variable binding? (Later slide.)

Like before, we can define the constructors Var, App, Abs:

Var = Mxe.eUixe
App = MxyeeU3xye
Abs Axe.eUdxe
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Recursion for the lambda terms data type

Like before, we have a recursion theorem:
THEOREM I. Given Aj, Az, Az € A there is an H € A such that

H(Varx) = AixH
H(Appxy) = AoxyH
H(Absx) = AsxH

PROOF. Take H = ((By, By, Bs)) with

B1 = Mxz.Aix(z)
By = Axyz.Axxy(z)
B3 = Axz.A3x(z).
Then the equations hold indeed. S.

(Exercise: Check this.)
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Coding of lambda terms

Coding lambda terms M ~ "M

DEFINITION (Mogensen) The coding of A-terms inside the
A-calculus is defined as follows.

[y 1

x' = Var x
TMNT = APPTMTTNT
"Ax.M' = Abs (Ax."M")

A variable x is encoded using x itself and abstraction “A\x.” is
encoded using the same abstraction “Ax.".

Note: coding is not A-definable: there is no term C such that
CM="M'for all M.
The reverse operation, evaluation, is A-definable.
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Self-interpretation

THEOREM. There exists a A\-term E (evaluator) such that for all
Me A
EM =M

PROOF. By recursion we can find an E such that

E(Var x) = x
E(Appxy) = Ex(Ey)
E(Abs x) = Mz.E(x2)
Then
E('x') = E(Var x) = X
E(FMNT) — E(APPFMTFNT) — EFMT(EFNT) = MN
E('Xx.M") = E(Abs(Ax."M") = Mx.E'M' = .M.

Filling in the details of E one has (writing C := Axy z.xzy)
E=((K,S,C)). ®
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Recursion for lambda terms using the encoding

We can state the recursion theorem for the encoded lambda terms
slightly differently, as follows.
THEOREM II. Given A1, Ax, A3 € A there is an H € A such that

H'x' = AixH
H'MN' = A'M'"N'H
H' 2 x.M" = As(Ax.'"M"YH

PRrROOF. According to Theorem |, there is an H satisfying

H(Varx) = AixH

H(Appxy) = AxxyH

H(Absx) = As3xH

These equations immediately imply the ones of the statement of

Theorem Il (check this!), so the same H suffices. S

H. Geuvers Version: fall 2015 Huygens College 12 / 15



Application 1

If you see someone coming out of ‘arrivals’ in an airport,
you cannot determine where he/she comes from.
Similarly, there is no F such that for all X, Y € A

F(XY)=X

(Given the outcome of applying a function on an argument, there
is no way we can determine the function that produced this
outcome.)

PROPOSITION. There exists an F; € A, i € {1,2} such that

FilXo Xp! =X,

PROOF. We do this for i = 1. By the Recursion Theorem I, there
exists Fy s.t.

Fl(rxl ng) = A r)(1T ngj F= r)(17, taking Ay = U‘;’

This suffices. (-]

H. Geuvers Version: fall 2015 Huygens College 13 / 15



Second fixed point theorem*

LEMMA. There exists a term Num € A such that for all M € A
Num M =5 0

PROOF. Use recursion (Theorem |) for the lambda calculus data

type with
AixN = App'Var'(Var x)
AemnN = App (app 'App' (N m))(N n)
AsmN = App'Abs'(Abs (Ax.N(mx)))

SECOND FIXED POINT THEOREM. For all F there is an X with
FrX' =3 X

PROOF. Let W := \z.F(App z(Num z)) and X := W'W'. Then
X =w'w'
— F(AperT(NuerT) _ F(AperTrWﬂ)
—FWW=FX.®
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Application 2*

Self-modifying programs
For a given T (the program transformer) there exists a program P
such that

Pck = ciyp1  if kis even,

T'P'cy otherwise.

e On even inputs, P performs a standard operation (adding 1)

e On odd inputs, the program P first modifies its own code
using T.

To find P, apply the second fixed-point theorem to

F := Apx.if (Evenx) then (x + 1) else(T px)
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