Semantics and Domain theory
Exercises 12

1. We consider the model definition as explained in the lecture. (See Definition
57 of Berline; so we assume that the interpretation [—], is well-defined.)
Assume G o A = idjys. Show that the n-rule holds in the model. (The n-rule
says: Ax.Nz = N if z ¢ FV(N).) NB. You may need to use the follwoing
property (without proof): If p(z) = p'(z) for all z € FV(M), then [M], =
[M],-

ANSWeEr: ..
Assume we have a model where G o A = idj; and let N be a term with
x ¢ FV(N) and p: V — M a valuation.

PaNz], = GAde M[Nz],,, 4
= G(Ad € MA(IN] fyrq)(d)

(
(

= G(Md € MA([N],)(d)
(

= G(A(IN],)
= [[N]]p’

where = is because ¢ FV(N) and = is because Ad € M.A([N],)(d) =
A(INT,)-

End answer. ... ...
2. Which of the following sets are complete lattices.

(a) The set of flat natural numbers N .
ANSWEr: ...
No, {0,1} has no upperbound.
End answer....... ... .

(b) The set Pgn(N) of finite subsets of N.
ANSWer: ...
No, the collection of all sets {n, } (for n € N) has no upperbound.
End answer....... ... .

(c) The set Q (= NU {w}, with the ordering we have seen before).
A S WL .
Yes: each finite set has a maximal element, which is its lub and an infitie
set has w as lub.
End answer. ... ...

(d) The set of monotone functions from B] to B].
(Remember that the set of flat booleans with a top element added, ]BSI,
is a complete lattice.)

ANSWEr: ...
Let X be a set of monotone functions from B] to B]. (There are only
finitely many functions from B] to B], so X is finite, but we don’t need
to use that.) Define F := Ab € B].[ [{f(b) | f € X}. Then F = | | X,
because if f € X, then f C F (because for all b € B], f(b) C F(b)) and
if Vf € X(f C g), then F C g (because Vf € XVb € B] (f(b) C g(b))
implies Vb € B] (F(b) C g(b)). Also, F is monotone, because if b C ¥/,
then f(b) C f(V') for all f € X and so

LILF®) | € XFELHID) | f € X,

End answer. ... ...



3. Complete the proof of Proposition 3.1.7.
That is, show that in a complete lattice (D, C), if we define

[1X:=| [{lveD|yC X},

then [] X is indeed the greatest lower bound (also called the inf) of X.

ANSWET: .
[This is basically the same exercise as Exercise 10 of the dI-domains notes.]
Given a complete lattice (D, C), with X C D, define

dy:=| {de D|Vz e X(dC x)}.
We claim that dg =[]X. We need to prove the following two properties.

(glbl) To prove: Va € X(dp C x).
Suppose € X. Then Vd € Y(d C z), so x is an upperbound of Y, so
do C x, because dy is the least upperbound of Y.

(glb2) To prove: Vd(Vz € X(d C x)) = d C dp.
Suppose Vo € X(d C z). Then d € Y, so d C dy, because dy is an
upperbound of Y.

End answer. .. ...

4. Prove the correctness of Definition 3.2.5. To prove this, you have to show that
the function

Ad. [[P]]p(:v::d)

is continuous for every P and p. (You may assume that F' and G are contin-
uous and all the other results about continuity from the notes.)

A S W .. e
By induction on P

e P =2x. Then Ad.[P]
e P =y. Then Ad.[P],,._4 = Ad.p(y), a constant function which is

p(z:=d) = Ad.d and the identity is continuous.

continuous.
e P=MN. Then
Ad'[[P]]p(z:::d) = Ad}7‘([[]\4]];)(1::d))(IUV]]p(:E:d))

= Appo (Ad-F([M],(;.—q))s Ad-[N] (1.m)

which is continuous, because application, App : [D—D] x D — D is con-

tinuous, composition preserves continuity, Ad.[N] p(zie d)) is continuous

(IH) and Ad.F([M] ,,.—q)) = F o Ad.[M],(,._4) is continuous because F'

is continuous and Ad.[M]
e P=)\y.M. Then

Ad'[[P]]p(z::d) = Ad'c;’(Ae‘[[]\4}]p(z::d,y::e))

= Go(Ad.Ae.[M]

Note that by (IH), both Ad.[M],,._4 ,.—. (for any fixed e) and Xe.[M] ;. _g,.—)
(for any fixed d) are continuous, so G(AXe.[M],,._4,.—.)) above is well-

defined and A(d, e).[M]

Go (AdAe [[M]]p(a:::d,y::e))

continuous functions.

p(a:—a) 18 continuous (IH).

p(ac::d,y::e))'

p(zi=d,yi=e) 1S continuous. We can conclude that

is continuous, because it is a composition of



End answer. ... ...

5. At the lecture, we have seen the interpretations in Dy of I (= Az.z), K
(= Az.A\y.z) and IL.

(a) Compute the interpretation of A\z.z x.
ANSWEr: ...

[M.xz] = G(Ad € Dy.F(d)(d))

{(B,0) [ be F(B)(B)}

{(B,0) [ b e {b]Ja C B((a,b) € B)}}
= {(8,b) | 3o C B((ar,0) € B)}

Note that this set is not empty! For example if A = {0,1}, then By

contains element ({(0,0), (0,1)},0), so this element is in B := U,;enB;.

This element is also in [Az.x z], because for « = () we have (a,0) €

{(0,0), (0,1)}.

End answer....... ... .
(b) Show that [KI] = {(8,(v,c)) | ¢ € v} (without doing a S-reduction

first).

ANSWET: ...

Remember (or compute for yourself) that [K]) = {(«,(8,0)) | b € a},

[ ={(v.0) [cent

[K1] FKD[I)

F({(a, (8,0)) [ b€ a})({(v;¢)) [ c €})

{d[36 C{(v;0)) [c€7}((6,d) € {(a,(5,0)) | b€ a})}
{(8,0) [ 30 C {(7,0)) | c €}(bed})}

{(B,(v;¢)) [ c €}

I

For the =: if you don’t see them, show C and O in both cases.

End answer..... ...
6. Let Y be an element of D4 and let p be a valuation with p(y) =Y.

(a) Compute in D4 the interpretation of Az.yz by expressing [Az.yz[, in
terms of Y.
ANSWET: L

End answer. ...

(b) Conclude that the n-rule does not hold in D4. (The n-rule says that
A Max=Mif x ¢ FV(M).)



ANSWEr: ...
If the n-rule holds in Dy, then, for all M with = ¢ FV(M), for all p:
[\z.M 2], = [M],. For M =y and p with p(y) =Y this means

{(B,b) | Iy C B((7,b) €Y} =Y.

But the latter equation doesn’t hold:

o If we let Y contain ‘urelements, i.e. elements from A, then ¥ ¢
{(B,0) [ 3y € B((v,b) € Y}

e If (v,b) € Y, then for any 8 with 5 O v we have (8,b) € {(8,b) |
Iy C B((v,b) € Y}. This means that, if we choose Y appropriately,
{(8,0) | Iy S B((v,0) €Y} LY.

End answer......... ... ...
7. Use the result of the following exercise ([Q] = 0) to:

(a) Compute the interpretation of A\y.Q2 in D4.
ANSWET: .
Ny.Q] = G(Ad.D) = {(B,b) | be 0} =0.

End answer. ... ...

(b) Compute the interpretation of Ay.y Q in D 4.
ANSWer: .o

NB. This is not the empty set!
End answer. ... ...

8. [Challenging] Show that the interpretation of Q (= (Az.xz)(Az.xz) ) in Da
is 0.
(Hint: From a ¢ € [2] you can construct an infinite sequence (o;);en with
(aiy1,¢) € a for all 4, which is impossible in D 4.)

AW .
Remember that [Az.zz] = {(8,b) | Ja C B((a,b) € B)}. Let’s call this set
X, so

X ={(8,b) | 3o C B((ax;0) € B)}

and [0] = F(X)(X) = {¢| 3y C X((v,¢) € X)} =
{c]| Ty C XFa Cy((a,c) €7)}.

If ¢ € [Q], then (aq,c) € X for some a; C X. We now define a sequence
a1, o, ... as follows.

(a1,¢) € X so (ag,c) € ag for some s Cay € X, so
(ag,c) € X so  (as,c) € ag for some az3 Cas C X, so
(asz,c) € X so (agq,¢) € az for some ay C a3 C X, so
etcetera



We find (o;)ien with (ayy1,¢) € oy for all i. The «; are all finite subsets of
X that have a norm |a;|, which is an element in N, see Definition 3.3.4. We
have

il = max{la[ | a € ai} > [(, )]
= max{|a] |a € ajp1} +|c[]+1
> |yt

but this gives an infinte decreasing sequence in N. Contradiction, so the ere
is noo element in [].
End answer. ...



