Semantics and Domain theory
Exercises 8

1. (Exercise 6.5.2. of Pitts’ notes) Define Q, = fix(fnz : 7.x)

(a) Show that [©2,] is the least element of the domain [7].
ADNSWET: L
[Q:] = [fix(fnz : 7.2)] = fix(Ad € [7].d) = Uien(L[rp) = Lo
End answer. ... ...
(b) Deduce that [fnx: 7.Q,;] = [Q,--].
ANSWET: L
[[fnx : T.QT]] =Ay € [[T]]HQTH =Ay € [[T]].J_[[T]] = J_[[T_)T]] = [[Q'f'*)'rl
End answer. ... ...

2. (a) Compute the denotational semantics of
M =fnz : bool.fny : nat.if z thenyelsey.
ANSWET: L

[M]=AbeB,.Ace N, .if(h,e,c) =

1 ifb=_1
c ifb# L
End answer. ...
(b) Define a term P such that [M] C [P] but [M] # [P].
A S WL .

P :=fnz : bool.fny : nat.y. Then [fnz: bool.fny : nat.y] = Ab €
B,.AceN,.cand [M] C [P], [M] # [P]
End answer. ... ...

(c) Define a term N such that [M] = [N] but N ) M.

ANSWeET: .o
N =fnz : bool. fny : nat.if z theny else (if  then y elsey). Then M
and N are both values, so N f M and M {{ N. On the other hand,
[N] = [M].

End answer. ... ...

3. Define terms M, N : nat — nat with [M] C [N] and [M] # [N].
ANSWeT: .
N =fny:nat.y and M = fny : nat.succ(pred(y)) . Then

1 ifd=1,0

ﬂMﬂ:AdENL{ d ifd# 1,0

So [M] C [N] and [M] # [N].
End answer. ...... ... ...

4. Verify that [(fnz : o.M)N](p) = [M[N/x]](p) for M, N with ' N : o and
Iz :ok M:7and p € [I']. (Use the result on Slide 62, the Substitution
Lemma.)



[(fnx:o.M)NI(p) = [fe:o.M](p)IN](0)
(Ad € [o].IM1(ple = d)[NT(p)
[M](ole — [N(o))
[M[N/a]](p)

End answer. ... ...

. Prove Soundness of the operational semantics (Theorem 6.4.1) for the induc-
tive cases l}pred and {41 -

Remember that Theorem 6.4.1 states that for all closed expressions M and
V and type 7, if M |, V, then [M] = [V]. It is proved by induction on the
derivation of M |, V.

A S WO . .

The case for l}pred:
M | succ(V)
——————— dpred
pred(M) |} V
succ(V) : nat, so V = succP(0) for some p € N. We have the induc-

tion hypothesis for M |} succ(V), so for all p, [M](p) = [succ(V)](p) =
[succ(succ?(0))](p) = p+ 1. Then [pred(M)](p) = p = [V](p) (for all p).

The case for {;¢:

M || true N |V '
if M then N else P || Vi1

We have the induction hypothesis for M |} true and for N |} V, so for all
p, [M](p) = tt and [N](p) = [V](p). Then, by definition of [—] and IH:
[if M then N else P](p) = [N](p) = [V](p) (for all p).

End answer. ... ... e

. Let
P :=fix(fnp : nat — bool. fnz : nat. if (zeroz) then true else p(pred (pred x))).
Compute [P].

ANSWeT: ...
Define H := fnp : nat — bool. fnz : nat. if (zero x) then true else p(pred (pred z)).

We define h := [H] =Af € N| — B, .Ad € N, .if(d = 0, tt, f(d ©2)), where
de2is defined as L ifd=1,0,1and d—2if d > 2.

[P] fix [H]

= ulGNhi(J-NL%BL)

tt if d € Nis even
AdGNL-{J_ ifd= 1 or d € Nis odd.

[ *



The proof of = is by showing that for g; := h*(_Ln, 5, ) we have g;(2d) = tt
if d € N with d < ¢ and g¢;(d) = L otherwise. (Proof by induction on .)

End answer. ... ...

7. We give PCF-terms that define the “or” function, taking partiality into ac-
count. A PCF-term M defines the domain-theoretic function f if [M] = f.

(a) Give a PCF-term that defines the function f: B, — B, — B, given by

1 ifz=lor(z=ffandy=1)
fl@)(y) =< tt ifx=ttor (z=1fandy=tt)
f ifz=ffandy=1H

ADNSWET: L
Take M :=fn x : bool. fn y : bool.if = then true else y. Compute for
yourself [M] and observe that [M] = f.

End answer. ... ...

(b) Give a PCF-terms that defines the function g : By — B, — B, given

by
1 ifrx=lory=_1
g(x)(y):=<¢ tt ifz,y# L and (z=ttory=tt)
f fz=ffandy=1H
ANSWeET: .o
Take N :=

fn 2 : bool. fn y : bool.if z then (if y then true else true) else y.
Compute for yourself [N] and observe that [N] = g.
End answer. ... .. ..o



